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gyroscopes. The use of gyroscopes with displaced center of
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The behavior of corrected gyroscopes on fixed and moving bases,
and the theory of gyro horizons, gyroscopic course indicators
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given on power gyroscope systems.

The book handles separately questions related to the prin-
ciples of constructing correction systems and the behavior of
corrected gyroscopes on fixed and moving bases, as questions
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paid to questions connected with the use of gyroscopic instru-
ments in flight: errors of instruments in flight, longitudinal
accelerations, in turns and other maneuvers, as well as methods

of diminishing these errors.
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PREFACE

The study of the aviation gyroscope has developed widely during the past 10-15
years. If we speak of the main trend of this development, it consists in the effort
to increase the reliability of operation and increase the accuracy of gyroscopic
instruments and units. This trend in development has been due to the continuous in-
crease of the range, speed, and altitude of flight. As has been shown by experi-
ence, the most effective way of improving the reliability of operation and increas-
ing the accuracy of gyro instruments and units is the development of the aviation
electro-gyroscope, a fact that was well understood by our designers and production
men, who, as far back as 1936-1937, produced in series production, completely elec-
trified directional gyroscopes for use in autopilots, where the demands on the reli-~

abili’t;y of operation and accuracy of reading are particularly stringent.

The development of USSR aviation gyroscopy is based on the works of the Russian

classical school of mechanicians, Soviet scientists and specialists, who have creat-
ed the theory of gyroscopic instruments, which has been formed today into an inde-
pendent scientific discipline. First of all we must point out the fundamental works
of Academician A.N.Krylov (Bibl.l) and B.V.Bulgakov (Bibl.2), corresponding member
AN SSSR. These works, in the richness of their content and the combination of pro-
found theoretical development of the questions with an engineering approach to the
problems under consideration still remain unexcelled. It would not be an exaggera-
tion to say that the modem Soviet school of gyroscopists has grown up and is

developing precisely on the basis of the ideas that have been worked out and
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developed in these works.
It must, however, be noted that a number of textbooks and manuals on aviation
Eyroscopy possess the shortcoming of being based on the description of individual

gyroscopic instruments without an appropriate methodological generalization. This

is dll the more to be regretted because the above mentioned works by Krylov and

Bulgakov and a large number of works by other Soviet authors, which will be cited in
the nresent book, do nrovide adequate material for the smeneralizations and develop-
ments of the theory of aviation gyroscopic instruments that are necessary from the
pedagogical and methodological point of view.

An attempt has been made in this book to fill in this lacuna.

In the compilation of this book the works of the late A.S.Kozlov on the theory
of aviation gyroscopic instruments, published by VVIA imeni Zhukovskiy, have been
utilized.

In connection with the development of the theory and technology of gyroscopic
aviation instruments, during the last few years, it has become necessary to expand
the theoretical point of the book and to include in it a number of questions devoted
to the principles of operation of the most recent instruments. This work was done
by li.S.Kozlov.

Professors V.A.Bodner, A\ Krasovskiy, and G.0.Fridlender, together with in-

structor B.V.Komotskiy, took part in preparing this book for the press.
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INTRODUGTION

Of the instruments based on the utilization of the properties of the gyroscope,
the following are used in aviation:

1. Indicators of the aircraft position with respect to the earth, i.e., indi-
cators of the angles formed by the aircraft axes with the corresponding axes bound
to the earth. Such instruments include gyroscopic course indicators and gyrohori-
Zons.,

2. Indicators and devices for measuring angular velocities and rotary accelera-
tions of an aircraft about its axes. These instruments include the widély knovmn
turn indicator®, that is, an indicator of angular velocity of rotation}of an air-
craft about its normal axis. This group also includes devices for measuring angular
velocities and angular accelerations of the rotation of an aircraft about its axes,
which are used in autopilots.

Common to all gyroscopic instruments is the presence in each of them of a
rotor, r;pidly rotating or vibrating, and possessing a sufficiently high' moment of
inertia with respect to its axis of rotation or vibration. The properties inherent
in an instrument with such a rotor, and the phenomena thereby caused, will be termed
gyroscopic, and the rotor itself a gyroscope.

The rotor is caused to rotate either by means of an air jet, or by electrical
energy. Accordingly, gyroscopes are divided into pneumatic and electrical.

The rotors used in gyro instruments usually have three or two degrees of free-

dom, which are provided by the corresponding gimbal suspension with two frames or

STAT
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with a single frame.

In instruments of the former group, .that is, in gyro angle-measuring instru-
ments, the frame of the gimbals, which serve as bearings for the rotor soindle, is
called the inner frame, while the frame serving as the bearing for the spindle of
the inner frame is termmed the outer frame of the suspension. By adding to the num-
ber of degrees of freedom of the gimbals, still another degree of freedom of rota-
tion about the axis of the rotor, we obtain the total number of degrees of freedom
for the material parts of the rotor equal to three.

A rotor in gimbals is therefore usually called a gy_r_‘(_)_s_ggv_g_y_}_t_h__th_ree degrees
of freedom.

If in such a gyroscope the center of pravity of the system coincides with the
center of the bearing, then in this case it is called astatic, since the force of
gravity will have no effect on the position of the axis of its rotor. If in addi-
tion we assume the absence of friction in the bearings of the gimbals, and the
absence of systems imposing moments on the gyroscope as its position varies, then we
cet a gyroscope that is nsually called a "free' gyroscope, since such an instrument
will remain free from the influence of any forces and moments, not only in any posi-
tion of the rotor axis, but also under any variation of the position of the base of
the suspension. |

In instruments of the second group, which are designed to determine ang'u‘lar
velocities or to measure them, the susnension of rotor has one gimbal, the displace-
nent of which is resisted Ly a spring. e shall term such gyroscopes, £yT0oscopes
with two degreec of f reedom’ .

In an instrument designed for the simultaneous measurement of angular velocity

and anpular acceleration, which are used in autopilots, the rotor gimbals have two

They are sometimes called "precessional'’, but we shall not use this term,

since every sryroscope is, in fact, “precessionall,

STAT
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frames, the displacement of which is resisted by a spring.

In instruments designed for the measurements of angles, moments are imposed on
the gyroscope with the object of giving the rotor axis selectivity with respect to
the direction to be determined by means of the given instrument.

This object is accomplished either by using the force of gravity of the gyro—
scope, i.e., by a corresponding displacement of fhe center of gravity with respect
to the point of support, or else by means of a system specially added to the gyro-
scope, which is termmed a correction system.

According to the type of energy used in the correction system with the object
of producing the positional moments, these systems are divided into mechanical,
aerial, and electrical.

The problem of aviation gyroscopy has been and still remains, primarily connec-
ted with the need for determmining the position of an aircraft with respect to the
earth axes, the geographic meridian and the vertical of the place, whether for
visual purposes or to make piloting automatic. In other words, this is the problem
of the artificial gyro horizon, i.e., of an instrument indicating the direction of
the geographic meridian.

Long before the need of such instruments. for aviation was first felt, instru-
ments used for this purpose existed and were employed in marine navigation. But the
principles on which the marine gyrocompass (pendulum gyrocompass) and the marine
gyrohorizon (gyropendulun vertical) were based proved inapplicable for aviation,

This was due to three circumstances: the great accelerations in aircraft, the
unsuitability for the conditions of installation on an aircraft, of the dimensions
and weights of the pendulum gyrocompass and the gyropendulum vertical, and the dura-
tion of the transient states inherent in these instruments, a duration that made

them inapplicable to aviation conditions.

Other methods of determining the direction of the vertical and meridian also

exist. They are the use of a physical pendulum of one form or another to determine
STAT
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the vertical, and the use of the magnetic needle to determine the course. It must
be noted that the application of the magnetic needle, that is, of the magnetic com-
pass, has found its place in aviation, and has not lost its importance dovn to the
present day. DBut by itself it does not exhaustibly solve the problems of the avia-
tion compass. The inadequate stability of the compass card, the strong influence on
marnetic compass of turns, and of acceleration in general, the influence of units
with steel parts, varying their position with respect to the compass card with vary-
ing course of the aircraft, as well as the influence of stray magnetic fields due to
electrical and radio equipment, all these lead to the necessity either of replacing
or of supplementing the magnetic compass by a gyroscopic instrument free from the
above enumerated shortcomings of the magnetic compasse. As for the use of the physi-
cal pendulum on the aircraft to determine the direction of the vertical, this did
not give a good account of itself at all, although attempts of this nature were,
indeed, madej in other words, the solution of the problem of building a gyroscopic
artificial horizon suitable for aviation practice was the only method of solving the
vroblen of determining the direction of the vertical on aircraft.

The necessary solution of this problem and of the problem of the aviation gyro-
compass was found by using systems of correction for directional gyroscopes.

This path assured, first of all, the procurement of accuracy that was satisfac-
tory enough with the incomparably smaller weights and dimensions than are demanded
by the vendulum gyrocompass and the gyropendulum vertical. The question of the
duration of the transient states was also solved satisfactorily by this method. For
this reason gyro horizons (aviation horizons) with a correction system, and gyro-
corpasses (course compasses) with a correction system, became parts of the indispen-
sible set of aircraft equivment and constitute the basis of the sensing system in

automatic pilots.

It is therefore natural that the theory of such gyroscopic instruments should

1

e narti ) jmportant for aviation technology. It may be said in general that
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the theory of aviation gyro instruments is primarily the theory of directional gyro-
scopes with correction systems.

It is the exposition of questions of this theory that constitutes the task of
this textbook. While during the first stage rigorous demands were not made on the
accuracy of the readings of gyroscopic directional instruments, as the _ra.nge and
speed of flight increased, and as certain new problems appeared, these requirements
did increase.

The use of electric power to maintain the rotation of the rotor and for the
purposes of correction only partially satisfies the increased demands on the
accuracy of the readings of gyroscopic directional instruments. The point is that

the loads that are taken by directional gyroscopes have an unfavorable effect on

them. It is necessary to watch out for possible reduction of the reactions in such
gyroscopes, owing to the unavoidable connection with the indicating system or with
the automatic control system. And yet we have not been able to eliminate the hamm-
ful action of these connections entirely.

As has been showvn by the works of Soviet scientists, and, first of all, by B.V.
Bulgakov and his pupils (Bibl.l13), a radical solution of this problem may be provid-
ed by the power-stabilized multigyro systems now~beginning to occupy a prominent
position in gyroscopic aviation engineering. We have therefore found itl necessary
to dwell on a number of questions connected with such systems.

Gyroscopic measuring systems for the angular velocities of rotation of an air-
craft, termed by us gyroscopes, play a very important role in aviation.

A representative of this type of instruments is the widely knovn "turn indica-

tor®, In reacting to the angular velocity of rotation of an aircraft, t'his instru-

ment, as it were, might be said to warn the pilot that the aircraft is entering a

state of violation. Such instruments are of no less importance for automatic pilot-
I

ing devices. Their use a’é auxiliary sensing elements in automatic pilots makes it
{
possible to obtain artificial damping of the motions of the aircraft, which is of

STAT
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very essential importance from the point of view of assuring the necessary quality
of automatic piléting.

The acceleration-velocity gyroscone, which measures the angular'velocity and
the angular acceleration of rotation of an aircraft, is also very important for the

automatic pilot.

This book also gives the principles of the theory of velocity and acceleration-

velocity gyrosconic instruments.

:Je shall now discuss certain historic moments in the develorment of aviation
syroscony of the USSIH.

At the time when the problem of aviation gyroscony had sufficiently matured,
the USSR already :orsessed the necessary cadres for the solution of that rroblem.

- The reason for this was that although there was no gyroscope industry, in the strict
sense of the word, in pre-revolutionary Russia, still the problems of gyroscopy (and
in narticnlar of aviation ~yroscony) even then had attracted the attention of a
number of Russian scientists and inventors.

'Je might mention that as early as 1911 N.Ye.Zhukovskiy occupied himself with
these :roilems, and »recisely in the interests of aviation (Bibl.6).

The first aviation gyroscopes, in which the rotation of the rotor and the
correction were accomplished by nnewnatic action, were developed and built in 1928-
l?2§ in éhe USSR for use in the automatic pilot.

The creatioh in 1936-1937 of completely electrified directional gyroscopes with
a correction system was a substantial achievement of Soviet designing thougﬁ% and of
its aviation instrument industry. This work was performed in connection with the
creation of a comvletely electric automatic nilot in these years, and it was the
nrincinal element in the solution of the problem of the electric automatic pilot.

In the nroblem of the all-electric positional gyroscopes itself, the principal ques-
tion was that of the electrical correction system. This question was solved on the

nrincinles of the inductive correction mechanism proposcd by Soviet inventors.
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{

The recent work of Soviet gyroscopists in the field of electric aviation gyro-

we now possess a full set

scones has been particularly successful, and as a result
of USSR electrogyroscopic board instruments.
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CHAPTER I
GYROSCOPIC PHENOMENA AND PROPERTIES

Section 1.1l. Visible Gyrosconic Phenomena

Consider the astatic ryroscope (Fig.l.l). The rotor, in the gimbals consisting
of the imner frame 3 and the outer frame 4, is called a gyroscope; in the astatic
cyroscope the center of gravity of the gyroscope coincides with the center 0, the
~oint of intersection of the axes of the gimbal frames.

So long as the rotor of the gyroscope is not rotating, we observe no phenomena
in this instrument that distinguish it from an ordinary nongyrosconic body, by which
we shall here and hersafter understand a body that does not possess a moment of
morentun: before it is subjected to an exveriment.

Thus the rotation of the base of

the gyroscope suspension 1 leads to the

variation in the nosition of the polar
axis of its rotor Oz, owing to the in-

fluence of friction in the suspension.

/ i A moment avplied to any of the frames
=
8

of the Cardan susnension leads to the
Fiz.l.1 - Astatic Gyroscone rotation of that frame about its axis
of rotation. A tap on the frame also

N ‘ causes it to rotate in the direction of the tap.

Let us vut the rotor of the astatic gyroscope in sufficiently ranid rotation
STAT
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about its polar axis Oz. We shall call this rotation the spin of the gyroscope
rotor. It is the presence of this spin that marks the transformation of this device
from a nongyroscopic body into a gyroscopic one. Let us then repeat all the opera-
tions that we performmed with the rotor at rest. We shall now find the following

phenomena..

The Phenomenon Gyroscopic Rigidity

The gyroscope rotor axis acquires Mrigidity': when the base of the suspension
rotates, the variation in the position of the polar axis Oz is unnoticeable,
although the friction iﬁ the axes of the gimbals, which have already varied its
position, still continues to act. Similarly, a tap on the gyroscope frame, with
force that would have been sufficient formerly to make that frame rotate several

times, now produces no visible effect.

The Phenomenon of Precession

The character of the motion of the gyroscope under the action of ah applied
moment now changes: a moment applied to the outer frame of the gyroscope causes it
to rotate about the axis of the inner frame, and, on the other hand, a moment
applied to the inner frame, causes the gyroscope to rotate about the axis of the
outer frame. When the direction of the applied moment is reversed, thelsense of
rotation of the frames is likewise reversed.

This rotation of the gyroscope about the axes of its frames is called the pre-
cession of the gyroscope. |

If we study the sense of the gyroscove rotor spin and the sense of ‘the applied
moment, we obtain the following law of the sense of precession of the g&roscope:
the precession of the gyroscopeo)pr tends to make the vector of angular velocity of
the rotor sovin Tt coincide with the vector of external moment T, causing this pre-
cession (Fig.l.2).

It is easy to establish by further observation that, in addition to the

4
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"extraordinary!! relation between the applied moment and the sense of rotation, pre-

cession also possesses other nrorerties distinmuishing it from the motions inherent

in nengyroscopic bodies.

These peculiarities are'as follows:

l. To a definite marnitnde of the applied moment, at a definite angg%ar velo-
city of snin, correspmonds a definite value of the angular velocity of nrecession.
In nongyroscopic bodies, to a definite value of the applied moment there corresponds
a definite value of the angular acceleration.,

As a consequence of this, with constant apnlied moment and constant angular
velocity of the snin, thc anrilar velocity of precession will also be constant. In
nongyroscopic bodies, with a constant anplied moment, the ansular velocity of rota-
tion will increase.

But from this it follows in turn that, in spite of the vnresence of a constant
anplied moment, the enerry of the gyroscopic system in the latter case still remains
unchanred, and this is natural enougsh: the plane of precession rroduced by the
a>niied moment is rerpendicular to the nlane in which this moment acts. In other
words, the arplied moment causins the nrecession does no work, that is, precession
is a rotion verformed without the expenditure of enercy.

2. JJith cdnstant value of the applied moment, the anmular velocity of nreces-
s5.cn dinishes with increasinm angnlar velocity of the rotor snin, and increases
w.th decrease in that angilar velccity.

At constant anmular velocity of rotor spin, the angular velocity of precession
increases with increase in the a' slied moment, and decrcases with decrease in the
apnlied moment.,

3+ The wvalvne of the ansular velocity of precession corresnonding to piven
valves of the applics’ moment and angular velocity of the rotor spin appears instan-
tanecusly, with a juwan, on application of the moment; and in the same way, instan-

taneously and with a jumn, it disanpears when the moment is removed.
STAT
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In this way, on variation of the value of the moment, the corresbonding varia-
tion in the angular velocity of nrecession takes plaée vithout a lag.

In other words, precession is ninertialess'.,

This peculiarity of nrecession 1is, however, in contradiction to the argument
that the energy of the system cannot vary instantaneously on application of a
moment, although the observed appearance of.precession in this case means precisely
the instantancous variation in the energy of the syspem.

Tt follows from this that the inertialessness! of precession is[only an appar-
ent phenomenon, and that, in addition to precession, the applied moment must cause
some other motion as well, which is not nerceptible by observation, during which the
moment does perform work assuring the increase of the energy of the system by the
value of the energy of precession. This motion, which is termed nutation, will be
considered in Sections 2.5, 2.6, and 2.7.

Cconsider the behavior of a wheel with a handle, so constructed that its shaft
is attached on bearings to the handle.

Let us impart a spin to the wheel, thus converting it into a gyroscopic body.
On the basis of the phenomenon of gyroscopic precession, established by observa-
tions, these motions would be expected to take place in a plane pervendicular to the
plane of action of the moment L of the force of gravity G (Fig.l.3). And this
actnally does take place: when suspended on a thread attached to the lhandle, the
wheel does not fall, but rotates in a horizontal plane, and exactly in the same way,
yhen the handle is placed on a table, the wheel does not fall, but rotates, with

its axis describing a cone in space.

The Phenomenon of Gyrosconic Nleaction

As we have seen above, an external moment causes a precessional moment in a

plane perpendicular to the plane in which the moment acts. According to the

D'Alambert principle, a system of external forces or moments acting on a body causes

with accelerations such that the system of inertial forcei;?KT

11

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

moments is equal and opposite to the system of external forces and moments.

It follows from this that in precessional motion, the points of a body also

Fif.l,2 - Precession of Gyroscope Fig.l.3 - Precession under the Action of

the Moment of the Force of Gravity

move with accelerations. The moment of the forces of inertia due to these accelera-
tions is called the gyroscopic moment or moment of the gyroscopic reaction L,

(Fic.dleds).

Section 1.2. Relation between the Visible Gyroscopic Phenomena

The moments of friction in the suspension produce in the gyroscope at suffi-
ciently high sninning speeds so small a rate of precession that the deflection of
the rotor axis of the gyroscope rotor during a short time of observation is prac-
tically unnoticeable.

The angular velocity of precession
arising as a result of a tap on the
gyroscope, or, what is the same thing,
of the application to the gyroscope of
a finite external moment during a

. negligibly short interval of time, may

Fiz.l.4 - Relation between Precession

have a considerable value, but the
and Gyroscopic Reaction

angle of deviation of the rotor axis

' due to this precessional motion will be nractically imperceptible, since the time
1 N & . iy 3

1
.

af m ion under the shock is negligibly small and equal to the time of applica-
STAT
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tion of the external moment.

Section 1l.3. Physical Origin of the Gyroscopic Reaction

As already remarked, the gyroscopic moment is the moment of the inertial forces
due to the accelerations that appear on the simultaneous existence of two rotations
of the gyroscope, rotation about the polar axis of the rotor, and rotation of the
axis itself.

Let us find these accelerations.

Let us take a rotor rotating about its polar axis at angular velocity .

Let us reproduce on the drawing
(Fig.l.5) the equatorial plane of this
rotor, by which we mean the plane per-
pendicular to the nolar axis of the
rotor and nassing through the center of
the support, that is, through the fixed
noint of the gyroscope. Let Ox and Oy
be the mutually perpendicular axes ly-
ing.in the egquatorial plane, but not
Fig.l.5 - Velocity of Particles 3
taking part in the spin r'. Let there
of Rotor i
be, simultaneously with the rota-
tion ?', a rotation about the axis Ox at angular velocity p. Let us consider
whether the particles of the rotor, in this case, will move with any acceleratién
due to the gyrosconic moment. Let us assume, for simplicity of the reasoning,
that r! = const and p = const, that is, let us take a case when angular accelera-
tions are known to be absent. i
The velocity'vi of any of the material points of the rotor is made up of the

component Ei’ perpendicular to the equatorial plane of the rotor, and the component

v_ri, which lies in this plane (Fig.l.5).

Consider the behavior of the component Ei’ under the combined rotation of the
STAT
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~vroscope about the axes Oz and Ox.
At a ziven value of p, the magnitude of this component is determined, for each

raterial particle of the rotor, by the distance of that particle from the axis Qx.
|

This distance, under the influence
of the spin r', increases in the
first and third qradrants

(Fig.1.6), and decreases in the

second and fourth quadrants.

Therefore, during the interval of

time At = t¥t - t', the velocities

of the material particles travel-

ing over certain areas in the
first and third quadrants, will

increase in modulus from the

77 -,2.0 - 2ehavior of Comnonents of
6 valies ugq, and ‘lij' to the values
Telocity caused by lotation about .
11 1. e ; r
e usq and 43 respectively.
..e _JQUJ.UOI‘J.;..., .S
This means that the narticles

mnrin~ in the first and taird quadrants will move at accelerations (jil)u and

(;iz)“, d.rected, as indicated in Fi~.1.7, that is, in the same sense in which the
o A

- -

2, are directed In these giadrants.

relocities
Durinr the same interval of tine, the velocities uy of the material particles

vass.ng over certain areas in the second and fourth quadrants will decreése in modu-
2as frem the values ui2' and "15).* to the values ulz" and uih" respectively. This
~eans that the particles traveling in the second and fourth guadrants will move at

elerat. ons (Eiz)u and (Sih)u directed opnposite to the velocity Ei in these quad-

raats,.

/" Startine out from this, we get the result that in this case the accelera-

t.uns 3;” .£11 Le directed to the rizht in the first and fourth quadrants and to the

14
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left in the second and third.
Consider the behavior of the component ;i when the zyroscope rotates simul-
taneously about the axes Oz and Ox.
Under the influence of -1;, the
component 'v_ri reverses its direction.
In order to represent more distinctly

the result of this change, let us re-

solve ;.'—Ii with respect to the axes Ox
and Oy (cf.Fig.1.7). It is easy to see

that the component LA of any rarticle

does not change its direction under the
influence of p, which direction remains

narallel to itself, but that the com-

Fig.l.7 - Behavior of the Components conent wiy receives an increment under

of Velocity Due to Rotation about the influence of p, causing a change in
the Polar Axis the direction of the components ;Iiy’

these increments being directed toward

the right in the first and fourth quadrants, and to the left in the seco;qd and third

quadrants. The accelerations jiw with which the particles move will be directed in

the same way, that is, the accelerations jiw are in the same sense as th:e accelera-
tions jiu for all particles of the rotor (cf . Fig.l.7 and 1.8). Whence the total

acceleration ji with which the particles move, will be detemmined by the expression

i- "-"in- "‘ihr

Both these components avpear, as we see, as a result of the simultaneous rota-
tion of the rotor about two axes, the polar axis and one of the equatorial axes;
one of these rotations gives rise to the corresnonding component of the velocity of

the narticles, while the other one produces the variation of this component in

15
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magnitude and direction.

Consequently the total acceleration is also the result of the simultaneous ro-
tation of the rotor about the two axes, the polar axis and one of the equatorial

axis.

It is commonly known that accelerations of this kind are termed rotational

(Coriolis force). These accelerations produce the forces of inertia f; directed

onposite to these accelerations

(cf.Fig.1.8). These forces of inertia

produce a moment of inertia directed,

as indicated on Fig.l.8. It is easy to

see that this direction coincides

exactly with the direction of the pgyro-
scopic moment., It may be asserted, on

this basis, that the gyroscopic moment

is the moment of the forces of inertia

due to the rotational accelerations
Firdl € - Direction of the Rotational

with which the narticles of the gyro-
Accelerations and Forces of Inertia
scove rotor move when it rotates simul-

taneously about two axes, the polar axis and one of the equatorial axes.

Section l.4. HMacnitude of the Gyroscopic lMoment

The component of the velocity of the particles wy (Fig.1.9) may be represented

by the expression
u,—pR, sin y,,
where ; = radius-vector of the i-th particle;

Y5 angle made by radius vector of i-th particle with the Ox axis at the

Given instant of time.

16
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Te=r'l + Y

where Yio = angle made by radius vector of i-th particle with (x axis at initial
instant of time.

Whence we have:

dU‘

l/P ’
dl-ﬂ;&ﬂnp+pkmmyr.

Or, taking p = const and bearing in mind that It, cos Yy T X3, we get
H A l b

du, )

= pr'x.
ot P

N o~ .l

La— |

Since the acceleration jiw is obtained on account of rotation of the vector V.
B 1y
about the axis Ox at angular velocity p, then, consequently it may be représented

by the expression

d(w;y)
-

ot == IP X wlyl’

whence, for the quantity ‘jiw’ bearing in mind that w = R.rt cosy. =
iy i i

we get (Fig.1.10);

lve =prx,

i.e., an expression identical with the expression for j, .
in

Thus we have

ln et ,|c='.., pf’x._

whence, for fji we get
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of the inert:al forces due to these accelerations

e resnltant moment Lju

Aloet the axis (x will be zero iwnder the condition of the symmetry of the rotor with
(5 AT P . A ——

i ' 3 : *es:? t moment of these forces
res ‘ect to either of the eguratorial axes. Ll;," the resultan

avoit the axis Oy, will be directed as indicated on Fiz.1l.11l, and will equal:

v m,
-~

Fi~.l.9 - larnitude of the Comnonent Fir.1.10 - Resolution of the
of the Velocities Due to Rotation Components of the Velocity Due to

‘ Y i A d K i ne Polar Axis
aho:t the Iigiatorial ixis Rotation about tn

Since, nnder the condition of the syrmetry of the rotor with respect to the
~olar axist’

t
Vom e Yo B B }_’m‘/,"

and since neither » nor r' demend on x;, we get
L..—Jr'p,

1 8 9

where  j -Z mll‘.;‘

- nolar moment of inertia of rotor.
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Thus, we see, the inertial gyroscopic moment due to the rotational accelera-~
tions is the greater the higher the velocity of the rotor spin rt' about its polar
axis, and the higher the velocity of rotation of the rotor axis p, which is in
agreement with onr observations.

According to this, the rate of nrecession at a given external moment, equal in
magnitude to the gyroscopic moment, will be the lower, the higher the veloéity of
the rotor snin.

From eq.(l.1) it follows, in addition

i

to this, that the gyrosconic moment like-

wise increases with the ~olar moment of

inertia j. According to this, the preces-

sion, other conditions being equal, will
be the smaller, the larger the moment of
inertia j.
In this deduction we assumed that the
rotor was nlane. It is easy to see that
Fig.1l.11 - lioments Produced by this conclusion is also true for rotors of
Rotational Forces of Inertia finite thickness. A rotor of finite

thickness may Ye divided into a number of

elementary disks, for each of which the gyroscopic moment will be calculated by the

-

same formula:

Lo Jar'p

The resultant gyroscopic moment is determined by the formula

Ly=Yl,.- rpYJl. Irp,

since r' and p will be the same for all the elementary disks.
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CHAPTER IX

DERIVATION OF THE FUNDAMENTAL BQUATIONS OF MUTION OF TIE

GYROSCOPE AND THEIR ANALYSIS

Section 2,1, The Kinetic lloment of the Symmetrical Gyroscope

Let a ryroscone possessing symmetry about both the polar axis and any of the
equatorial axes, rotate at angular velocity Ql about a certain arbitrary axis. In
connection with this rotation, the particles of the gyroscove will have the corre-

snonding velocities and momenta. The
sum of the moments of these momenta
with respect to the fixed noint of the
gyroscope is temmed its kinetic moment,
Let us bind to the gyroscope the
system of coordinates Oxyz, by placing

its origin at the fixed point of the

gyroscope, and matching the axis Oz
with the polar axis of the rotor.
Let us resolve the angular velo-
Fiz.2.1 - Kinetic Moment of a city -(.21 into the nolar component (
Syrmetrical Gyroscope and the equatorial corponent w. Let

the velocity of the i-th particle of

. the ~-roscone with radius vector -I-Ei and mass ny be equal to Vi (Fig.2.1). The

kinetic moment of the gyroscose G will then be represented by the expression

20
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Or, in view of the fact that

wvhere

R i z 0z axis, and the component
Let us resolve Ry into N 320 the component along the R ,

perpendicular to this axis, i.e., let us represent

Ry=r,2.+ 21,

z i j i the vector R. on the
where 2z, is the orthogonal axis Oz and }\i the projection of the 1

axis Oz.

i G i i i wing form:
Then the expression for C-z is rewritten in the following

s
G:- : Nz p) e (w20 NIE
[

‘- ' —8
\J

G,= X L1 - [m8 Xl - Yoo Imte ool
i - -1

. cince [m O %X A.p ] = O is in essence a vector product.
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y or nroduct, we ret
lakin~ use, fairther; of the formula for a double vector ! s

s
y ) ry . .. )
Gy~ }: "'tl'—-'“n-'c-il')—Pl'“"o-""” ’ )- m 2 e #) Fro (e )|

s ! [

. 1}
.\- mh, 2 o=V
{1
: il 5% Y s ince by virtue of the
T the condition of syrmetr; with ressecct to the nolar axis, since Oy

: bne disti P azzi 2 nposite
symmetr; for each marticle ry at the distance Pli from the axis Oz the onposi

roint mi’ is found, which is the distance

from the axis Jz.

; i ¥ i second sum is also
lloreover, in view of the fact that the second term in the S

ccual to zero from the nronerty of a scalar »roduct, we set

Ju,

L] . 0
unere J = ¥ m:’  _ wolar moment of dinertia.
[

T, i i 1 irect i w, and the compo-
Solve I; into the eguatorial component li:.) s directed alons w, and T

nent o1, perpendicular to S, l.e., represent:

Rl I,.. * F1.

Then the exnression for ea is rewritten in the followinrs form:
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R .ot
(l.¢=‘ }, I,_“ lm,--' . P:,I hd }, C3: * l’"n“‘ p:al
[ [

‘ Using the formula for a double vector nroduct, we get

‘s
Ge X m e e~ )] -
-1
)
« X m (230 Pa) =1 (20, @)
-1

The first sum in this exoression is equal to zero, since (Ti

w+ Pgy) = O by the
[ |

nroperty of a scalar product; Yol e) 0 by the condition of the same
-l

symmetry with resmect to the vnolar axis, since by virtue of the symmetry for each

particle my, the radius vector of which has the component 1 the opposite voint

1w?

m;™ is found, the radius vector of which has the component Tiw ==l In view
also of the fact that one of the tems entering into the second sum is likewise

equal to zero from the nromerty of a scalar nroduct, we get

Ge- Jom

] 3
where Jem X mp:, = equatorial moment of inertia.
[

Thus we have

- G.yGie T4, Joum

Section 2.2. The Resal Theorem

Let us find the derivative of the expression for the kinetic moment, taken m
the general form eq.(2.1).
Differentiating eq.(2.1), we get

',

J8

] 1
dtr \\ R

ot omm ([l
]

T
. . I
Ixml\: 7""": m,
ol
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Let us write a muiber of obvious equalities:

by the property of a vector product;

1A .
m, ot ’ (’ ')‘"""".r (F')l'nknu\

vhere () external is the resultant vector of external forces;

- F.) . is the resultant vector of the internal forces acting on the
where (11) internal 1S ant

i-th particle

[t ) teran I ‘intm\.) b= ) euperna L) internat

1 i i : G t n the
vihere (Li) external LS the resultant moment of the external forces acting ©
i-th particle;

(1.) resultant moment of internal forces acting on the i-th particle

i/ internal

-t ' Al

-\-:l(,n)(nmmt . Sx(l:)unm\\

i

where L - resultant moment of external forces acting on the body.
Iaking use of these equations, we get

JdG
ot - . (2.3)

Jut —j—G— = 1l is the velocity of the cnd of the vector of the kinetic moment G.
dt

This,
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i.e., the velocity of the end of the vector of kinetic moment G is equal in magni-
tude and direction to the moment of the external forces.

The relation so obtained is called the Resal theorem.

Let us apply the Resal theorem to the gyroscope.

At a sufficiently rapid proper rotation of the rotor, the equatorial comnponent
of the kinetic moment of the gyroscope‘a, is usually nepligibly small by comparison
to its nolar component EZ. In other words, it may be considered that the kinetic
moment of the gyroscope'E coincides in direction with the polar axis of rotation of
the pyroscone rotor.

Let us assume that the external moment‘i, directed as indicated in Fig.2.2, is
annlied to a gyroscope having the kinetic moment G, which we shall consider as co-
inciding with the axis of rotation of the rotor.

According to the Resal theorem, nnder the influence of this moment, the point

on Lhe axis of the rotor corresnonding to the end of the vector G, receives the

velocityiaﬁ, equal in magnitude and
»g

direction to L. This velocity can be

obtained only under the condition that
the gyroscone is rotating with resect
to a fized noint at the angular velo-
city w, directed as indicated in
Fig.2.2 - The Theorem of lioments
Fig.2.2.
It will be easily seen that this directicn coincides with the direction of the
angular velocity of nrecession described above and explained starting out from the

fact that the simultaneous existence of two rotations of the gyroscore about the

nolar and equatorial axes produces the corresponding external moment.
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Sect.on 2.3. Derivation of A-mroximate Equations of lotion

of the Gyroscone in the Vector Iom

. . ) - . . = .
As alrecady stated, the eguatorial corinonent of the kinetic moment Goq of the
~sro5cone 15 netli~itly small by cummarison w-th its nolax commenent G, . For those
. . . v - . N i1l he t .
technical a lications with wuhiich we shall deal, the modulnus Geq will be tens and
2 3 . 13 ; g 0 ig basis )
nandrecs of tho sands of times smaller than the modulus G On this basis, let us

. - A. . . o 3 .i' 3 3 q
ne~lect the eqaicrial commonent in the exression for the ¥inetic moment (2.2).

Taen the ao-ression (2.2) is rewritten in the followinsz foim:
(: ;]9.’._
vhere EC is the ortho-~onal coincidin<; with the polar axis of the rotor.
)
Differcentiatin- eq.(2.4), we et

i _:‘/ o2
ot dt

Thus, on the Lasis of eq.(2.3)

L =J" s 4109
de ot

I

Let o consider § = const. Then we rct

L= JQ9%
dt

dz . -
mere —2 = the velocity of the end of a unit vector bound to the -olar axis of
I 'S ‘

rotation of tiie rotor.

dz
- N - g C . R . ~e -
It is clecar that the veloctity Tlr) can be obtained only as a res:1lt of the ro

tation of the orth, i.ec., of the rotation of the nolar axis of the rotor abouat an

acos nob coinciding with the orth itself. Such a rotation is the equatorial compo-

42
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zZ
nent of the rotations of the gyroscope w. It follows from this that-EEE-may be

reoresented by the expression

Yaling use of this expression, we get
| IO w - 2) J(w ). (2.5)

The relation so obtained is the vector form of the apnroximate eguation of
motion of the gyroscone for the snecial case when the rotor spin may be taken as
constant. This special case is the princinal case in the technical applications.

On the other hand, even the

anproximation, from the point of view
of the technical anplications, is of
very high accuracy, since it is tased
on neglecting a cguantity whose share is
measured in thousandths of a percent.
Fig.2.3 - The Law of Precession

On this basis we may conclude that the
equation of motion of the gyroscope, eq.(2.5), descrites these motions with suffi-
cient completeness.

It follows from eq.(2.5) that the motion of the gyroscope under the apvlication
of the external moment L to it will be a rotation of the polar axis of the rotor of
the gyroscope about its equatorial axis at angular velocity w.

Let us solve eq.(2.5) with respcct to w. For this purpose let us véctorially
malbinly its right and left sides by‘EO, that is, let us represent it in the

following form:

RS RN NN
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Applying the formula for a double vector product to the right side of the

formula, we get

Se XL =w(z, JR)—JQ(2, w),

(2.6)

since (7%,, J0) ‘17.(;(1, by virtue of the fact that z; and @ are parallel, and

@ (z, o) = 0 by virtue of the fact that z, and w are perpendicular.

0

As follows from Fig.2.3, the direction of w coincides exactly with the sense of
srecession of the gyroscone, the sense which we observed on application of an
external moment and which was explained above from the rotational accelerations.

In this connection, we shall call thc relation (2.6) the law of precession.

For the modulus w, we obtain, on the basis of eq.(2.6),

Langz. 0 a2 1)
Jo Ju ) (2.7)

In other woids, the matnitude of the angular velocity of vrecession is propor-

tional to the equatorial component of the asrlied moment and inversely »roportional

to the kinetic moment of the gyroscone.

Let us illustrate, starting out from the relations (2.7), for the law of pre-

cessioh, the "insensitivity" of the gyroscope with respect to friction in the
cimbals.

Let as take JQ = 4000 m-cri/sec, a value ccrresponding to the kinetic moment of
the syroscone of the ryrohorizon. Let the moment of friction in the gimbals be
equal to 1 g-cm, a value that is in general exaggerated: according to the stan-
dards, the moment of friction in the gimbals must not exceed 0.5 g-cm for aviation

TYTOSCONES,
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Since it may be considered that the moment of friction in the gimbals lies in
the equatorial plane, we obtain, for the angular velocity of precession under the
influence of this moment, with the data taken by us:

w = 1/L0O00 rad/sec = 0.9 degree/min.
It is clear that such a rate of

Ly 10 & rotation cannot be detected by simple

observation. The rotation of the

fyroscope as a result of such a rate

of rotation when the base of the

suspension is rotated is likewise not
detected, since in this rotation the
Fig.2.4 - Law of Gyroscopic Reaction
anplication of the moments of fric-
tion in any direction continues for a few seconds, in any case, not longer than a

few tens of seconds. For this reason the axis of the gyroscope a:jears to maintain

its position invariant in snpace.

The inertial moment Lj’ arisins as a result of the rotation of the yroscone

about the eguatorial axis of the rotor at angular velocity » with simultaneous ro-
tation of the rotor about the polar axis, and as a result of what we have called
ryroscopic moment, is equal in marnitude to the external moment and is directed in
the opposite sense.

On the basis of what has been said, and of eq.(2.5), we obtain
[, = - [ = J[|Q> o]

As follows from Fig.2.l4, the sense of the gyroscopic moment of inertia ij’
according to eq.(2.8), exactly coincides with the sense for this moment fixed by
us, on the basis of the rotational accelerations.

“Je shall call the relation (2.6) the law of gyroscopic reaction.

For the modulus L, we get, on the basis of eq.(2.8):

29
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since
sin (Q,¢) =1
since 5, = the cuiatorial component of ?Il.
Thus, starting ont from the anproximate equation, the motions of the Zyroscone

ray ke treated as follows: on the application of an external noment to the =yro-

scone, there arises a nrecession of the gyroscore, whose law is defined by eq.(2.0);

in this case there develc~s the gyroscopic moment of inertia defined by eq.(2.8).

Section 2.4. Analtic Form of Anproximate Equations of lotions of the Gyroscope

Pnysically, the cémplete rotation of the rjroscone §l is made un of the rotor
s»in T, iy which we mean the rotation of the rotor abont its polar axis with re-
snect tc the _mner framc of the rimbals, of the rotation of the ryroscone in the
axes of the rimhals, and of the rota-
tion of the vase of the gimbails.

Let tne resultant anular velocity
of the two latter rotations lie equal
to . Then 51, which was represented

by us earlier in the form

may now bLe represented as:

Dy resolving 9 into an equatorial
Fie,2.5 - Components of the Rotations component 7 and a on it with resnect
of tne Gyrosconc o the polar axis of the rotor T, ve

net
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Then, for the total polar component Q 1 which we denote by 5, we get

o r+r

Let us connect with the gyroscope (Fig.2.5) the system of coordinates Qeyz, by
matching the axis Oz with the polar axis of the rotor and placing the axes Ox, Oy
in the equatorial plane in such a way that they shall not take part in the proper
rotation of the rotor T!.

Such a system of axes is called Resal axes. It is easy to convince oneself
that the axis of the inner frame of the gimbals nay serve as one of the eguatorial
axes of Resal, since this axis, like the axis of the gimbals, passes through the
fixed point of the gyroscope and at the same time lies in the equatorial plane.

Let us set up, starting out from eq.(2.5), approximate equations of motion of
the gyroscope in the analytic form, applicable to the system of Resal coordinate
axes selected by us.

On resolving the equatorial component of the end of the velocity of the rota-

tion of the gyroscope on Resal axes, we get
@ 'V - qYe
Substituting this expression in eq.(2.5), we get

[ pag < JQ2 - qyeNJQ2,

Whence we have
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The equations for the qyroscopic moment in the analytic form will be respec-

Lively of the form:

Scction 2.5. Complete Form of the Equations of Motion of the Gyroscope

Let us take the complete expression for the kinetic moment of a symmetrical
syroscope, rcoresenting the equatorial component in this expression as resolved
accordinz to the ilesal axes:

(G - 1Dy - Jopra - 1, qgve.
Differentiating this expression and bearing eq.(2.3) in mind, we get
a2 dp q dz
Lowm)" o+ KXo+ 7/ Y (S Bl S
dt 4 ¢ dr (] ¢ 4 Yo i dt T
. dy
+J.p . J qg °°

a O gy (2.13)

The derivatives of the orths are found from the considerations that all these

derivatives will be the velocities of the ends of these orths, which may be obtain-
ed only on account of the rotations of the orths about axes not coinciding with
them. Since the system of coordinates selected, and therefore also the system of

orths of the coordinate axes rotate at angular velocity 0, equal to

W —Pxe - GVe - TZe,

we obtain, on the vasis of the above, the following expressions for the derivatives
of the orths
l{:n — .
P (PxXoa+qy,) X zg—= — py, -+ quy,.

dx,

o U gy) X =ry,— ¢z,
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dye _
dt

(rzo+ pxy) X 3o = —rxy+ pz,.
On substituting these relations in eq.(2.19) > then resolving L into components
along the Resal axes, we get the following system of equations by eciuatin,g the co-

efficients of the same orths:

(2.14)

(2.15)

L,=7%.
dt (2.16)

The equation so obtained are called modified Enler equations for the symmetri-
cal gyroscope to distinguish them from the classical Euler equations, introduced
with reference to the system of coordinates rigidly bound to the gyroscone,

This form of complete equations of motion of the gyroscope is the one which is
usually employed in gyroscope theory, and has the advantage that it allows a
graphically clear representation of the consequences of the presence in the gyro-
scope of the proper rotation T', that is, of the.factor that transforms a nongyro-
scopic body into a gyroscope.

Bearing in mind that the complete nolar component of the angular velocity of
rotation of the gyroscone @ = r + r!, let us rewrite eq.(2.11) - eq.(2.16) in the
following forms

L=t 1~ 1) qr+ Hy.
(2.17)

L,=1% (- -
v * & ( ".)P’ HP. (2.18)

L=t (4 40), (2.19)

where H = Jr' = proper kinetic moment of gyroscope.

The first and second terms of eq.(2.17) and (2.18) would remsin the same, even
’ STAT
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in the absence of the rotor s»in, i.e., in the absence of the conditions transfor:-
ing a solid body into a gyroscooe in the real scnse of this word. From their first
terms se determine, as is clear, the moments of inertia from the angular accelera-
tions atout the axis of action of the noment, from their second terms, the moments
of inertia from the centripetal accelerations taliing nlace as a result of the rcta-
tion of the ~yroscone and angular velocity ER

The last terms of these equations are ortained only when the gyroscone rotor
is sninnins. They sive, as will be clear, the velocity of rotation abont an axis
mersendicular to the direction of the comnonent of external moment standing on the
~cft side cf the equations.

The r1ole of the centrinetal accelerations in all cases of interest to us will
Le neslizitly smalil, since the co-factors in the corres-onding tems will be nro-
ducts of the small ansular velocities p, q and r. DBy rejectins them we find that in
the abscence of rovtor snin, the acternal moment is expended only in imparting angular
accelerations avcit the axis of its action, as it should he for a nonsgyroscowic
LOAT.

If, however, a rotor spin r! does occur, then, in addition to the angular
accelerations abort its axis of action, the external moment a plied to the gyroscope
--221 also sroduce an ansular velocity abdat the actions aert.endicalar in its direc-
tion to tﬁe netion termed Ly us the srecession of the‘SYrOscowe. Thius the complete
motion of the ryrosconse consists of tuc motions, one an "ordinary'’, inherent, in.all
wdles in reneral, including nongjrosconic bodies, and the second one, nrecession,
vhich ‘s »eculiar to gyroscones alone,

T2rnin~ to the approximate egaations of motion (2.9) and (2.10), we note that,
accordin;: to these eqiations, the external roment nroduces only precession, and
with the same nractically gaantitative characteristics as the precession entering

intc as a comnonent of motion in the complete eguations, since, owing to the small-

ness of r in comnarison to rt', we may rut:
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0 Jr.my=~Jr—-H,

i.e., the approximate equations cover only the motions specifically inherent in
ryroscopes and not inherent in other bodies.

But we have already noted above that the degree of accuracy of the approximate
equations of motions of the gyroscope is very high for a sufficiently rapid rotor
snin.,

If this is true, then it follows that the "ordinary' component of the motions
of the cyroscopes, inherent in a syroscope as in any nongyroscovic body, vlay a
very small role in comparison to the "gyroscopic! component of this motion, which is
inherent only to the gyroscope in the »rorer sense of this word.,

The equations for the moment of inertia are written on the basis of eq.(2.17)-

(2.19) in the following foma:

—J, d:,; —(J—J,)qr —Hy:

L,=—L,=—1, Z +(J—J,)pr+ Hp.

L= —1,~ _(JH+J dr)‘

t ot (2 . 21)

Rejecting the second terms of the right sides of eq.(2.20) and (2.21) as
negligibly small, we find that, in the absence of rotor spin, the external moment is
equal to the Yordinary™ moment of inertia, that is, to the moment which any rotat-
ing body, including a nongyrosconic body, is able to develon. In the presence of
proper rotation of the gyroscone rotor, the external moment is equal to the sun of
the Pordinary" moment of inertia and the gyroscopic moment of inertia, which can be
developed only by a rotor possessing a considerable mement of momentunm.

According to the approximate equations for the noment of inertia (2.11) and
(2.12), the external moment is equal only to the gyrosconic moment. Consequently,

it follows from the high accuracy of the apvroximate equations that it is precisely

STAT]
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to the fyrosconic moment of inertia that we must attribute the total moment of iner-

tia developed by the gyroscope,

Scction 2.6, 1llotion of Gyroscone under the Influence

of an Iiquatorial Ixternal Moment

Consider the character of the motion of the gyroscope when an external moment

L, acting, let us assume, ahont the axis of the inner frame, with which we match the

axis Og, is anplied to it. Ve shall consider that in this case Ly = 0, LZ = 0,

v = 0O % Y 9 3 o - 3 3
1 C.  The restrictions adonted simplify the, character of the subsequent calcula-

tions, without substantially immairing the fenerality of the basic conclusions that

can be obtained.

For the case we have taken, the equations of motions of the gyroscope, (2.14)

and (2.15), will take the followin~ forms

dp ]
1 ==
l”+l‘l L

(2.22)

1
:!q —up—0,
’ (2.23)
where = it - Jr' > r' B Since J > J is alwa*rs tru on di . .
-Icq Jeq eq J €. (n differentiating once

eq. (2.22) and; substituting in it 49 from eq.(2.23), we get
H dt' >

dp
HE

: !n"‘p =0.

—_ . . . .
The solution of this equation, as is cormonly known, is of the form:

pooVsinet o B oos ot

Faking use further of eq.(2.22), we ret

Yy  —Acosat . Bsinat ,11 ]

. Psendore-wlar Precession

C 3 Y1yt S S 49 s
Let us take initial conditions corresnondinz to the gyroscone at "rest" under

STAT
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the application of an esternal moment, i.e., let us assume that, at t = O, p

q = 0. Under these initial conditions we obtain for the arvitrary constants
L
B=0. A= "'

As a result, the solution takes the followins form:

L ,
p= ySinel (2.20))

g = :: (1 — cospt). (2.25)

which is remresented by the graphs of n(t) and q(t) that are presented in Fir.2.6.
On considerine the same case on the basis of the apnroximate equations of motion

(2.9) and (2.10), we put in them JOQ = H, or, what is the same thingz, from the com-
plete equations (2.17) and (2.18), rejectins the terms renresenting the "ordinary"
motion in them, and leaving only the terms representing the »recession of the ~yro-

scone, we obtain

,’ approx =Y

(2.26)

L
qep,orox:= H ) (2-27)

On comparins the approximate fornmlas of motion according to eq.(2.26) and
(2.27)* with the more exact formulas for (2.24) and (2.25), we convince ourselves
that the first two yield the constant cormponent of the second two.

Denoting the angle of rotation of the volar axis of the gyroscore about the

o

equatorial axis Oy by a, and about the equatorial axis Ox by &, we pet, by eqs.

(2.24) and (2.25), the followins:

Sl" ]'t + C|'

SRS
H?

= —vcos pt 4+ GC,.
n
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Let the initial conditlons in the relation of un~les a and 3 he likewrise zero,

Then we shall have

[N
H:

C| '='0: (:j=

3 "'Jn‘H’ sin o,

K Ymt] cos ),

11,
1

Mo the motion of the ~yroscone in the systen -inder study wiil consist of two
Jdifferent conmonents:

1) the firct o= W, HE of motlon with a constant an-ular veclecity awont the
eriatorial ax’s oersendicular to tie cirection of the arnlied roment; this commeonent
is ezlaed o us bhe orecescion of the  ruscene;

i) the sccomi: « CSin b, o= (1 - cos pt), “ein~ the periodic cscilla-
tlons .oth atout the axis, coineidineg with the direction of the annlied moment, and
a.out the axis nersendicilar to this direction, with a phase shift hetween these
cseillations eqgual to n/2. e shall c¢all the second commonent of total motion the
~atation of the ~rrosconc. Itvis o' tained as a result of the influence of terms of
the comnleter eguations of rotion of the ;yroscone, which consist of angular accel-
erations cased ‘n the yroscome 'y the annlication of a moment to it. Je have
termed thelr terms rerresenting tine "oxdinary! motion of the ryroscone in the sense
that taey would remain, c¢ven in the albsence of rotor s»in, i.e., in the sense that
tney; are inherent in any non-~yrosconic hody. In the pyroscope, however, the effect
cansel Uy these terns, as we have scen, is not at all M"ordinary": instead of a
Adefinite rotation in the direction of acticn of the morent, as wonuld occur in a non-

«wrroseonle Lody, Lhey cause neriodic vscillations, both about the axis coinciding
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with tne direction of the applied moment, and about the axis pervendicular to this

direction.

|V

Fir.2.6 - Pseudorerular Precession Fic.2.7 - Path of End of Gyroscope Axis

of Gyroscope in Pseudorerular Precession

As a result of the motions defined by egs. (2.28) and (2.29), the axis of the
gyroscope will describe a certain path on a »lane rernendicular to the original
position of the axis of the gyroscone, and located at unit distance from the center
of the suspension of the gyroscone. For the beginning of motion, when sin q = q
and sin A=~ B, this path may be described with sufficient accuracy by eq.(2.28) and
(2.29) in the rectanpular system of the cooidinates Caf, the axis Oy of which is
narallel to the axis Ox, while the axis 03 is parallel to the axis Oy.

It is easy to see that this curve will be a cycloid with a radius equal to K
i.e., that it will be equal to the amplitude of nutation (Fig.2.7).

Let us take for L a magnitude corresponding to the maximum value of the

correcting moment of the autopilot, amounting te & g-cm, and the other data corre-

sponding to the characteristics of the gyrohorizon, i.e., let Jeq = 1,0 g—cm—secz,

I = 4000 g—cm—secz. As a result we ;et the following expression for the amplitude

of the nutation W

l L4
Ym rad = N 10 ¢ rad =01,

16. 108

i.e., a quantity of no nractical importance.

39
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In other wornds, the cycloid traced by the rotor axis will under normal condi-
tions have a radius sc small that with a very high depree of accuracy it may be
talen as a straipght line.

The frequency of the periodic oscillations of the axis of the gyroscone rotor,
ity 1s measurcd in hundreds and thousands-per scc. As a result of the nepgligible
value of the amplitude and of the high i‘requency, these neriodic oscillations are
aoercentible,

The motions of the ~yrosconc that have just been studied bears the name pseudo-
reqular »recession. In this temm, the word "recular'! emphasizes the fact that from
thc vractical point of view, the motion reduces in essence to a repular motion, that
is of uniform vrecession, while the woid "nseudo! emnhasizes the fact that from the
theoretical »oint of view this motion contains not only nrecession but also nuta-

t on.

It shonld bLe acded bo all that has been said that nutation dies away relatively
fast on account of friction in the susnension and of other resistances, after which
only -recession remains, the existence of which is assured by the external roment

awlied to the «yroscone.

e-ular Precession

Let us tal:e for the same case of the anplication of an external moment, the
followin: initial conditions: at t =0, let p =0, q = L/, i.e., let us assume
that abeut tne axis the action of the anplied rmoment there is a state of rest, and
avout the aris mer-endicular to the anplied moment, rotation already takes place at
an ancular velocity equal to the constant commonent of the angular velocity of
ssetdoresilar srecession dve te that ecternal monrent.

For thesc initial conditions we have

A =0

". and, conscauently,

et e~ o o
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that is, the motion will consist only of precession without nutation. Such a motion
is called repular precession.

As we see, by varying the initial conditions, that is, by taking them to corre-
spond to that motion of the gyroscone which is obtained after the damping of the
nutation, we obtain a motion which is without nutation from the very beginning.

It follows from this that nutation is the component of the motions of the ryro-

scope which, according to the initial condlitions, may either occur or not occur. If

it does occur, then pseudoregular nrecession takes place., But in connection with

the damping of the nutation, this pseudoregular precession may be treated as a
motion passing over into regular precession and it 1is only this type of nrecession
that can exist for an indefinitely long time.

On applying the approximate equations of motion to this case, we obtain the
same result that was given in this case by the complete equations. This is natural
enoush, since the nutation, which distinguishes tne complete motion from the
approximate motion, has disanpeared in this case in connection with a certain choice

of the initial conditions.

Influence of a Shock

Let us assume that as a result of
a blow in the neighborhood of the axis

Oy, the initial ansular velocity %

arises. In this case let p = 0. Put-
ting L = O in eq.(2.25), we obtain for

these initial conditions:

I ¢« I =
Fic.2.6 - Mutation after a Blow A q; B =0

‘ And, consequently,

p = -qp sin p ¢,

L1
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= qo cos ut.

Thus -n this case the moiion will consist of nutation alone (Fi,;..?.&) without »re-
cession, Lut this is understandable, since in this case the external noment, on

account of which precession may exist, is aibsent.

Seclion 2.7. Ener-ctic halance cf lotions of the Gyruscone

Jjith re~ular nrecession, the motion durins the course of all the time after the

initiel instant wsill remmin exactly the sane as it vas at that ‘nitial instant.
Althon-h re~slar orecession still acists on account of the action of an applied

external moment, this action nevertheless dcoes not chanre the cner - of the systen

“-r compariscn o ith the ener~r nossessced by the systen on the annlication of the -

. Vae

teimal rumenc,
s alread: rosariced, this is ex-lainea & the fact that in this casc the etter-

43T

nal soment cacses nobion in a ~lane perondic:lar vo the »lane in wthich it acts.

Consen tently, n assuirin~ the cxisteonce of nrecess.on, the cikternal nciaent docs nod

werfoir: worl, axd in thls comneclion it camnot Fe a soirce cf variation of the

encx- ol the systen. “ut since there arc likewise no other sources of enersy of

A 1in2 sp this case, it is uxlerstendable that the cnery of tie sisten shonld re-

[

Lo ownciaan ced Gt the ailstence, fer as long a ner.od as il t:e desired, of
. I
¢ oLar wrecession axl of the action of an ezternal rmonent, th it is, that it should
~

sooain oo Jboctes 2l thie indtial instaat ol Lines b the 3nitind instant of Liz:e

. e L . .
Co ni velcelL o = 7, 4as damarted to thie airoscope,ihich

i u L
inbicauchior of energy inlo the system that was exactly cqual to the
Lemenson el bis dven arternel noment Ls a'Je te rovide.

iv anrbrest Lo bthe Tnttilal conditions leadin~ to the aswcarance of reTuiar ore-

Tom, Hhe Taiiial conditicns leading o the appearance of nsendorelar nreces-

Cen ao nob Laroive Bace introduct. on of addilional initial cnercy into the svslen,

somser rently the cnersy of nsedorerlar nrecession can be formed only on account of

1 moment. STAT
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Such work is actually performed by the external moment in nseudoresular nreces-
sion in connection with the existence of a rotation ahout the axis of its acticn.
the magnitude of this work may be characterized Ly the angle of this shift, since

the external moment is constant.
as follows fron eq.(2.27), this angle, which always retains a positive sign,

LJ
varies from zero to a value equal to 2“’rn = 2—‘;1 > and has a constant component equal
® H :
LJ
to Yo =29, Consequently, the vork of the external mcment Uy = L3 varies from
2 L2 L2y
zero to a valne equal to 2 2e—'1 for a constant component equal to UL = 2eq. This
] C i
vorl,, at cach siven instant, according to the law cf conservation of enersy, nust be
J
equal to the enersy of nseudorerular nrecession U = —Cq—(o2 + q2)
or o

-

Usin~ the axrression eq.(2.24) and (2.25), we cet for UDr:

VN

" (] --cosul),

i.e., an expression identical with the exoression for UL = Lg if 3 is taken accord-
ing; to eq.(2.29).
The constant cormponent of the energy of pseudoresular precession may in turn be

divided into the enersy of nrecession vrover and the ener;y of nutation. These

enerzies in our case will be equal to each other, and it is easy to convince oncself

of this. In fact, the energy of nrecession equals

Joly Syl
2 a4

this corresponds to half the constant component of the work of the external moment ,

On the damping of the nutation, the cnergy of nutation is dissipated, and the gyro-
2

. . J. L
scope now retains only the energy of vroner precession equal to —£49

212
The initial conditions corresponding to a blow mean the introduction of the
2

e e Jeya . .
initial enerpy UO = __‘_;‘_" into the system. Since the subsequent motion is perform-~

ed without participation of external forces, it follows that the energy of the

STAT
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e

srstem nust rerain invariant during the nutation followving the blow and must remain

-

Jqi .
equal to _£9°® | which, in reality, it does.
2

Scetion 2.8. Transition to the kquations of lotion with Respect to

Terrestrial Coordinate Axes

e Lasic content of the theory of aviation gyro instruments reduces dovm to
the determination of the laws of the cstablishment of the pyroscone in a position of
stable equilibriun in one systen or the other of terrestrial coordinate axes. A
l.novledre of these laws allows us to deteimine the conditions under vhich a gyro in-
stricment is able to indicate the direction of these terrestrial coordinate axes or
to determine the rotary velocity of the aircraft with respect to the earth.

In both cases, to solve the nroblems so formulated, we must pass from the equa-
tions of motion in the ilesal axes to the eqrations of motion in terrestrial axes.

Let us tale the system of terrestrial coordinate axes 0fn” (Fig.2.9). Let us
ratch one of these axes, let us say 0f, with the direction to be determined by the
2id of this cvro instrument: for -yro horizons, it will be the direction of the
trie vertical, for coarse-indicating 1o instruments, the direction of the meri-
Cian. Let us call this axcis the princinal terrestrial axis. Let us match, to other
azis, let us say the axis On, the axis of rotation of the outer frame of the gim-
rals, which is always located narallel to some one of the aircraft axes in horizon-
tal fiicshit. The direction of the third axis will then be detemmined according to a
richt-hand system of coondinates.

Let us match with the origin of coordinates 0fn* the oririn of the system of
coordinates (xym. ‘e recall that the axis Oz of this system of coordinates has oveen
yatehed woth the —olar axis of the rotor, and that the axes Ox and 0Oy lie on the

nlane and do not sarticipate in the rotor snin. As has becn stated

+

rotation of the imner frame of the gimbvals lies in the equator-

- Fal
oMIs Ol

ial »lane ¢f the ~yroscone, as tne axis nassinrs thirourh the center of the susnension
o . 2 > » -

L the acis Oz. On the other hand, this axis w1l not partigirate
STAT
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in the proper rotation of the rotor, but it will particinate in the other rotations
of the gyroscope, for examnle, about the axis of rotation of the frame of the sus-

-ension, or in the rotations topether with the base of the sus-~ension. Consequently

the axis of the inner frame will satisfy the condition imposed on the equatorial
Resal axes and may be selected as one of such axes. Let it ie the egquatorial axis
Ux. The second equatorial axis Oy is then determined according to a right-hand sys-
tem of coordinates.

Draw the olane zOn. Let this
nlane, in a civen position of the axis

Oz intersect the coordinate nlane £0 7

in the linc Oh. Let ns denote Ly a the

anple between the -~rinciral axis 0%, and

£ e AT TR A St

the line O4, and by £ the an-~le between

the line OA and the axis Oz, selectins
the rositive sense of these anfles ty
the arrows showvm in Fir.2,9. It is not
hari to see that these two ancles will

Fir.2.9 - The Euler Ansles comnletely determine the rosition of

the axis Oz and the system of coordi-

nates 0Fn¥, since the ansle Oz may be brought into aﬂ assigned rosition by a rota-
tlon first 1n the ~lane £07 atout the axis On oy the antle a, followed by a rotation
in the nlane z0On about the azis Ox ly the angle . Ry associating to the angles ¢
and P the anrle of rotation of the rotor in the eguatorial plane on account of its
s+in, we cbtain three degrees of freedon of the ryrosco-e,

The an~les a and 3 are, as is commonly knowm, called Luler angles. They are
selected 5y various methods, according to the form of the srollem to e solved. The
selection made Ly us is convenient in that a rotation in the —lanes £0% and z0n is

identicnl with a rotation about the axes of rotation of the outer and inner frames
STAT
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¢f the ~7roscee suS sension, res-ectively. The former results directly fron the
fact that we have vatched the axis cf rotat on of the inner frame wvith the axis On,

ep-enilc lar to the -lane Fo%,while the latter resilts from the fact that we have

matched thie ax's ¢f rotation c¢f the imner rrame with the axis UK, which is nerpen-
Clentar te the .ane 2C7
It foll.ws from this thai the angle © is the anzlc of rotation of the gyrosco e
a . t the axis of rotation of tne citer frare, whilc the an-le - i3 the an-le of
shift of the ~"1oscol € alo:t the anple of rotation of the inner frame.
si.0 nlies of o and ¢ are directed, as sham in Fir.2.7,
ser_ai.s um, - alon” the ne~at’ive seiaxis Gz
aoordinates AT always ~artic. -ates in the rotation of the
Ltlon, nay alsc receive additional rotations on account of the
255 lace.ent of the a-reraft with resect to the carth surface, since the direction
0 the Teru cal or cer’dian 13 a:Tfferent for aifferent -cints of the carth. Let, in

= +

; a~re’ the anc oor veloc .hles of a-l ithesc rotations of the system of co-
-nates LA T Lve sormoments alon~ the axis GF, On, 0", equal resuectively to wg,

wre onrm Ul an~ilar -relocities of rotation of the syroscune, ™ and q, with

ert t¢ the axes Ot and U, are determined by the exressions

p= —$+o;co:((:';t)+-q¢05('l- t)+-!c0l(ij})-

(2.30)

g -6 +w=cos (c.xy)+-‘cos(n'y)+qcos(l:}). (2.31)

of the m<les enterin” ‘nto these exnressions are fiven in the

TB.U]_G I

t n .
cosa 0 —sina

—sinasin cosB —cosasind
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For small wvalues of the angles q and §, with which we shall for the rost rart

ve dealine, this table is transfomied into the following one:

Tatle II
toy .

x, 10 --a
v 01 —8

On the tasis of the last table, for smell angles « and B, the expressions for
v and q, taling account of the mobility of the system of coordinates 0fn¢, will take

the following forma:

p= =Bt or—a
(2.32)

g=dtem e (2.33)

The exnression for Ly and Ly in the general case may be re~resented in the

following form:

I- '—'L.. M Llsv

e

[',V = l-h - Lp‘v

where Llﬁr, L]'v = menents »roduced by the correction system cr the systers of srrings
e "J -
and damper devices;
Lp(}, Lp& = moments of forces of friction in the axis of rotation of the inner

and otter frames res -ectively.

Section 2.9. Influence of Earth liotation and of the Disnlacement

of the Aircraft with Resrcct to the Earth

The essence of these prhenomena, taken into account according to egs.(2.30),
(2.31), or egs.(2.32), (2.33), reduces to the following: the princinal axis 0& of

the system of coordinates 0fn®, which can l:e matched, as has been showm, either with

el = with the meridian of the nlace, varies its direction in s~STAT
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Iy

Thos variation ocenrs, on the onc hand, as a result of the fact that the true ver-
tical and Lhe local meridian alsc -artici, ate in the rotation of the earth, and on

the other hand, a result of the fact that with the disnlacement of the aircraft with 1]
resyect to the earth, the true vertical and the local meridian, whose direction must

Le determined by ihe aid of the gyro instrunents, also vary their position.
It is commonly known that the ex-

aression true local vertical is the tewm

a~~ilied to the direction of the action

of the force of ~ravity which practi-
cally coincides with the direction of the

carth redias O (Fir.2.10). The deflec-

Fir.2.10 - Dotation of Plane of the Fie.2.11 - Comwonents of the Rotation
of the Plane of the Horizon

Horizon

not exceed units of

tion of the vertical from the direction of the radlis does

7he prolongation of the vertical ahove liz is called the zenith

minutes of arc.
ertical is called the nlane of the hori-

line. The nlane rerpendicilar to the true v
wlace 1. and tae axis of rotation of

zon. The nlane nassing throush the noint of the
the earth, is called the nlane of the local umeridian. The ‘ntersection between the
slane of the horizon and the plane of the meridian is called the meridian, or meri-

[ )
STAT
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The planes perpendicular to the axis of rotation of the earth are callel planes
of the oarallels. Of them, the plane of the parallel passing through the center of
the earth O is called the plane of the equator. The angle between the true vertical
and the plane of the equator is called the local latitude.

As follows from Fig.2.10, the rotation of the plane of the horizon, and, with
it, of the vertical and meridian of the local vertical and local meridian in connec-
tion with the rotation of the earth, may be represented as the result of two rota-
tions, first, the rotation about the true vertical, during which the north point of
the meridian is shifted at first to the left, if viewed from the north when looking
northward (in the northern hemisphere), and second, the rotation about the meridian,
during which the eastern half of the plane of the horizon sinks while the western

half rises.

The angular velocity of the former rotation w, = W, sin ¢ will be called the
vertical component of the earth rotation, while the angular velocity of the second
rotation ml =, COS @ will be called the horizontal component of the earth rota-
tion.

On resolving the speed of the aircraft V into its components along the meri-
dian Vc = V cos K and along the parallel Vg =7V sin K, where K is the course angle,
it becomes possible to treat the result of the flight of the aircraft as an addi-
tional rotation of the plane of the horizon, first about the axis of rotation of the
earth at angular velocity wp ='E‘%%§j; (R = distance from aircraft to center of

earth), and second of angular velocity 9, =-7§ about the equatorial diameter of the

earth, nernendicular to the plane of the meridian of the given place (Fig.2.11).

Estimation of the Influence of Rotation of the Farth and the Speed of Flight

with Respect to the Vertical Position of the Principal Axis of the Gyroscope

In this case the principal axis O” of the system of coordinates 0&n& is matched

with the true vertical kz. The axis On, with which the axis rotation of the outer

STAT
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motched, will either coincide with the direction of the velocity of
et T, or will e pexﬁ)endicula.r to t, de‘enaling oi whether the axis of rotation
of the outer frame is parallel to the longitudinal ax.s of the ajrcraft or to its
fransverse azis. liere we shall consi-
der tne anzle of drift of the aircraft
as equal Lo 2€ro, that .s, we shall

consider the course €4 1al to the route

an~le., It is not hard to see
(Fir.2.12) that if we take, let us say,

t1e former case as 071 tasis, then we

ontain the latter case from the former
Fle.2,12 - allowing for the hotation by increasing the course an~le of the
of the Piane of the origon with aircraft Ly the angle —%- .

.esnect to the (vrro Horizon (n projecting the correspoding

cormonents (F3.5.2.12) onto the axis of

the syste. U , we obtain the following equations for the case when the axis of the

Citer fra.c of the [yroscore is narellel to the lon~itnudinal axis of the aircraft:

w == ey SN K — w, cos 3 sin K — ¢ €OS Ko —a sinK—

.
’

\ .pe | 4 .
Y sint K= - cos’K,
R R
wy €0S K 4wy COS 3 COS K— w,_sin K=o, cos K~

v . . ,
+ - sinkKcosK— V cosKsinK,
. R R

VisnKigs

® =y Yoy Sin 3 m ey + e

14
-—w, 8in K—-=

.‘ = .‘ cos K'

.,_—.,-{-——Esanlgq».
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On substituting the relations so obtained in egs.(2.32) and (2.33), we get

v | 4
p__5_(.,,+—é-santh)a—“|3'"K""k“' (2.34)

q_a_(q, 4‘; sinthq)p-}-o,cosK. (2.35)

Allowing for the Influence of the Iarth Fotation and of the Flight Sneed

Jith Horizontal Position of the Princival Axis of the Lotor, Parallel to

the lieridian

In this casc the axis 0¥ is matched witl: the neridian; the axis On with which
we shall consider the axis of rotation of the outer frame to be matched, will be
parallel to the nomal axis of the aircraft. Consequently, for horizontal flight
(and it is for this that we are setting un the corresnonding exrressions) it will
coincide with the zenith line ¥z (Fir~.2.13).

On projecting the same components of the rotation as in the »receding case,

onto tine axes of the system 0fn” for a given arrancement of those axes s we cete

| 4 .
: ) RCOsI\;
@y = g oy SIN 7 = g 4
V sink

+ "R cos K- sin g,
w, =, + w0y COSF e, +
v sink
"R cosy

m.=u)( e -

cos s

Fir.2.13 - Allowing for the Rotation of
tne Plane of ‘the lorizon with Respect

‘ to the Gyroscopic Course Indicator
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Substituline the relations so found in cqse(2.32) and (2.33), we et

p= ——6-—-(ml + ";— sin K)a+-2- cos K,

(2.36)

. V ( VosmK 2.37
q:a—(., -4 ‘R san)ﬁ-}-(-, -+ Y mw)sm;. ( )

Allowin~ for the Effect of a Turn on the Gyro Horizon

In this casc we may consider that the systam of coordinates O&n” possesses only
a rotation ahout the true vertical at angular velocity wp = —X—, vhere P = radius of
tuin.

In other wonds, we need not reckon with the variation of thec nosition of the
true vertical dhrin~ the time of the turn, owing to the earth rotation.

Asswain< this, we have

w mw.‘—o.

w, - Q'w..

wnere the uvver siecn corresponds to a right twn and the lower sigcn to a left.

Sulseqiently,

(2.38)
(2.39)

with the same rule for the selection of the signs.
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CHAPTER III

BRIEF SURVEY OF PRINCIPLES OF ACTION OF POSITIONAL

GYROSCOPES

Section 3.1. Astatic Gyroscopes

The principal advantage of gyroscopic positional instruments is their great
rigidity produced by the rapidly spinning rotor, usually mounted in the gimbals.

The motions of this rotor about the axis of the suspension may be sufficiently slow
owing to the increased proper kinetic moment of the rotor.

As a result of this the axis of the gyroscope rotor acquires stability with
respect to the action of disturbing forces. In this respect it is completely incom-
parable to the sensitive systems of positional instruments based on the use of other
nongyroscopic principles, for instance, with a magnetic needle or pendulum.

But, in contrast to the latter, gyroscopic positional instruments make it
necessary to take special measures to give them selectivity with respect to the
direction which they must indicate. The selectivity of one positionél instrument or
another with respect to some position means the presence in that instrument of pro-
perties by virtue of which, when the sensitive system of the instrument deviates
from this position, a certain moment, called the positional moment, is applied to it
and returns it to the indicated position. A vositional instrument thus possesses

selectivity with respect to that position which constitutes the position of stable

‘ equilibrium for its sensitive system.
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The center of gravity of the astatic gyroscove is matched with the center of
the susnension, and, owing to this, the action of the force of gravity on the gyro-
scone is eliminated.

Thus any position of the astatic gyroscove is an equilibrium position.

It is of substantial importance that the position of the gyroscone will vary,
during motion of the base of the susnension, owing to the action on the gyroscove of
the forces of friction in the axis of the susnension, and owing to a certain un-
avoidable residual imbalance of the gyroscone.

It is true that the rate of this chanse, at a nrower value of the kinetic
monent of the ;jyroscone, will be small. In this connection, in those cases where a
definite direction must be indicated for 2-3 min, it is entirely nossible to use an
astatic gyroscone for these nurnoses, although in practice this is not done.

In this case, the fact that an astatic gyroscone is indifferent to the nosition
in which it is installed, is a substantial merit for this use, since, in this con-
nection, an astatic pyroscohe may pe utilized for the brief designation of any
direction with resnect to the earth surface.

It must, however, be noted, that in this case the astatic gyroscope rust
initially be sct in the required direction, since the gyroscope itself is unable to

ufind! this direction.

Section 3.2. Position Gyroscones with Displaced Center of Gravity

Two methods are used for giving cyrosconic position instruments the necessary

selectivity.

The first method, on which we shall dwell in this Section, is based on obtain-
ins the necessary nositional moment by means of a definite displacement of the cen-
ter of rravity of the gyroscone with respect to the center of the suspension, that
is, by eliminating the astatic nature of the gyroscope.

In this case, when the gyroscone departs from the assigned direction, a posi-

tional moment. which will return the pyroscone to the assirned direction, will

5k
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develop on account of the activity of gravity.
i i +hich this same
In technolocry two tyoes of positional gyroscopes are in use, 1n whic
3¢ .

are used.
method of obtaining selectivity, the gyrooendulum and gyrocompass,

3,1 - Gyrovendulum Fig.3.2 - The Magnetic Gyrocompass
Fi':o . - ' i

Ax f inner frame; II - Axis of T - Axis of inner frame; II - Axis of
I- is o ne; >
ion; frame: O - Center of suspension;
f suspension; outer ;
outer frame; O - Center o X
it O - Center of gravity
0, - Center of gravity g
i i m rotor is
G endulums serve to indicate the vertical. The axis of the gyronendult
yron
d the vertical direction by means of the downward displacement of the center
held in the
] 3 ter of sus-
4 ig.3.1) along the spin axis from the cen
of gravity of the gyroscope Og (Fig.3.1) g ‘ o o
i 0. The gyrocompass Serves to indicate the geograrhic meridian. he axi
p ension . XY 45 .
idi t of
TyYr e rotor is held in the direction of the meridian by the displacemen
the gyroscop i
i 0
i below the center of the sus»ension
the center of gravity of the gyroscone Og
(Fig.3.2) in the equatorial plane of the gyroscope.
A brief theory of the gyropendulum and gyrocompass is given in the following
rie ry
i i j i . We
hapt and here we have no intention of touching on this subject in any way
Chapters,

i 2al the
. The equilibrium position for the spin axis of the gyropendulum will be

55
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vertical of the locality (without taking account of the error owing to the earth ro-
tation and the displacement of the base of the gyroscope suspension).

The position of equilibrium for the rotor axis of the gyropendulum will be the
local vertical (not taking into account the errors due to the rotation of the earth
and the displacement of the base of the gyroscope suspension).

On deviation of the axis of the rotor from the vertical, the positional moment
of the force of gravity begins to act on the gyrosconre. This force tends to restore
the rotor axis to the rlane nreceding the deviation, by moving it toward the verti-
cal. But nnder the action of this moment, the motion of the gyropendulum, according
to the law of nrecession, begins not in the nlane of the deviation that has taken
nlace, but perpendicular to it.

Thus we get the result that the action of the positional moment in the gyropen-
dulum leads it to the liquidation of any violations that arise, and to the transfer
of such violation to a different nlane. In the last analysis the spin axis of the
gyrorendulum, instead of returning to the position of equilibrium, will undergo os-
cillations, describing a cone about the equilibrium position, having its vertex at

the fixed noint. Under the influence of friction in the susw»ensions, the radius of

this cone will diminish more and more, and ultimately the spin axis of the gyro

rotor will be matched with the angle of rerose relative to the vertical. From the
technical asnect, however, this circumstance cannot be utilized, since by the condi-
tions of accuracy for the oneration of the instrument, a more or less considerable
friction in the susvension must not be allowed, and at such friction as may be
allowed, too much time is required for damping of the nrecessional oscillations of
the gyrocomnass to take place on that account. In other words, in order to trans-
form the gyronendulum into a nositional instrument, it must be provided with some
means carable of assuring the effective damping of its oscillations. Such methods
have indeed been worked out, but they considerably complicate the design of the in-

strument., And in a gyrocompass that does not use these snecial damping devices, the
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axis of the rotor, while it is returned to the meridian in case of its departure
from it, will also perform oscillations around that meridian of only a slightly more
complex form,.

The equilibrium position of the rotor axis in the gyrocompass having a fixed
base with respect to the earth, is a direction in the plane of the meridian with a
certain entirely definite inclination to the rlane of the horizon. On account of
this inclination, there develops a positional moment of the force of gravity, which
assures the precession of the gyroscope equal to the vertical component of the
earth rotation. In this case, the rotor axis of the gyroscope and the jlane of the
meridian will both be rotating at constant speed and will remain matched.

If the axis of the rotor of the gyrocompass, however, leaves the nlane of the
meridian, the center of gravity of the gyrocompass will also leave this olane. In
this case the rotation of the plane of the horizon due to the horizontal component
of the velocity of rotation of the earth will vary the angle between the gyroscone
axis and the horizon plane, which will lead to a change in the magnitude and direc-
tion of the nositional moment due to gravity. When the rotor axis leaves the meri-
dian plane, the angle between the gyroscone axis and the horizon plane increases,
thus causing an increase in the rate of precession. This increase in the rate of
precession returns the rotor axis to the meridian plane. Owing to the fact that the
rate of nrecession of the gyroscone exceeds the rate of rotation of the meridian,
the rotor axis of the gyroscope will catch up with the meridian. As the meridian
advances, the angle between the gyroscope rotor axis and the horizon plane will
diminish, which will cause a corresponding reduction in the rate of nrecession and

will again return the rotor axis to the meridian plane,

Thus, in the gyrocomnass as well, the gyrosconpe axis will describe a cone vhose

center coincides with the center of the suspension, and whose axis coincides with

the equilibrium position of the gyroscope axis.

In exactly the same way as in the gyropendulum, by using damping devices of one

STAT .
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kind or ancther, the damping of these oscillations of the gyrocompass can be assur-
ed, but exactly as in that case, this imnlies a substantial complication of the in-
strument design.

Another substantial disadvantage of both the gyronendulum and the gyrocompass
is that, owing to loss of astaticity, they become marticularly subject to the action
of inertial disturbing forces. 1t must, finally, be recalled that these instruments
(esnecially the ﬁyrocompass) DOSSess considerable errors owing to the jnfluence of
the earth rotation on them and owing to tbe disnlacements, with resvect to tﬁe
earth, of the object on which they are installed.

‘hat had heen said will ex-lain sufficiently why this method has not found

wideshread use in aviaticn practice.

Section 3.3. Positional Gyroscones with Correction Systen

Let ‘s now dwell on the second method of giving gyroscodic nositional instru-
ments the necessary selectivity, based on the gyroscone itself remaining astatic,
but being surplemented by what is called a correction system.

The onecration of the correction system 1is vased on the annlication of a posi-
tional morent to the fiwpacl-TelelelH when any deviation from its nosition takes nlace, in
such a way as to cause its snin axis to move (Fig.B.S).

The qtest*on whether deviation exlstc is answered, and its amount evaluated, by
commaring the -osition actually occ nied by the gyro with the nosition of some other

element having selectivity with res~ect to the direction which is to be indicated in

this case. TYor examole, the oosition of the snin axis of a gyroscoie indicating the

vertical is comnared for this nurpose with the ~osition of a ~endulum; the position

of the snin axis of a £yIo sndicating the meridian, with a magnetic needle, etc.
‘Je shall henceforth term an element whose nosition is compared with the posi-
tion of the szyro the sensitive element of the correction system.

' It is casy to see that in essence, a gyro correction system may be treated as

st womslator of its ;osition, and that in this sense it may be said that

STA
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the method of making gyroscopic position instruments selective by means of a correc-
tion system is a method of automatic control of the position of an astatic gyro not
possessing selectivity, by the aid of a
snecial element that does possess such
selectivity,

In what does the technical meaning

of such a method of indicating an as-

signed direction reside? Would it not

be simpler to use directly, as the
positional instrument, the very same
element vossessing selectivity by means
Fig.3.3 - Princinle of Operation of of which the correction is effected,
Radial Correction System or, in other words, by means of which
the automatic regulation of the gyro

O¢A - Plane of deviation; ©- Angle of
position is effected?

deviation; LK - Moment of correction;

The answer to this question is
Wy — Angular velocity of correcting
that when we use a radial correction
precession’
system for a gyroscope we get a system
that combines not only the selectivity of the element by which the correction is
effected, but also the high rigidity or inertia inherent in the gyroscones. This
means that the system as a whole will react much more weakly to disturbances than
the element effecting the correction itself,
Now let us consider, to be concrete, the system of a gyro-vertical indicator in
which a nendulum is used as the sensitive correcting member.
Je remark that during the initial period of the development of aviation there
were attempts to utilize pendulums of one kind or another to indicate the vertical,

but these attempts were unsuccessful, mainly owing to the fact that even the

ight of an aircraft still involves accelerations that vary 5§TAT
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marnitude and sicn in a more or less random manner. Maneuvers involve such accel-
erations even more. As a result, the pendulum in flight is always under the influ-

cnce of various disturbing inertial forces differing in direction and magnitude, and

4 i Y j

b) d) | e)

Fie,3.4 - Diagram of Formation of the Errors of Indicating System

without Gyro (a) and with Gyro (b)

a) Disturbing forces; b) Errors of indicating system; c) Disturbing forces;

d) Errors of corrector; e) Errors of indicating system

since the ricidity or inertness of the pendulum is relatively small, these forces
disturt its nosition rather substantially.

If the -"endnlun is used directly as an indicator of the vertical, then the dis-
turbances in its position will mean the appearance of corresponding errors in its

readings. Dut if the pendulum serves instead as the sensitive member of a correc-

tion system, then the disturbances in this nosition will mean, from the very begin-

nins, only the anplication of the corresponding forces to the gyro.

In other words, while, in the former case, the chain of phenomena leading to
the anpearance of errors due to the action of disturbing forces will consist of two
links, it will consist in the latter case of three links (Fig.3.4), of which the
third link, the gyroscove, involves a high degree of inertness.

Thus, although there will still be an ultimate disturbance in the wosition of

the gyro, that disturbance will be considerably less than the disturbances in the

PSP

than the disturbances of the pendulum.

60

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

We shall illustrate this by an example.
On account of the disturbed oscillations of a pendulum, defined by the func-

tions y (t), let a disturbing moment proportional to these oscillations, i.e., equal
?

“’

Fig.3.5 - Influence of Disturbances of Corrector
Y(t) - Disturbances of corrector; 5(t) - Disturbances of gyroscope

to ky(t), where k is a factor of proportionality, act on the gyro in connection with
I

the disturbances of the correction system. According to the law of precession for

the disturbances of position of the gyro § under the influence of this moment, we

get

4
. Al
AN ~(t)ydt,
H.\.u

where H = kinetic moment of gyro.
Assume that y(t) varies with time according to the diagram in Fig.3.5. Then &
will be determined by the mean area of the diagram of y(t), multiplied by the quan-

tity —lk'—’ which may be made sufficiently small, on account of the sufficient value

of the kinetic moment of the gyro Ha.
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CHAPTER TV

THEORY OF THE GYROPE.DULUL:

Section 4.,1. Zehavior of Undamned Gvronendulum on Fixed Base

without Allowine for the Earth Rotation

_.giations of lotion

Je shall apply the term undamned ~yrowendulum to a gyrecscope with three degrees
of freedon, whose olar axis is directed along the vertical, and whose center of
sravity is disnlaced upward or dovmward
alonz the nolar axis of the rotor Oz,
with resnect to the center of the sup-
port.
Je shall restrict our nroblem to

the study of the »recessional motions

of a ryropendulum, disrerardins the ro-
tation as a comnonent of the motion
which is of no practical imnortance in
this annlication, i.e., we shall take,
as our basis, the cqiations of motion
in the followins form:

Fi~Jh.) - Gyro:cndilum on Fixed Dase
Hy ..

Q Hp L,
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Putting, in eqs.(2.34) and (2.35), the terms allowing for the influence of the

earth rotation and the flight sneed as egual to zero, we get

@ = (4.3)
' p-—38. (4ok)

For the moments Lx and Ly, when the center of gravity is disnlaced dovmward

according to Fig.4.l, we have:

L, —mglcos (:?v) L.,

L, = mglcos (Zt\x) -+ L., cos 8.

where the first tems are the positional moments due to the disnlacement of the cen-
ter of gravity; Lpfa and Lyq are moments of friction about the axis of rotation of
the inner and outer frames of the gimbals respectively. We shall take these moments
of friction as constant. To the upper signs correspond positive values of é, ¢ and
to the lower signs, negative values.

Making use of the values of cos (%, y) and cos (%, x) according to Table II of

Chapter 2, and taking cos £ = 1, we get

L,=mgld+ Ly,
[_’-<—mgl:+ L.

As a result, the equations of motion (4.1) and (4.2) for the gyronendulum, in
the case taken by us of a downward displacement of the center of gravity, take the

form

B +iam T,

where
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L

-
P‘ -‘l *

L

P --2‘.

mgl ’

The simns of p’;) and pa are selected by the rule formulated for the selection of

sirns for moments of friction.

Law of Motion of the Gyropendulum without Allowing for Friction in the Gimbals

Putting ps = p3 = O in eqs.(4.5) and (4.6), we rewrite these equations in the
following form:
- AP,
(4.7)

a3
..J’..: —)a, (4.8)

Let us draw a sphere of radius equal to unit length about the fixed point of
the ryroscone. In its motion, the end of the spin axis will describe a certain path
on this snhere. It is the form of this path that will determine the law of motion
of the gyre.

Let us take a nart of this sphere near the intersection of its surface with the
axis 0% Let us take, further, the line of intersection between this sphere and the
coordinate nlanc #0% as the coordinate axis Oc«, and the line of its intersection
with the coordinate nlane n0“ as the coordinate axis Of. Such assumptions may be
considered correct only for small values of ¢ and F,

As a result, the vath described by the end of the spnin axis on the svhere may
be anproximately treated as the curve F(a, B) = 0 in the coordinate plane 0%83, de-
fined by the solution of egs.(4.7), (4.2).

By dividing eq.(4.7) by cq.(4.8) to eliminate dt, we get the following differ-

ential equation:
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. whence, separating the variables and integrating, we have

a? 4 B? w03,

2
where 90 is an arbitrary constant.

Assume that for t = 0, a =aq, A =BO. Then for 90 we get

by = V;g +¥%.

Thus the path sought is a circle with its center at the origin of coordinates,
and a radius equal to the initial disturbance. (Figohe2).

In other words, if, at the initial instant, the spin axis of the gyronendulum
was on true vertical, it will remain on
it., If, however, at the initial in-
stant, the spin axis ’of the gyropendu-
lum was deflected from the true verti-

cal by a certain angle C)O, different

from O, then it will rotate about the

true vertical in such a way that its

end describes a circle in the coordi-
nate plane 008, while the axis itself
Figeh.2 - Path of the End of the Spin describes a cone with vertex at the
axis of Gyronendulum, Neglecting fixed point of the gyro.
Friction in the Gimbals It follows from eq.(4.7) that,

for the case we are investigating,
positive values of B correspond to positive values of-%%, while negative values
of B correspond to negative values of 4%, that is, for all 3 > 0, ® increases, while

dt
for all B < 0. ¢ decreases.
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This means that the end of the spin axis of the ryropendulum is disnlaced

cloclwise along the nath we have found.

The lair of rotion of the end of the spin axis so found may be treated as pre-
cession about the trie vertical. The rate of this nrecession, which we shall denote
by Y. will obviously he equal to the angular velocity of rotation of the radius

vector of the end of the spin axis in the coordinate wlane O¢F,

On eliminating £ from egs.(4.7) and (4.8), ve sct

diz
3 122 =0,
drt +

and on eliminatine a from them, we zet

i T Y
o +113=0.

The solutions of these equations will re:
g Ngsin(ml 1 v,),
. S =Ngcos(wyl-}- o),
where Y, equals the initial ancle of the radius vector of the end of the snin axis

ds
1 b 08 (it - T P,

o

ar - hwsin (oY) = - w2

It follous from a commarison of the exnressions so obtained with egs.(4.7),

(4.2) that
wy= A
Thns the rate of remlar prclcession is numerically equal to A, and it is
d rectod dovmward from the fixed noint of the gyro.
(m ‘investirating this case on the bhasis of the complete equations of motion,
we woild obtain, for the lnitial conditions adonted, one of the partial cases of

: 2 ~eion (ef. 7.VoBulralov (2ible 1, panes 18-22), with a nuta-

66
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®

H

tion frequency u = j eq ar7 with an amnlitude smaller than the initial deviation 6

0

o of the gyro horizons of the gyropendulum tyvne, the quan-~

ny a factor of 3 . For o
tity —{—— is of the order of 5 x 10°, If we add the fact that nutation is very rapid-
ly dam;.ed, cven by the resistance of the air without considering other factors, then
we reach the conclusions that it is entirely correct to neglect it.

On reneating the same study for an upward displacement of the center of gra-
vity, we get the same general result, with a si}lgle difference that in this case the
rotation of the spin axis will be counterclockiise.

This results from the fact that when the center of gravity is displaced upward,

the signs are reversed in the left sides of eqs.(4.7) and (4.8), and therefore «

will increase for all § < O, while 5 will decrease for all a > Q.

Law of liotion of Gyronendwlum Allowing for Friction in the Gimbals

Let us rewrite the equations of motion (4.5) and (4.6) in the following forms:

da
-" - ). (S -+ ‘D’)

(4.9)

d3

= —Map,). (4.10)

Let us introduce the new variables:

ﬁl.l - 3 -.':p’ ’

:l.a-“+Pé'
where the index "1" corresponds to the upper sign on the right side, and the index
(2) to the lower sirn. It is easy to see that for all points except those at
which pa and pla change their signs, we may write

d 3y, y=dp,
(4.11)

da, s=d3. (4.12)

On dividing egs.(4.9) and (4.10) by each other and using (4.11) and (4.12), we

STAT
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Or, on scparating the variables and integrating:
o, + Ba=% (4.13)

The equation of path so obtained is real for all values of « and  except for
those values at which p‘} and p; change their signs, i.e., at which &l, 61, pass
into ?'12, ?-32 resnectively, or vice versa. At each such transition, we will leave the
equation of path corresponding to the course of time before the transition, and find
a new one, selecting as the initial conditions for each successive piece of the
nath, the terminal values of the rreceding one, i.e., in essence, adjusting each
successive niece of the math to the preceding riece.

This change of sign and transition
takes nlace when @ or B mass through
the 0 value, which takes place, accord-
ing to (4.9) and (4.1C), at 8 ! pg =0

+ .
and @ - pg = 0 respectively. Conse-

quently the boundaries of transition

~ ~

from al to a2, or vice versa, are the

straight lines f = ¥ pp and the boun-

daries (Figih.B) of the transition

from 'Bl to 62 or the reverse are the

Firh.3 - Péth of End of Axis of a Gyro- straight lines a = D

rendulum with Dormward Displacement of ‘Je remark that the motion of the
Center of Gravity, Allowing for Friction end of the snin axis through all the
in the Gimbals . nieces of the nath is clockwise in the

case under study.

STAT
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This results from the fact that, by (4.9), « increases at positive B exceed-
ing pH, while for negative fi exceeding pB in modulus, @ decreases.

If for |R| 2 pgs la| > pg, then, turning to (4.10), we have a decrease in f at
positive a exceeding pg» and an increase of 3 at negative o exceeding Py modulo. It
is not hard to see that all this means that the motion of the end of the spin axis
is clockwise on the path, and this is the motion of the spin axis along the path
even in the absence of all friction in the gimbals.

1f, for el = PR |l < pg, then this means that the moment of friction exceeds
the moments due to the displacement of the center of gravity, and, consequently,
motion of the gyro is impossible.

Assume that at t = 0, ¢ = ¢, > lpgl > 0B =8> lpgl > 0 (cf. Fig.4.3). By
(4.9) and (4.10) we have for these cases a > 03 B < 0. Consequently the upper sign
must be taken for pg, and the lower sign for pp, while the equation of the path

eq.(4.13) is written in the following form:

(a+:)0+0- %)’-(a.-&-,.)l + (’._")t'

which is the equation of the circle with center at the vnoint (- g , Oé) and the
radius Rl = Vo, * ng )2+ (By — pé)z.

For f = pP, a passes through O, and (3.13) ceases to be real. For the follow-

ing piece of the vath al =a + py, must be replaced by a = ¢ -pgin connection with
the change of sign of f5. Taking as initial conditions for the new piece of path,
the terminal values of the latter, i.e., taking for t = tl, o = dl, and B = Dé, we

get

- ) =) (0-2,)
(4.14)

which. is the equation of a circle with center at point (P4, Dé) and with radius

Rz .-:al - p('x (Cfo Flg.h.B)‘

At @ = 04, é passes through zero, and eq.(4.14) ceases to be real. For the

mows enlution B, = 8 -pg must be replaced by By =8+ Pg, in view of the

69
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chanre of sirn of pé. Then, selecting the initial conditions at finite values of

Py, = 62, we ret

the solution (4.14), i.e., taling for t = t,, @
(P VB Bat e (4.15)

which 45 the equation of a circle with center at the -oint (pg, —pé), RB = 82 + pé

(ef. Fiz.ha3).

At R = -pa, & masses a~ain throuzh zero. On renlacing in connection with

~

e R T and taliin~ as the new initial conditions, finite

~

this 12 =

values of eq.(%.15), that is, taking, for t = t,, a =oagand 8 = -pg, we net
23 3 3 {3
(1) e (3 e ) =3+

which is the eq:ation of a circle with center at the roint (a-pg, —-pp) etc.
Thus, for each transition to the followin~ wiece of the rath, the center of the

circle, whose arc redresents this »iece, jumped clockwise to the adjacent angle of

the rectan~lc atcd (cf. Firuha3).
‘Je shall call this rectansle the rectanrie of rerose, and the angles py and pg

the an~les of resose rescctively of the outer and inner frames of the susnension.

Ais a result of this, the transition of the radius of the next circle will te
less than the radius of the »receding circle Ly twice the angle of renose of the

oiter or inner fremes, denendins on whether the center of the circle is disnlaced

warellel to aris of 0@ or OF,
In ccnseqience, the resultant curve is represented by an involutional sw»iral

(cf. Fi=.h.3), consisting of arcs of circles of steadily diminishing radius, fitted

to each other.

The strairht lines on which the fitting is performed are marked by dashed lines

on Fighele
This nrocess will Le continued until the finite state of some piece of the tra-

jectory is in accordance with the conditions |a| < 0o I8l < Oé, which will mean the

immossibility of firther motion,
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Thus the spiral will end at some point on the sides of the rectangle of repose.

For a gyropendulum with an upward displacement of the center of gravity, the

equations of motion will take the following form:

da
dt

a%

dt

=0 (B f‘é)v

Po)-

On performing an analogous study, we may convince ourselves that the motion of

the end of the axis of the gyroscope over all the pleces of the path, will be coun-

terclockiise in this case. The centers of the circles whose arcs represent pieces

Fig.h.4 - Pate of End of Spin Axis of
Gyropendulum with Upward Displacement
of the Center of Gravity, Allowing for

the Friction in the Gimbhals

will increase.

of the path will also be displaced
counterclockwise at the corners of the
rectangle of repose.

As a result, at each transition,
the radius of the next circle will not
decrease, but will increase by compari-
son with the radius of the preceding
circle at two angles of repose.

In this connection, the path, com-
posed of the pieces, will not be an in-
volutional but an evolutional spiral
(Figehak), that is, with an upward dis-
placement of the center of gravity, the
deflection of the gyropendulum axis

under the influence of dry friction

With the passage of time, the spin axis may occupy a horizontal position, and

then the upper gyropendulum may pass over into a lower gyronendulum.
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Scction 4.2. Behavior of Gyrovendulum in the Presence of a Hydraulic Arrester

The material such as given in this paragraph is taken with insubstantial modi-

fications from the ook by B.V.Bulgakov.

Firure 4.5 aives a diagram of the gyropendulum with hydraulic arrester in one
rlane of oscillation.

As follows from its name, the hydraulic arrester js used to extinguish the pre-
cessional oscillations that can arise in the system under the action of disturbing
norents.

As will be seen from the diagram,
the hydraulic arrester consists of two
vessels filled with liquid and connect-
ed by a canillary tube. The limited
rate of flow of the liguid throuch this
tulbe leads to its nonuniform distribu-

FicJh.5 - Diagram of Gyropendulum
tion between the vessels, which pro-
with Hydraulic Arrester
duces the moment N about the axis of
rotation of that frame of the gimbals with which these vessels are connected.

On the diagran of Fic.4.5, this frame happens to be the outer one. Its axis i
»eroendicular to the nlane of the draving, and Ox is the axis of the inner frame.
As follows from this diasram, the noment may be renresented Ly the expression:

VoG,

¢y RS

where a = distance between center of cravity of vessels and the axis of rotation;
S = cross—sectional area of vessels;
y = specific weight of liquid.

The pressure assuring the flow of the licuid through the canillary tube will be

2 s su~ difference between the levels of the liquid over the true hori-
STAT
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zon in the tubes. If we take Poisseuille law that the rate of flow of a liquid is

sroportional to this pressure, vi€ get

- s g(3 4 3). (4416)

Thus, in the presence of a hydraulic arrester, the expression for the monments

Lees Ly, will be of the following form, if the moments of friction in the fimbals are

neglecteds:

I..,"" m&" 3-

l, - mgla =

On substituting these expressions in (4.1) and (4.2), likewise bearing in mind

(4.3) and (4.4), and associating them with the equations of motion (4.16), we get

’!', ’ngl.’ (’7.

Ha-..-.mgl ‘s
-- - Cila

4—183=0,
Q-}-).a-*—(l——k)).;-o.
¢+ (3+7)=0.

)‘cmgl )
H

€

k=1— .
mgl

On eliminating the variables B and @, we now obtain
P e ck2 - 0. (4.18)
ether make up the solution of eq.(4.12), will die away

The. functions which tog

in the course of time if the roots of the characteristic equation (4.1€) have a

The satisfaction of this condition may be checked by means of

;. nesative real part.

' A iterion, without actually having to solve these equations.
STAT
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"sccordin~ to this criterion, in an equation of the third order, all the roots of the

the equaticn are nositive and if the followin- ineqguality is satisfied

AR -C™-0, (4.19)

wherc 4, B, and C are resrectively the coefficients of the second, first, and
zero-th derivative of the egiation. In our case, the condition that the coeffi-
cients shall be wositive is aluays satisfied for k > O. As for ineguality (4.19),
it ill take the fonm:

l-+¥>220
From the latter inegualit; and fronm the inegnality k > C it follows that the damping
of the solztion is assnred by the condition

O “2a:S mpl (4.20)

Tat if, in connection with the damninr of the motion, assured by the condition
(4.2C), n tends with the nassare of time to annroach zero, then 5 and o will also
arnroach zerc, since the d:ffercntial equations for these functions, which were con-
strmicted starting Tron systerm (4.37), will “e entirely the same in structure and co-
efficients as eq.(4.12) for 4.

4is a resnlt, the nath of the end of the spin axis is transformed from the

circle that it was with an uhdamped nendulum into an involutional spiral, with its

end at the oric=in of ccord’nates, that *5, in the true vertical.

Section 4.3. Deviations of the Gyronendul:in

The eqrilii.xi ga position of the snin azis of the ~rropendulum, allowing for the
earth rotation and the disnlacencnt of the noint of susnension along the carth sur-
face, w1l not coincide, as will be shovm below, with the true vertical. ‘e shall

term the deflect.ons of this equilihriin vosition from the true vertical the devia-

tions of the -yro»endilum,

Je shall determine them for an undarmed tyrovendulum, neslecting the friction

STAT
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in the cimbals, since it would considerably complicate the analysis to allow for

these factors, without adding anything new in princinle.

The Equations of Motion of the Grrovendulum on a lovine TBase

If, however, we take into consideration the moments of friction in the gimbals

and the roments dite to the hydraulic arrester, then for the moments Lx anfi L:,r’

allowing for the forces of inertia
caused by the longitudinal acceleration
of the aircraft, we met (Fig.4.6):

1, mglg—mi\,

ly . mpla

On substituting these expressions

in (4.1) and (4.2), in which we also
snbstitute ¢ and q according to (2.34)

and (2.35), and neglecting the evpres-

Fizoh 6 - Grronendulum on lloving Tase
’ .
o, +  sinAw:
R
by comnarison with

mgl
"

as a small quantity (which is tme, even for high speeds and high latitudes), we get

the equation of motion of the ryropendnlun on a moving base in the following form:

"H(s @ cos K)m=mgls—mi\"
.V
CH(B+ o sink R):——mxla.

ﬂ—'sn - .‘COSK"I : ’
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3-: 12mm — W, sin K : . (I+'22)

Assume that V = const and k = const, then the equations of motion of the gyro-

vendulum will take the fonn:

1 ) aeycos K, (4.23)
.. d@=——--wy sin K — v . (4.24)
R
.Mhich differ from the fom of the equations of rotion with a fixed hase only in
thoir constant rirht sides. It is commonly known that the equilibrium position of
any system whosc motion 1s described by linear differential equations with constant
coefficients and with a constant right side is determined by the partial solution of =

these cquations. In this connection the deviations are determined by the partial

solutions of eq.(4.23) and (4.24), which vartial solutions are of the fomm

8, = ':' cos A,

(4.25)
-y _ v (4.26)
3, - sin K R
Thus the deviations of the ryropendulim consist of the deviations dne to the
horizontal comnonents of the earth rotation, which we shall denote by ée and the de-
viation due to the speed of flicht, which we shall denote by év.

Tt follows from (3.25) and (3.26) that numerically

’ — ’ wy . 'A’): uty .' A”——— wy .
,_._l (Atosl'('aln ]—-'..

Deviation Due to Earth Rotation

‘ The deviation &g represents the deflection of the spin axis from the true

STAT
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a
j € = - tan K.

idi Pifolbe since -

vertical in the plane of the true meridian (Fig L.7), A

.
n

!.
\
l,
!
|
i
$
1
t

™~y
i i iation
Fis.ly.7 - Deviation Due to Tarth Fig.h8 - Velocity Devi
Rotation

'"gl Sln ry ~ "lg{‘l‘
p - ¢ e re (@
- p D - ! h h

ti equals it in magnitude, since
horizontal component of the earthts rotation u and eq

from (4.27) it follows that:

Telocity Deviation

- v - l p -

l“ dienlar to the direction of flight (Fig.l+.8).
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! ’ i - thich is
] : i icment Lg, is formed, whic
Ynder the inflvence of this deflection the ic Sv
tnd! s B L6 and is equal in masnlitide to
directed as indlicated In F. £ ond 1s 'q :
mglsin b = mgld, .
e i . . . s ] e
he - :5S. 5 ineidine in direction with the ane
m.\ 5 roment nrodices the ~recess.on wd,, coinc.ding

s it of
] "« d: 5 G ourin~ to the velocit:
lar velocit: of rotaticn cf the system of coordinates Gin” O

...7av (¢] ne aLICr . H I . v - {5 ‘ : e‘l C n o r
f cralu [clcipiele] O ne e 3l ) s AL - - nacnl e, o 3
P i‘ t ~ o “.,i‘ Y -tq —ea ), t Qr,t ,,,‘cl - t -t S ¢ t“d i‘

v (5.2°)

sond*tion of I'ond* starhance

i nartial solu-
Let s find the cond tlon nnder vhiceh (h.25) and (4.26) will be partial s

tions of er.(4.21) and (4.22) for ¥ # const.

3 a . et
consider-n- that 7 # const in the erressions for o, and F. we 7€
‘2 . v d -l L -l . ~ . 3 .

“v, in eq.(%.21) and (4.22),

.

. . {
— Vo Wy COS K= —e cosA — ) -

'R

.

. | . e |4
ey sin K — P —w,sin A — R

it i i++an in the lowin~ form:
smence the reatired conditicn 1S pritten in the following f

/3= R
R

. - ~Teces—
serion OF the srecessionad oscillations of the ~rpopendnliun (the rreces
LSRN RN - POSCIR S o el

3 -ravit r the cone):
ynder the action of the norient. of the force of «ravity alonr )

STAT
r/ﬂ
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; (“} This condition is called the condition of nondisturbance (Schuler). ‘hen it is

satisfied, the behavior of the ryronendulum at V # const will not in any way differ
from its tehavior for V = const.

1t follows from this that by an apnroonriate choice of the design charaéteris-
tics of the gyropendulwm, the influence of the longitudinal accelerations on its
deviation may be eliminated.

The physical rmeaning of this con-
dition is that when it is satisfied,
the precession of the gyropendulum
under the action of the moment of the
force of inertia, due to the longitu-
dinal acceleration, brings the snin axis
of the gyropendulun precisely into the
position corresnonding to the new value
of the velocity deviation.

In fact, the monent due to the

Firoh.9 - Influence of Accelcrations
force of the inertia, produced by the
on the Gyropendulum -
translational acceleration L;, is dir-

ected, as indicated in Fig.Lk.9, and 1s equal to
LV —an

The precessionu);, if the condition of pondisturbance is satisficd, is deter-

mined from the expression

+mad ac indicated in Figoh--go
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<

It produces the increment of angfle Aév, equal to

! AV,
R

’

[ :
""V == \‘.‘) dt - :R\ th::
o b

As a resilt, the velocity deviation for cach instant of time is detennined by

the exvression

- - l ’ . "
Sy m= Ay { A%y = \ <+ Al) = .
1) et 3 R( 0 )

’ R

>

where 6, and VO are the values of the velocity deviation and the flight speed for

the beginninr, of the acceleration V.

Section Lohe Effect of a Tum on the Gyronenduluun

Consider the behavior of the gyropendulum on a turn with respect to a system of
coordinates rotating abont the vertical together with the aircraft, i.e., let us
determine the ehavior of the syronendulum with respect to an aircraft making a
turn.

If we do not consider the moments of friction in the pgimbals nor the damping
nonents, and if we neglect the earth rotation, then, considering the velocity vector
of the aircraft to be parallel to the axis of rotation of the inner frame, we find
the following e::)ressio;‘ls (Fiz.4.10) for the moments Lx and Ly with respect to a
left tumms

Le=-mgl .,
lo— -mgila- mi\Ve,

Usinr~, further, the axpressions for » and q with resnecct to the left turn,
(2.38) and (2.39) (cf. Chanter 2, Section 2.9), and substituting L, Ly’ » and q in
ea.(4.1) and (4.2), we get the equations of motion of the ~rronendnlun for the case

we are studyines, in the folloving foma:
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N .

e e
b e

et i a0
JEL SRRl L

| o

‘ a—ep)= &%

‘S’ Ztﬂ + -.E.)) - —mgla—mil v,
\

or

a3

ZC\ L el (4.29)
‘\
|

- B (8 Vo) (4.30)
dt
where
P:elﬂ.l'*-)‘t (h‘Bl)

-\‘ Y = _l V_‘:’- . (A.BZ)
| ™ ar g
| i hanged from posi-
!' For a right turn the sign of wy in (4.31) and .(4.32) must be chang |
\ tive to negative.

H i ° have
'—g'l’ < iy, hen for a I'lght t‘lm, we ha
'i Sha.ll c nsider the case ‘When }\ N '3 'l )

| poy= — (== ") (4.33)
(8 P (430)
; ] IR S
‘ that is, the signs of ueieft and u)';i{:ht are different, while those of Kieft and
X.);ight are the same.

i 4 indices for the X :
On dividing (4.29) by (4.30), we obtain, omitting the indices for th

dr )
: =

1] 1+

s 1, o2 g [ a n 4

the nath of the vertex. of the s2in axis:

r e

at-t - 2y ta=A,

i where A is the constant of intepration
i !
\l or

(@ (a4 7% vp =8,

STAT
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c}izr.'.nf a tarn, the cnd of the srin axis describes the c.rcle about a

. the ori~in of coords :nates alon~ the axis Ca, b:; the

W the anle ¢ = K gy t (I‘"f‘.—;.ll)

m.cy.
© 4011 ~ Path of bind of S~in Axis

of Grrroendul um in a Tum

‘ TirededlU = 3,7T0 cadrdm in @ Tum

jc nobe that the 2 aaront rert’cal, that .5, the direction of tihe recultant of
of ~rav. ty asx. the centr.frral force of inertia, during a left turn, is

‘v the cocrd nates of the ~lane 0qF alons the axis 0a L the ancle ¢ =
v'JI
B
J
8

- the -ath of the end of

that is, in the sane Sensc in vhich the center of the circle

the onin axis 15 dismlaced. 3 th a right turn,

-arent vertical S dignlacel alons the same axis Oa by the ancle @ = ‘xr“ Fht

I) . s .

-—ili, that is in thec sonsc o-mosite the disnlacencnt of the center of the cen-
8

ter cf the circle remresentins the ~ath of the end of the smin axis.

The motion of the end of the s3in axis alone its »ath is cloclarise during a

left torm and co interclockwise during a rieht tnrm.

This resilis directly fron cq. (h.29) and (4,.30), as well as from eq.(4.31) and

(4 22). 1In a left turn, vhen P-icft > 0, for nositive #, the anrle @ increases,

STAT
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while for nerative B the angle ¢ decreases; with a right turn, when Pm zht < 0 for

nositive values of f, the angle o decreases, and for negative values, it increases.
From ea.(4.29), (4.30), (4.31), and (4.33), it results that the angular velocity of
the motion of the gyrocomnass axis along its nath with respect to the aircraft tales
nlace at various angular velocities: on a left turn at anmular velocity wg + A, on

a richt turn at angular velocity up - A,

If A is selected with a magnitude such that it will satisfy the condition of

nondj.sturbance, then for all vractically conceivable values of w turn’ the value

of A may re neglected by comparison with Dt urn® Doing this, we get .

.
"
*lejt Y furn
.

' fight” Crurn

. ."® V
/m}l = ,r.'qm= ) "R :

Moreover, it should not be forgotten that the motion of the gyropendulum with
resnect to the earth will be serformed in a manner completely different, since we
must set o the system of coordinates 0#n* and must set up the conditions of motion
of the syromendulum with resrect to this fixed system of coordinates.

IExamples. The ryrovendulum ryro horizons designed with a weight of the order

of 6 ka, have the following characteristics:

H~1.7-108 gem sec,
mgl- 1250 gem,
{
'q'-" =7410"3 _!_.
H : sec.

1f we take for the moments of friction in the gimbals L,, a quantity of the

order of 5 g-cm, then for the angles of repose pg = pé = p we obtain

L,
p=— =023
mgl

ion due to the earth rotation, 6.3, taking for ®y its maximum
STAT
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value Wy = We, corresponding to a position on the cquator, we get

¥3=0,56°.

Let the aircraft be in flight at a speed of 540 lm/hr = 150 m/sec. Then, for

the velocity deviation, we shall have

v
Ly = -0,18".
VTR 18

When the conditions of nondisturbance are satisfied, the deviations will take

the following values for the same values of w4 in Ve

1,«3.3 .

e -1.1

Let the aircraft perfom a richt tum with a 300 bank at a speed V = 540 ¥m/hr

which corresronds to W turn = 37.8 % 10"3 1/sec. The center of the path is dissplaced

in this case from the true vertical, with the characteristics given, by the angle

,
T / v “lern ¢ 4o
! rept =94
wy ) I 4
14
A ) * turn

*. g |
’rl,bf ‘..__‘ z 'l

If the conditions of nondisturbance are satisfied, for the same characteristics

of the turn, we have
1,07 .

'Irft -
Lo

n'om )

The maximum deflection of the ryrohorizon from the true vertical during the

turn may be taken as a quantity equal to double the value of X .

Let us assune that during a period of 30 sec, the aircraft varies its speed by

75 m/sec , that is, that it moves with a translational acceleration V = 0.25 oo

in axis of the pgyro-

‘ “hen the condition of nondisturbance is satisfied, the s»

STAT
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horizon, under the influence of this acceleration, will be deflected from the true

vertical in the plane perpendicular to the direction of flight by the angle 86, =

0.53°, with an accuracy equal to the increment of velocity deviation a6, = 0.53° for
the velocity increment taken.

In the gyrohorizon under consideration, under the same conditions, the spin
axis will be deflected by an angle Aév, equal to

»
LY Av =324
LI £

At the same time the increment of velocity deviation Aév will be

AV
TR ) LA
RN 'R

. i.e., the deflection of the spin axis under the influence of the acceleration con-

siderably exceeds the quantity corresponding to the increment of velocity deviation.

It follows from these data that a gyropendulun gyro horizon in which the condi-
tion of nondisturbance is completely satisfied, will have no error at all from the
longitudinal accelerations, and will have a small error due to turns; as for the
deviations due to the rotation of the earth and the velocity deviation, these can
easily be taken into account.

The myropendulum ahove considered has a considerable turning error. The longi-
tudinal acceleration also has a substantial influence on it.

Tn other words, the deviation from the satisfaction of the condition of non-
disturbance in a gyropendulum gyro horizon increases the most unpleasant feature,
in the sense of the difficulties of estimating the error.

But, in order to satisfy the condition of nondisturbance, to decrease the value

of A = ﬂ%i, the kinetic moment of the gyroscone together with the kinetic monent of

the entire installation, would have to be increased to several times the linetic

moment of the gyro horizon under consideration. The weisht would also have to be

STAT
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increased several times. Dut the weizht of this instrument is already rather rreat,

it is 45 times as sreat as the weisht of a gyrohorizon with a nendulum correction
srsten,
In this connection, grohorizons with a nendnl:um correction system have nroved

rere convenient with reshect to satisfyine the derands nade on aviation instriments.
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CHAPTER V .
BASIC INFORMATION ABOUT THE THEORY OF THE GYROCOMPASS

Section 5.1. Behavior of the Undamped Gyrocompass on a Base

Fixed with Respect to the Earth

A gyroscope with three degrees of freedom whose center of gravity is displaced
dovnward with respect to the center of the support in the equatorial plane, along
the negative semiaxis Oy, is called an
undamped gyrocompass (Fig.5.1).

The influence of dry friction in
the gimbals will not be taken into

account, since it is very small in

actual gyrocompasses.
Then, for the moments Lx’ Ly the

expressions

L,=mg! cus(*}.\z) mgl8,
L,=0.
Fig.5.1 - Gyrocompass on Base Fixed
will hold (according to Fig.5.l1).
with Respect to the Earth
On the basis of (2.36) and (2.37),
in which we must put V = 0, or directly on the basis of Fig.5.1, we have the

following formulas for p and q:
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p=—>5—"®™3,

q=i + og— w1 8.

sions in the general equations of motion of the

On substituting these expres

. £yTOSCODE, (3.1) and (3.2), ve get

Hia: g -w2)=mg18.

H(8 - wa) -0
or
da
prant U A s (5.1)
B
g (5.2)
where
) = mg! .
H
gyrocompass, vwhich is

Je shall seek the path of the end of the spin axis of the
e coordinate nlane 0 o} perpendicular to the meridian, i.€e,

described by it on th
nt of intersection between this

‘ the axi

and the axis 0%

coordinate plane

s 05 with origin at the poi!

On dividing, for this purrose, eq.(k.1) by eq. (4.2), we obtain

-h-_ (l'-|)§ -y

Iy w3

Separating the variables in the differential equation sO obtained, and inte-

grating, we have the solution

’ e -y ! _ - s —
+ Lp ! 0=“|} ny' (5_')\
STAT

or, dividing the right and left sides by 95, we have
k

“r
L b=
_.+ - —_—— | - = ‘.
53 ;2 ™
"
BT IR 1Y
s~ 41a wmath sought is an ellipse with the center displaced from the origin of

88
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w2
coordinates along the positive semiaxis OB by the angle B« = T o with a major
1
w1

"semiaxis equal to 6, and a minor semiaxis that isy - times smaller thane .,
+w
1

where© 0 depends on the initial conditions.
')

N+
Ae=0,

i,e., if, at the initial instant, the rotor of the gyrocompass was in the plane of

At t =0, let =0, B=Pe= . Then, on the basis of (5.3), we have

the meridian, being raised above the plane of the horizon by the angle B = Bs, then
it will remain in this position, thereby determining the position of the geographic

meridian.

If, at t =0, 2= % B =B, , then, on the basis of eq.(4.3), we have

that is, if at the initial instant, the axis of the gyrocompass rotor occupies an

arbitrary position, then it will rotate about the direction corresponding to the

stable state 3 = Bse In this case (Fig.5.2), the end of the axis describes, on the
coordinate plane Oap, an ellipse with
the center displaced from the origin

of coordinates by the angle B = Basy

with the major semiaxis ¢ = Bgs bY

eqe(5.4), and a minor semiaxis

W
b =v X 8, > that is, equal to

Fig.5.2 - Path of End of Axis of oy

e —— —

P

Gyrocompass b ‘// ._";—Aa; + (S. - ™ Y .

-, ey
Thus, if an undamped gyropendulum performs a precessional motion about the

. true vertical with a deflection from it depending on the initial conditions, then

the undamped gyrocompass will perform a precessional motion about the axis lying in
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the plane of the meridian, with a deviation from it which likewise denends on the
initial conditions.

=y usin~ damin~ of the oscillations in a ~yro~endulum, the character of its
motion can Ye rodified in such a way as to force the axis of its rotor to a~proach
the trie vert cal, in an invol 1itional soiral.

mw analo-s, 3Tnc ddan dn- of the oseillations of the rrocem anss ‘by the same
method as in the ~yroeninl-ut Or othersise), the character of the motion in the
~yTOCOMMESE MY iileuwisc te modified in the direction of forcing its rotor axis to

asnroach, in an involutional soiral, to the direction above described in the plane

ol +the meridian.

Section 5.2. Influcnce of Jelocity and Acceleration on the Behavior

of the rrocomnass

If we allow for the influence of acceleration on the displaced center of

~ravity, then we et, for the moments L_and L_, on the basis of Fir.5.3, the
- ' :/’

‘ followin~ eruat.ons

l., "l.l_’l \'u\( LA Ilh'\ OIS ’\‘a l

L'n-“, , (5°h)
On substititin~ the values of Lx’ Ly’ n, and q (from eqs.2.36 and 2.37) in the
~eneral equations of motion of the pyroscore, egs.(4.1) and (4.2), and negleccting
vt

__ sin K in cormarison to » 12 and —- by commarison with w,, we ret:
. 27

W1 A

H(-}-d—u:,?—}-w,)xzmgl? o mlV cos A

/I(S +wx— l‘( Ccus /\"=0.

'y

da = 4w)p—w 4 ) ' cos K;
ot [ 4

d3
ot

\V .
= — w2 -}- cOos l\.
R
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Assume V = const, i.e., ‘.f = 0,
Then the equations of motion of the gyrocompass, eqs.(5.5) and (5.6), in which
‘ the influence of the constant velocity of displacement with respect to the earth is

taken into account, will differ from egs.(5.1) and (5.2), which were investigated in
the nreceding section, only in the presence of an additional constant term in the
right side of the second equation. It follows from this that the solution of eqs.
(5.5) and (5.6) will differ from the preceding solution only in the disnlacement of
the center of the ellipse representing the path. This displacement is defined by

the partial solutions of eq.(4.5), (4.6), which are of the form:

vV .
2y Ry cos K,

(5.7)

e S
Be= .

It is clear that this displacement of the center of the ellipse from the meri-
. dian, which means the displacement of the stable state of the gyrocompass from the
meridian, did not vary by angle g, but
did vary by angle x: when the gyro-
compass was fixed with respect to the
earth, this displacement was equal to

zero, and, consequently, to the stable

state there corresponded the position

of the rotor axis of the gyrocompass in

the plane of the meridian. On allowing
for the rate of displacement with re-
spect to the earth, it is not equal to
zero, and consequently a deviation
Fig.5.3 - Gyrocompass on Moving Base

from the plane of the meridian corre-

sponds to the stable state,
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This deviation is called the deviation of the gyrocompass.

s follows from eq.(5.7), it depends on the rate of displacement, the course,
and the latitude of the place.

Let the speed of displacement V = 5.0 lm/hour, the latitude of the place ¢ =
= 600 *1\ ao I' = O 1(‘ o
= , the course K = O or 180,

Tor Liese dota the deviation a« will be equal to

x. = 37.0°.
v . o . . .
A% the sane time, for a course K = 90° or 2707, it will be equal to zero, i.e.,

~hen aprlic! Lo the speels of rodern aireraft, this variation has so wide a range

v

Lhat it wondl B~2Als be possible to estirnte it in practice with sufficient ac-

aurac:,
Let us Tind the condition under which the functions ay, R, would be partial

solutions of eas.(5.5) and (5.6), even for 7 # const.

3% KT
5

On substititin: a™ and 87 in ens.(5.5) and (5.6), we get

® v m(hga) " g L
R-‘cosl\ (M ,)”_' wy 4 'cosK.

v .
Om ——:T,CO'K" +?cosl\.

that the required condition will be written in the following form:

The condition so found 2lso bears the n of the condition of nondisturbance
(Schuler)., If it is satisfied, then the grrocompass will have no other deviations
besides the velocit;” deviation.

Tt is eas- to show that the veriod of free oscillations of the grrocompass can

be expressed ith suificient accurac;” by the expression

T o= 2!:_

the conditions of nondisturbance, the

STAT
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1

period of free oscillations of a gyrocompass will equal:

T—QRV R -84 4 min
4

The period of damping of the oscillations will be correspondingly great. In

connection with this it takes a considerable time until the gyrocompass after start-
ing occupies the position of the stable state.

This circumstance is an additional and fundamental obstacle to the use of the
gyrocompass in aviation.

Tt is not hard to see that for ocean vessels, whose speed is relatively small,
and whose voyages are prolonged, these circunstances do not play so substantial a
vole, and therefore the grrocompass, as & COIPASS whose readings do not depend on

. . . . .
the surrounding ferromagnetic masses, finds wide application there.
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CHAPTER VI

SCIIE S AlID CHARACTERISTICS OF CORRECTION SYSTEMS °

Section 6.1, 3tructural Scheme of Correction Systems

The correction of a nositional gyroscone as a whole is most often accomplished
by means of two ratuaily inde-endent systems, each of which is intended for one
specific degree of freedom of the gyroscone susrension, i.cCe, for one definite frame
of this susnension. There are very few excentions to this rule, and even these are

not of fundamental importance.

A structural diagram of the correction system can be drawn according to

1

nitters (moment devices) of the correction systems respectively of the first (inner)

Fir.b.l, where Dcl and Dc2 are sirnal transmitters, D and DL2 are moment trans-—

and the second (outer) frames of ‘the gimbals, while the linkare hetween the signal
transmitter and ihe wonent transmitter iﬂ each correction syster 1s accomnlished by
the crossover method, in which each frame is corrected by the application of a
moment -to the other framef *Je note that, in certain cases, the signal transéitter
and the roment transmitter of the correction system are merged in a single design
unit.

As the signal transmitter, a certain distributing device is ordinarily used,

consisting of two elements, one of which is connccted to the sensitive element of

the correction system, the other with the gyroscope frame to be corrected. When

these elements are mismatched, energy of one form or another is transmitted to the

bnnected to the given signal transmitter.
STAT

9
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Ry a moment transmitter we mean a certain actuating device which, under the
influence of the energy received from the signal transmitter, develops a moment
about the axis of rotation of that gyroscope frame which is diagonal with respect
to the frame being corrected. The magnitude and sign of this moment denend on the
magnitude and sign of the mismatch or discrepancy between the elements of the signal
transmitter. |

We shall term the relation between
the moment developed by the transmitter
and the discrepancy in the signal
transmitter the correction character-
istic. Other devices can be used as

the sensing members of the correction

system, besides such instruments as the

vendulum and the magnetic needle, for
example the radio gyrocompass, air
sneed indicator, etc. The case of the
Fig.6.l - System of Radial Correction so-called correction for perpendicu-
larity of the gyroscope axis to the

I, II - Axis of suspension; D 1 - Trans-
¢ axis of the outer frame must be men-

mitter of signal; DL2 - Transmitter of

tioned. In this case, the correcting

correction moment to inner frame; D02 -
) signal appears on deflection of the

Signal transmitter; DLl - Transmitter
spin axis from the position perpendi-
of correction moment to outer frame
cular to the axis of the outer frame.
Depending on the kind of connection between the signal transmitter and the
gyroscope, we shall distinguish internal and external correction systems. By an in-
ternal correction system we shall mean a correction system in which there is a

direct connection between the signal transmitter and the gyroscope, and by an exter-

nal system, a system in which this connection is indirect. This type of connection

STAT
95

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5 ‘



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

is often used in the gyroscopes of autopilots. It reduces down essentially to hav-
ing the signal transmitter connected with the aircraft instead of being connected
with the gyroscope. In this case it must be borne in mind that the aircraft is un-
der the control of the gyroscove, which in this case is the sensing member of the
autopilot. As a result, any deprarture of the gyroscope from the required direction
results in the departure of the aircraft as well, and, consequently, in the dis-
rlacement of the member of the signal transmitter that is connected with the air-
craft, with resrect to the member of this transmitter that is connected with the
sensing member of the correcting system. This will mean that the corresponding
moment transmitter is put into overation,

The use of the external correction system is explained, first, by the fact that
in this case it is sometimes possible to obtain a more satisfactory design scheme of
correction, and secondly, and this is of more substantial importance, that an exter-
nal system of correction assures the liquidation of irregularities in the regula-
tion, or, in other words, provides automatic compensation of the action of a con-
stant disturbing moment on the aircraft. This latter is obtained as a result of the
fact that the correction of the gyroscope, and with it the variation in the position
of the aircraft, will continue until the aircraft occupies the only position in

which the discrerancy in the transmitter of the correction signal disappears. But

this means tﬁat any irregularity in the regulation will always be eliminated. The

position of the gyroscone, when an external system of correction is used, is so
selected that the signal fed from the gyroscope to the automatic pilot shall assure

the compensation of the constant disturbing moment.

Section 6.2. Schemes and Characteristics of Pneumatic Type Correction Systems

According to the form of energy used to excite the positioning moment, radial
correction systems are divided into. pneumatic, electric, and mechanical.
Figure 6.2 gives one of the schemes of a pneumatic type of external correction

system nroduced in the USSR, developed at the end of the 1930 for the lateral
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stabilization gyroscope of an autopilot. The signal transmitter here is the air
collector (1), connected with the aircraft. Two jets of the collector are covered
by slide valves, connected with the pendulum (2), whose axis coincides with the axis

of the frame being corrected.

Fig.6.3 - Mixed Characteristic of

Correction System
Fig.6.2 - Diagram of Air Correction:

P - Air Pressure; ? - Sepment of proportional part;
k/b - Steepness of proportional part of
1 - Air collector; 2 - Pendulum with
characteristic; k - lMoment of correc-
shutters; 3 - Hemisphere with notches
tion of constant part of characteristic
The slides are so oriented with respect to the jets of the air collector that,
on the deflection of the pendulum with respect to the air collector, the opening of
one air jet will increase and that of the other will decrease.
The moment transmitter is a hemisphere connected with the gyroscope and having
a grooved surface, against which the above described air jets impinge. If the air-
craft occupies a position in which there is no disagreement between the elements of
the signal transmitter (the air collector and the slide), that is, a position in
which the slides equally cover both of the collector jets, then no moment vill act
on the gyroscope, since the nressures oroduced on the hemisphere by the air jets

will be the same, by virtue of the identical covering of these jets. If the air-

craft departs from the required position, then a discrepancy will arise between the
! STAT
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elcments of the signal transmitter, and as a result the slides will cover the two
collector jets differently. The pressures produced by the jets on the hemisnhere
will be different, and a resultant moment will appear in connection with that

difference.

Under the action of the moment, the gyro will precess. " In this case a signal
will Le fed from the transmitter comnected with the gyro to the autonilot, wvhich
will then turn the aircraft into the necessary nosition.

Tt may be considered with a sufficient degree of accuracy that the correction
moment is proportional to the discrepancy in the signal transmitter, until one of
the air jet in the jets in the collector is comnletely covered and the other is
complctely open. After this happens, the morment will remain constant. Thus, if we
denote the noment ty Ik and the discrepancy in the sisgnal transmitter by n, we get
the characteristic of the correction for the given case, as shown in Fig.6.3.

This external correction system using a pendulum is used in this gyro only with
resnect to the onter frame. The inner frarc, however, is corrected by nernendicu-
larity of the spin axis to the axis of the outer frame. For this nurpose (Fig.6.4)
two shutters are rigidly attached to the inner frame, and on the outer frame, two

nozzles fror the air collector. The rcactive forces of the jets leaving the nozzles

act on the outer frame. .hen the ryroscope axis 15 perpendicular to the axis of the

onter frame, the recactive forces of the jet; w1l be the same, since the jets them-
selves will Lc the same, and the moment nroduced by these forces will be equal to
zero. Jhen the »erpendicular position is disturled, the jet impinging on one shut—
ter will increase, and that on the other shutter will decrease, the equality of the
reactive forces of the jets will be impaired, and a resultant moment will appear
about the axis of the outer frame. .On account of this resultant moment, the inner
frane will herin to nrecess in the sense necessary to restore the nernendicular
nozition hLetween the s)in axis and the axis of the onter frame.

In this way, in the case we have descrilied, the signal transmitter is used
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directly as the moment transmitter, the elements of this transmitter being connect-

ed with the gyroscove, and, consequently, this system of correction is an internal

one,

Fig.6.4 - Pneumatic Correction System
for Inner Frame, Holding Spin Axis

Perpendicular to Axis of Outer Frame

I - Outer frame; II - Inner frame;

1 - Air nozzles; 2 - Shutters

Fig.6.5 ~ System of Pneumatic Correc—
tion for Inner Frame in Directional

Gyro

1 - Rotor; 2 - Flanges; 3 - Air noz-

zles; Fk ~ Corrective force; L, -

Correction moment; G = Angular; velo-~

city of corrective orecession

The characteristic of this correction system will be the same in the working
range of angles of mismatch, as in the preceding case (Fig.6.3).

Figure 6.5 gives still anoth'er. version of a correction system for the inner
frame with respect to the position of the rotor axis relative to the axis of the
outer frame, which is used in pneumatic directional gyrocompasses.

The moment of correction here is produced by means of fins on the rotor, and
of the air jet used to maintain the rotation of the rotor. If the spin axis of the

, Lyroscone occuples a position perpendicular to the axis of the outer frame, then

., this jet will impinge only on slits in the rim of the rotor and will only produce a
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moment relative to the spin axis. If, however, this perpendicular position is dis-
turbed, then the Jet will also impinge in part on one flange or the other, as a
result of which a certain moment about the axis of the outer frame will occur, thus
producing a correction of the inner frame. Instead of the flanges today,
scythe-shaped grooves are used, which produce an analogous effect.

. The characteristic of this correc-
tion over the working area may, with a
sufficient degree of accuracy, be taken
as proportional, that is, having the

form indicated in Fig.b.6.

Figure 6.7a shows still another
type of the system of pneumatic correc-
Fig.6.6 - Proportional Characteristics

tion by maintaining a perpendicular
of Correction
position of tbe spin axis and axis of
outer frame. This system of correction is used in directional gyroscopic instru-
ments having electric gyromotors.

On the periphery of the rotor casing of the gyromotor, a series of slits (1)
has been cut.

. When the rotor rotates, an increased air pressure is produced near its rim, and
the air passes through the slits (1) in the jets tangent to the surface of the
shell. The moment of the reactive forces of these air jets is balanced by the mo-
ment of the forces of reaction in the supports of the outer frame, when the rotor
axis is perpendicular to the axis of the outer frame.

When the rotor deviétes from the position perpendicular to the axis of the out-
er frame, then the moment of the reactive forces produces the pair of forces FK and
the moment of correction LK’ The moment of correction LK causes the gyroscope to
precess to the neutral position indicated.

' Figure 6.7b shows a modification of this correction system. Instead of slits,
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i . ts of
in this case the two nozzles (1), attached to the inner frame, are used. Jets
itrogen emerge from the nozzles on opposite sides. When the rotor axis is perpen-
ni

dicular to the axis of the inner frame, the reactive force of the jets lies in the
icular

Fig 6.7 — System of Pneumatic Cofrection of Inner Frame of Directional

Gyroscope with Electric Gyromotor

i ion; - Moment
T - Slits in gyromotor casing; FK — Force of correction; LK

1
of correction )

lane of the axis of the outer frame. In this case there will be no moment relative
P
to the outer frame. When the axis of the rotor deviates from this position, the
force of the jets leaves the axis of the outer frame, and deviates by thelquantlty
3 i tion of the spin axis. This pro-

rgs proportional to the sine to the angle of deflectio . |
duces the correction moment LK’ which returns the spin axis to its previous posi-
tion. ‘

The system of correction shown in Fig.6.7b is used in the gyro of the
remote-reading electric gyromagnetic compass DGMK-3. In order to prevent the cor-

i i i i cope of the

recting moment from varyling with the altitude of flight, the gyroscop |

DGMK-3 ‘is placed in an air-tight casing, so that the reactive force of the jets re-

mains constant.

' . Figure 6.6 gives a version of the pneumatic correction system where the signal
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o
transmitter likewise directly plays the role of the moment transmitter.
The principle of its design is as follows. To the inner frame of the gyro,
whose role in this particular case is played by the rotor casing (1), the air cham-

ver (2) is rigidly attached. For each frame, this chamber has two ports (3) to dis-

e air from the chamber, which norts are arranged symmetrically with respect to

charg
the axes of rotation of the frames.

This chamber is an element of the signal transmitter connected with the gyro.
But it is at the same time also the moment transmitter, since the reactive forces of
the release of the air jets flowing from the norts produce a moment about the axis
of Totation of the frame located diagonally to the frame being corrected. The
second element of the signal transmitter is nrovided by the pendulum shutters, sus-
nended on an axis parallel to the axis of rotation of the corrected frame. The
shutter covers the ports of the air_chamber in such a way that if the axis of
syrmetry of the ports coincides with the line of the edge of the shutters, then the
air jets issuing from the ports will be the same. If this coincidence is disturbed,
however, i.e., if a mismatch arises between the position of the corrected frame and
the nosition of the shutters, then the equality tetween these air jets is destroyed.
Yhen the equality of the reactive forces is destroyed, a resultant moment of one
sign or the other appears.

As already siated, this moment will be diapgonal with respect to the corrected
frame, that is, with respect to the plane in which the position of the gyro was dis-
turbed.

This system of pneumatic correction is very widely used. It is used both to
correct syro verticals and for horizontal correction of directional gyros.

Its characteristic is of the form showm in Fig.6.3, the width of the area of

sroportional correction ¢ being detemmined by the width of the port and the length

of the pnendulum shutters.

Figure 6.9 gives the arrangement of the pneumatic corrector used in the
| STAT

102

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

3
USSR-produced GK-2 directional gyro for correcting the outer frame. The signal

transmitter here is the air collector (5) with its two nozzles placed on the rotor

casing and covered by the eccentric slide (7); The slide is connected wi%h the mag-
) i

netic system (6), whose axis of rotation is likewise attached to the rotor casing.

To the matched state of the trans-
mitter corresponds the equal covering
by this slide of the collector nozzles,
while to the mismatched state of the
transmitter corresponds unequal covering

of the two nozzles. In the matched

Fig.6.8 - Arrangement of Pneumatic

Corrector with Pendulum Slides

1 - Rotor casing; 2 - Air chamber;
3 - Air ports; 4 - Pendulum shutters;
$ — Mismatch between rotor axis and

shutter axis

Fig.6.9 - Arrangement of GMK-2

Pneumatic Corrector

1 - Rotor; 2 - Rotor casing (inner
frame); 3 - Outer. frame; 4 -'Scale;
.5 - Air collector; 6 - Magnet;

7 - Eccentric slide; 6§ - Air chamber;

9 - Pendulum shutters; 10 - Shutter of

outer-frame corrector; 11 - Membrane of
pneumatic relay with plunger;

12 - Pneumatic relay

state, the same pressure reaches both the receiving nozzles, while in the mismatch-

;‘ ed state, there is a different pressure in each.

103
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An air chamber with two pairs of ports, attached to the inner frame (casing) of
the gyro, serves as the moment transmitter. One pair of the ports, the horizontal
pair, is covered by pendulum slides and serves to correct the inner frame of the
gyroscope, since the moment produced by the reactive forces of the discharge of the
air jets issuing from these ports acts about the axis of the inner frame. The
second pair of ports, the vertical ones, serves to correct the outer frame, since

the moment produced by the reactive

forces of the discharge of the air jets

A ..
l from these ports acts about the axis of
1¢

the inner frame. The second pair of

ports is covered by shutters connected

by a plunger with the membrane of an

air relay, the chambers of which com-
Firs6.10 - Characteristics of Corrcc-

municate with the receiving nozzles of
tion of Outer Frame of GMK-2

the above described signal transmitter.

a - Characteristics of correction using
elastic membrane; b - Characteristic of
correction with inelastic membrane;

h - fath of membrane; hm ~ Maximum path

of membrane; ¢, - Hysteresis zone

In the matched state of this transmit-
ter, the pressures in the chambers are
the same, the membrane is in a neutral
position, and the shutters connected
with the membrane equally cover their

norts. Uith a mismatch in the signal

transmitter, the equality in the relay chambers is impaired and the membrane is

flexed toward one side or-the other. This displaces the slide, and the covering of

the vorts becomes unequal, thus »roducing a moment of the corresponding sign.

Thus, for the correction of the inner frame, the air chamber in this case is at

the same tine a signal transmitter and a moment transmitter. The characteristic of

the correction for this frame will be of the form shown in Fig.6.3. But for the

i

. correction of the outer frame, it will only be a moment transmitter, connected with
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the signal transmitter by means of a sbecial pneumatic relay. The characteristic of
the correction will therefore depend, here as well, on the characteristics of the
relay. If the relay has an elastic membrane, then the relation between the path of
this membrane h and the mismatch 6 will be of the form given in Fig.6.10a, where 0,
is the value of the error necessary to produce a pressure difference capable of
overcoming the force of dry friction of the relay plunger; here the right part of
the characteristic corresponds to the condition 6 > 0, while the left part corre-
sponds to the condition 6 < O; hp is the maximum possible movement of the membrane.
Assuming further that the relations between the moment LK and the displacement

of the shutter is of a prorortional nature up to full opening of the ports, and con-

sidering that the motion of the membrane does provide this full opening of the
norts, we get the result that the diagram of Fig.6.10a on a different scale repre-
sents the characteristic of correction in the case here being considered.

If the relay has an inelastic membrane, then the relation between the motion of
the membrane and the error will be different.

Until an error or mismatch equal to 8, has accumulated, the membrane w%ll be
motionless, and will then be displaced as far as the~stop; the backward motion,
likewise as far as the stop, will be performed after an error of the opposiée sign
equal to Op has accumulated. If we retain the same assumption with respect to the
denendence of the moment Ly on the motion of the membrane, then we get a character-
istic of correction that in this case, as well, is of the hysteresis form given in
Fig.6.10b.

The methods and characteristics of a pneumatic corrector that have been here
considered are the most typical. Their principle merit resides in the simplicity of
their design, which is a point particularly applicable to arrangements using a pen-
dulum as the sensing member of the correction mechanism. It must be noted ghat in
those cases where the rotation of the gyro rotor is likewise maintained by the

. . . !
energy of an air jet, it is most advisable to use a oneumatic type corrector as

STAT
105

eclassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in P
art - Saniti
zed Copy Approved for Release 2013/05/16 : CIA-RDP81-010
: - -01043R002000020008-5

well, and, in fact, this is usually done. However, the design si'.mplicity of the
pneuma’r,ic corrector impelled the search for means of applying it to gyroscones vith
electrically driven rotors. Such designs for EYTO verticals were particularly
favored in Germany. But such & solution is not correct for nonhermetic instruments.

l‘ The reason’ is that a sneumatic correction system for nonhermetic instruments has the
disadvantage of hav.ng its efficiency de,end substantially on the flight altitude.
With a pneu:na.tically driven rotor, this shortcoming will have less of an effect,
since in this case the rotor sneed also decreases with increasing altitude, although
to a lesser extent, and the decreasing efficiency of the coirrector is accompanied by
some reduction of the kinetic moment as well. DBut, with an electric drive, the
rotor speed will oe ;ractically inde-endent of the altitude, and thus the reduced
efficiency of the corrector will make it j_m;,ennissibly slugrish at high altitudes,
or, if it ;g selected for a1se under altitude conditions, it will pecome mpermissi-
'013,; shar. near the sroand.

The transition to electrically driven gyro rotors has heen due to such advan-
tages of electric gyromotor as higher speed, and, consequently, smaller dimensions
for equal kinetic moment, elevated starting torque, facilitating the starting of
~yromotors at a low tLemmerature, convenience of installation (no air line), weak
21titudé-dependence of the rotor s:ireed, absence of the increased corrosion of parts
that is characteris'tic of cyro instruments with pneumatic drive, absence of the
neating owing to the heat given off by the ryromotors, etc.

Thus the transition to the electric drive in gyIo instruments, with its sub-

stantial desizZn and opcrating advantages, has made it necessary to develop electric

forms of radial correction as well.

Section 643 Circuits and Charact.eristics of Electric Systems of Radial correction

1

Fipure 6.11 gives the circuit of one of the versions developed in the USSR of

@ the electrical corrector of tre induction type, as applied to one of the frames of
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The signal transmitter (cf. Fig.6.1la), consists of a contact roller connected
with the gyro frame being corrected, and a contact strip, connected with the sensor
of the corrector and divided into two parts by an insulating gap.

In the matched state of this transmitter, the contact roller is at the center
of the insulating strip; when it is mismatched, the roller is displaced from that
center. The moment transmitter consists of a system of two inductance coils, in the
slots of which there moves a current-conducting disc, connected with the axis of ro-
tation of the corresnmonding frame (i.e., located diagonally to the corrected frame).
As will be seen from the electrical circuit (Fig.6.11b), one of the coils is always
energized by one of the phrases of a triphase alternating current line. The second
coil, however, which we shall term the control coil, is connected to one of the re-
maining two phases of the line through the signal transmitter, depending on which
half of the contact blade of this transmitter is contacted by its contact roller.
Thus, so long as the contact roller remains on the insulated strip, that is, so long
as the signal transmitter is in the matched state, only one coil will be energized,
and, consequently, no moment will be developed on the driving disc. When the signal
transmitter is mismatched sufficiently to bring the contact roller onto either of
the conducting halves of thé blade, both coils will be energized, and the alternat-
ing magnetic fluxes produced by these coils will be phase-shifted by 120°, in one
sense or the other, with respect to each other. Consequently a moment of one sign
or the other, and of constant magnitude, that is, not depending on the degree of
mismatching, will arise on the current-carrying disc on account of the interaction
of the eddy currents and fluxes, thch are phase-shifted with respect to each other.

Since the insulating strip has certain finite dimensions, a certain value of
the mismatching is always required to cover this strip, and this value detemines
the zone of insensitivity of the given correction system. Taking this circumstance
into account, and bearing in mind that after the roller passes onto tﬂe conducting

part of the blade, the moment transmitter will develop a moment of constant value,
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we obtain the correction characteristic for the given case presented in Fig.6.12.
Figure 6.13 shows the arrangement for a considerably later version of the elec-
trical induction-type corrector, representing a different design solution of the

same ideas used in the version described above.

Fig.6.11 - Circuit of Induction. . Fig.6.12 - Constant Characteristic of

Electrical Corrector Electrical Corrector

I and II - Axes of suspension; 6 5 - Neutral zone of signal
1 - Contact roller; 2 - Pendulum; transmitter of corrector
3 - Contact blade; 4 and 5 - Induction

coils; 6 - Current-carrying sector

The signai transmitter here (Fig.6.13) is a bulb with a drop of mercury and
three contacts so arranged that the plane of displacement of -the mercury drop shall
coincide with the plane of rocking of the corrected frame.

One of the contacts of the bulb is at its center, the other two at the edges.

In the matched state of this transmitter, the mercury drop is at the center of
the bulb and covers only the central contact; in the unmatched state, the drop moves
away fron the center; and on operation, the mercury connects the central contact ’

. with one of the edge contacts. e note that by mismatching of the signal trans-

ek taetlafe coan s mean its inclinatioln with respect to the vertical.

i
|
|
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The moment transmitter here is a miniature induction motor with a

short-circuited rotor, seated on the axis of rotation of the corresponding frame

(that is, of the frame located diagonally across from the corrected frame). Exactly

as in the preceding case (cf.diagram of Fig.6.11b) one of the exciting windings of
the miniature induction motor is always energized by one of the phases of a triphase
supply line.

When the mercury connects the cen-

tral contact of the signal transmitter
Y 4

with one of the extreme contacts, the

N \ second phase of the miniature motor is
Ca— 1 |
i 5 J

connected with one of the other two

T
. é phases of the supply line. As a re-

sult, a rotary field is produced in the

Fig.6.13 - Diagram of Electric Corrector miniature motor. The sense in which
with Mercury Switch ’ this field is directed will depend on
what phase has been connected to the

I, IT - Axis of suspension
phase of the miniature motor. On this
1 - Bulb; 2 - Mercury; 3 and 4 - Wind-
account, a moment of one sign or the

ings of induction motor; 5 — Short
other is developed on the rotor. It

circuited rotor of induction motor
will be of constant magnitude (i.e., it
will not depend on the value of the error in the signal transmitter).

In order for the mercury drop to be able to roll from the central position and
to close the contacts, a certain inclination of the bulb is necessary. The mercury
drop obviously rolls in the opposite direction after the opposite inclination of the
bulb has'accurmlated. When it rolls in this way, the mercury drop will naturally
not remain in the central position, but will pass to the opposite extreme position.

On this basis, the characteristic of the correction for the given case will

have the hysteresis form according to Fig.6.10,b.
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This system of correction can obviously be applied, and is, in fact, applied to
correct the outer and inner frame of a gyro vertical, and to correct the inner frame
of a directional gyro.

Figure 6.14 gives a diagram of the electrical connection of an induction-type

: cyro vertical., The signal transmitter here 1s a cuy (Fig.6.14,a2) with a
current-conducting liquid, an electrolyte, and four electrodes. The cup is rigidly
;ttachFd to the gyromotor casing. The electrodes are placed diagonally on the peri-
phery tf the cud. In this case, each diagonal pair of peripheral electrodes is in-
tended for the correction of that frame of the gyro vertical whose axis of rotation
is perpendicular to the axis joining the given pair of peripheral electrodes.

The cup of the electrolytic transmitter is not completely filled with liquid so
that there is an air bubble. The electrolytic transmitter consists, as it were, of
a bubble level producing electric signals.

If the axis of the ryro rotor occupies the vertical position (Fig.6.14,a), then
this bubble will be in the center of the cup, and the resistance will be the same
between the central electrode, that is, the cup itself, and either of the peripheral
electrodes. ‘hen the gyro axis (Fige.6.1l4,b) deflects from the vertical, the air
vulble will be dis»laced accordingly, and the resistances between the central elec-
trode and the two peripheral electrodes become unequal. The appearance of a differ-
ence between the resistances is expressed as the error signal in this transmitter.
Accordingly, on the circuit diagram of Fig.6.14,b, this transmitter is convention-
ally renresented in the form of variable resistances between the central electrodes
and the corresponding peripheral electrodes.

A basié feat:re of the electrolytic transmitter is the practical absence of any
NTIICAl L the smallest deflection from the vertical will produce a
change of resistances of the bulk conductor electrolyte. This feature of this sig-

nal transmitter of the corrector, and its design simplicity, are responsible for the

. wide use of this tync of correcting signal transmitter,

110

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

i i i One
Two-phase miniature induction motors are used in this correction system.

of the phases of each of these miniature motors is always connected to a definite

c)
Fig.b.l4k - Corrector with Electrolytic Transmitter

and Induction HMotor

pha.s.e of the supply line (cf. diagram in Fig.6.17,c), the other phase consists of

two windings connected in opposite directions and joined to the corresponding pair

of electrodes of the signal transmitter. The second phase of the supply line is

‘ connected to the case. Thus, when the resistances between the upper electrode and

1 -al

ctrodes are equal, the resultant ampere-turns of the second
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phase, and therefore also the moments at the shaft of the miniature motor, will be
zero; when these resistances, differ, however, resultant ampere turns in a definite
sense appear, thus leading to the

appearance of a moment in a definite

sense, proportional to these resultant
ampere-turns,

On the basis of the above, the
characteristic of this corrector may be
taken as analogous in form to the
characteristic of the pneumatic correc-

Fir.A.15 - Diagram of Voltages tor of the gyro vertical with pendulum
of Triphase System slides given in Fig.6.3.

The zone of proportionality in the

transmitter amounts to 0.50. For slopes over 0.50, one of the electrodes is com-
nletely covered with air, and the other with liquid. The resistance from the first

electrode will reach 5000 ohms, and that of the second 150 ohms. With greater

slones, the value of these resistances will no longer vary.

The moment transmitters in the formm of induction motors have the advantage of
allowing the correction system to onerate when the axis of the suspension shifts
through all of 360°, The latter will be unavoidable, for instance, in correcting
directional gyroscopic instruments in azimuth.

The entire correction system is fed by a triphase alternating current source in
which the voltage phases are shifted by 1200. For the operation of the biphase
motors, the phase shift between the voltages of the excitation winding must be 90°,

To provide such a phase shift, part of the phase voltage of the phase A is fed to

the windinz (3) (cf.Fig.6.lk,c) while the line voltage between the phases B and C is

fed to the winding (4) and (5). These voltages, as follows from the voltage dia-

gram of the triphase system given in Fig.6.15, are shifted in phase by 90°, The

e 15 e ek S A 152 5
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winding (3) is connected in the circuit of one of the phases of the stator winding

of the motor for the gyro rotor. When the gyroscope is started up, starting

~3 v
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Fig.6.16 - Corrector for Electric Gyrohorizon

1 - Electrolytic piclkup; 2 - Solenoids; 3 ~ Movable cores of solenoids

(a) Soleroid;(b) Corrector switch; (c) Gyrohorizon gyromotor

currents of voltage higher than nominal flow in the stator winding, thus causing an
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increased rate of correction when the gyro starts. This shortens the time required

for the ryro to move to its normal position.

A certain comolexity in the design of induction motors has led to the use of

monent transmitters of sinpler designe

The correction system on one of the USSR electric gyro horizons consists of the

electrolytic nickup (1) (Fig.6.16) and the two solenoids (2) with shiftable cores,
connected according to the diagram of Fig.l6,a. The solenoids are attached
(Fic.6.16,b) to the casing of the gyro rotor, ard a displacement of their cores with
respect to the mean nosition (Fig.6.16,c) produces moments of unbalance, under the
action of which, the gyroscone nrecesses toward the vertical. The displacement of
the core of the solenoids takes place when the difference of current in the halves
of the winding connected with opposite electrodes of the pickup, reaches a certain
value. The characteristics of this correction system is close to that shown in
' Fig.6.10,a, and ordinarily & = 0.5°%.

Figure 6.17 gives a diagram of the electrical correction of the outer frame of
a directional gyro accomplished by 2 remote~reading magnetic compass. The signal
transmitter here is a disc connected with the axis of the outer frame and a brush
connected with the repeater of the remote-reading combass. On the diasram of
Fig.6.17, this is shovm convcnéionally by the direct connection between the brush

and the nagnetic needle. One sidc of the disc is made of conducting material, the

other side of insulatinz material. The positive pole of a direct current source is
)

i

applied to the conducting part. I

The m&ment transmitter used is a magnetoelectric device with its magnetic sys-
tem attached to the outer frame of the gyroscope wnile the coil is connected to the
axis of the imnner framc. The coil is fed from the potentiometer of a two-coil
maznetoelectric relay. One of the coils of this relay is energized during the en-
‘tire time of operation of the correction system. The moment produced by the

amere-turns of this coil holds the brushes against the potentiometer in a position
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114

classified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

such that the ampere-turns of the moment transmitter coil produce a moment causing

precession of the gyro, and with it, also a shift of the signal transmitter disc in

K}
4‘77\5
' /
T
Fir.6.17 - Diagram of lagnetoelectric

Corrector of Outer Frame of Directional

1 - Disc of gyro signal transmitter;
2 -~ Brush of signal transmitter connect-
ed with repeater of remote magnetic
compass; 3 - Corrector relay; 4 - Poten-
tiometer of relay; 5 - Magnetic system of
moment transmitter of corrector; 6 - Coil

of moment transmitter of correctér

the sense directed toward matching
between the brush and the conducting
part of the disc. The second coil
of the relay is fed from the brush
of the signal transmitter. In other
words, this coil will be energized
only when the above mentioned brush
is in contact with the conducting
vart of the disc. 1In this case the
ampere turns of this second coil
will create a moment exceeding the
moment produced by the ampere-turns
of the first coil. Thus, as soon as
the second coil is energized, the
brushes of the relay potentiometer
pass over into the extreme opposite
position. The reverse direction of
the correction moment and the sense

of precession of the gyroscope

- change in accordance with this: now

the motion of the gyroscope will be

in the sense of matching the brush of the signal transmitter with the insulated part

of the disc.

Thus this system of correction in principle has no position of repose and has

no n utral zones,

For this reason the gyroscope will not be damped in a definite position here,

115
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+
Fig.6.18 - Electrical Circuit of Magneto- Fige.6.19 - Constant Characteristic of

electric Corrector of Outer Frame of Corrector of Hysteresis-Free Form with

Directional G;}ro neuntral zone Equal to O

g
!

. I ’:ﬁj '

Fig.6.20 - Diagram of lMagnetoelectric Corrector of Inner

Frame of Directional Gyro

I, IT - Axis of inner and outer gyro frames
1 - Signal transmitter potentiometer connected with outer frame; 2 - Brushes of
signal transmitter connected with axis of inner.frame; 3 - Relay of corrector;

L, ~ Potentiometer of relay of corrector; 5 - Short-Circuited rotor of induetion

rmotor; 6 - iinding of induction motor
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but instead it will oscillate about a certain position, in this case, about the
position of the brush, that is, about the magnetic meridian. Owing to the low rate
of correction, the amplitude of these self oscillations will be very small. Figure
6.18,a gives the electrical circuit of this corrector, and Fig.6.19 gives its
characteristic.

Figure 6,20 shows a diagram of the electrical corrector of the inner frame of
the same directional gyro. The signal transmitter here consists of a potentiometer
placed on the outer frame, and a pair of brushes connected with the axis of the
inner frame. Thus the correction of this frame is accomplished according to the

position of the rotor axis with respect to the axis of the outer frame. The

dep————t
0.—’1 .——U
! 2
%Q
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Fig.6.21 - Diagram of Electromechanical Corrector of Inner

Frame of Directional Gyro

I, IT - Axes of inner and outer frames
1 - Contact strip of signal transmitter, connected with outer frame;
2 - Brush of signal transmitter connected with inner frame; 3 - Electro-

magnet; 4 - Discs of friction coupling; 5 - Electric motor; Ry - Ballast

resistors

metuslly v orpersTienlar position of these oxes correspnds to tine melched sitate of
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the signal transmitter.

The moment transmitter is a three-phase miniature induction motor with

short-circuited rotor. One of the vertices of the triangle formed by the stator

@

winding is connected to one of the nhases of the supnly line during the entire time

o 8 3 T

of operation of the correction system.

The other two vertices are connected to two brishes mechanically connected to

the axis of a magnetoelectric relay vhich is fed by the notentiometer of the signal

the potentiometer, connected on a

transmitter. These brushes take off voltage from

bridge circuit to the other two nhases of the supply line.

hese brushes

when no current flows through the relay the voltage taken off by t

' is zero. When current appears in the relay winding, the brushes are displaced from ;
the electrical neutral, and will transmit the voltage to the stator windings of the

miniature induction motor. As a result, a moment in a definite sense appears, which

1acement of these brushes from the electrical

is prorortional by modulus to the disp

neutral, i.e., in the last analysis it is pronortional to the deflection of the

-#  rotor axis from a right angle with the axis of the outer frame.

In accordance with the above, the characteristic of the corrector described

will be of the form given in Fig.6.3.

re 6.21 gives a diagram of still another version of an inner frame '

Figu

corrector.

The signal transmitter here is a contact blade with an insulating strip placed

on the outer frame, and a brush, connected with the axis of the inner frame. The

moment transmitter is an electric motor rotating two gearwheels, which may be engag-

ed by means of electromagnetic friction clutches, and systems of gears from the axis

of the outer frame.

These electromagnets are controlled from the signal transmitter by means of the

electric circuit of Fig.6.21. So-long as the brushes remain on the insulated strip

deenergized and the outer frame

STAT
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is not coupled to the electric motor. As soon as the brush is displaced onto either
conducting rart of the blade, one electromagnet or the other is actuated. VWhen this

happens, the electric motor is coupled

to the outer frame through two gears

rotating in opposite senses. This will

indicate that a moment of a definite

sense has been applied to the outer

frame. The magnitude of this moment

will be determined by the force of the

friction coupling, which in turn will
Fig.6.22 - Characteristic of
be determmined by the force develored by
Electromechanical Corrector
the electromagnets, i.e., by the number
of its ampere-turns. As follows from the electrical circuit, the electromagnets are
fed at first through a ballast resistor, but then, with increasing mismatch, they
are fed directly, bypassing this pallast resistor.

Thus the corrector characteristic in this case will have a stepped form,

according to Fig.6.22.

Section 6.4. Mechanical Correction Systems

Of the mechanical systems we shall discuss only one friction correction system,
designed for correcting a gyrovertical. Figure 6.23 gives a diagram of this system
|

of correction. The correction sensor in it is a half-ring with an axis of rotation

coinciding with the axis of rotation of the frame to be corrected. The semicircle
has a slit with cork walls, through which passes a rotating roller connected by a
reducer with the rotor axis.
Tt is this roller that foms the second element of the correction system.
These elements of the correction system here act simultaneously as signal

transmitters and moment transmitters.

state of this correction system, the half ring is not prei§$d
AT
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against the roller by any side of the slit.
To mismatch, there corresponds a position in which the half ring is pressed

against the roller by one side of the slit or the other, and therefore the force of

Fig.6.23 - Diagram of Friction Corrector of Gyrohorizon

I, IT - Axes of gimbals
1 - Half-ring with friction slot; 2 - Rotating roller; fg — Component
of force of gravity pressing the wall of the slot of the half-ring

against the rotating roller; fK - Force of frictional adhesion,

directed along slot; LK - Element of force.fK

frictional adhesion fK arises between them, which is proportional for the force of
this compression of the half ring against the roller, and which is directed along
the slot of the half ring.

Being applied to the axis of the rotor, this force exactly produces a preces—
sion of the gyro about the axis of rotation of the frame to be corrected and accor-
dingly, also about thé axis of rotation of the correcting half ring.

The force that presses the half ring against the roller will be thg projection
of the force of gravity of the half ring onto the normal to the rim of the roller.
Within the limits of small deflections of the half ring from the vertical, it may be

taken as provortional to these deflections. If we further consider the coefficient

the roller and the walls of the slot as constant, we get tSTAT
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" result that the characteristic of this correction system will be proportional.

If the clearance between the roller and the half ring is taken into account,
then the characteristic of the corrector takes the form shown in Fig.6.23,b. At
angles of deflection of the gyrorotor axis 0p and -6,, the half ring will be dis-
placed from one side of the roller to the other, and as a result the correction
moment will change its value with a jump.

As a whole, the gyrovertical has two correction systems of this type, one for
each of its frames.

To eliminate the influence of the moment due to the force of gravity, owing to
the force of the pressure of the half rings against the roller, counterweights are
provided, which impose on the gyro a moment equal and opposite to the moment, due to
the force of gravity of the half rings.

We remark that if the roller does not rotate, then, in spite of the pressure of
the slot of the half ring against.the roller, this will not lead to the appearance
of a force of frictional adhesion. In other words, when the rotation of the roller

stops, the correction system will be turned off.

Section 6.5. Analytic Ixpressions of the Correction Characteristics

As follows from the above exposition, the characteristics of correctors may be
divided into the following three groups, according to their form:

1. Proportional characteristics of hysteresis-free form (cf.Figeb.b).

2. Constant characteristic of hysteresis-free forr with zone of inéensitivity
not equal to zero (Fig.6.12), and equal to zero (Fig.6.19), and constant character-
istics of hysteresis form (Fig.6.10,b).

3, Mixed characteristics of hysteresis—-free (Fig.6.3) and hysteresis
(Fig.6.10,a) forms.

We might introduce the nofion of the generalized characteristic of a corrector

of such a form that the above enumerated characteristics shall correspond to certain

special cases for it. The form of the characteristic according to Fig.6.2k,c STAT
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satisfy such a condition.

The use of such a generalized characteristic in a theoretical analysis would
involve no difficulties of principle. By dividing such a characteristic into a
number of sections within which only some one law would operate, the behavior of the
gyro in these sections coﬁld easily be obtained.

It would then remain for us to adjust the results obtained for the individual
sections, and to obtain a general picture of the behavior. With the large number of

such adjustments, however, this method would be inconvenient in practice., Since not

Fig.6.24 —~ Generalized Corrector Characteristics

a single one of the actual correction systems has a characteristic of such a

generalized form, it is advisable to conduct our investigation with respect to sim-

nler pgeneralizations,

As such basic generalizations, we shall take the followings
a) proportional characteristic of the hysteresis form (Fig.6.24,a);
b) constant characteristic of the hysteresis form (Fig.6.24,b).
Using these generalizations, it will be easy to obtain the law of gyroscope
behavior for other cases as well.
The analytic expressions of the corrector characteristics for the generaliza-
tions may be represented in the following form, distinguishing them by the literal

. subscripts a and b respectivelys

Delassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

Ls.-k(9-°013ign ‘;)l

L ' ks sign® af b = 8,
. .: 3
|ksigns ot & .0,

where 6 - mismatch in signal transmitter of correction system;
slope of proportional characteristic oi‘ correction;
zone of hysteresis;
value of constant correcting moment beyond zone of hysteresis;
value of constant correcting moment in zone of hysteresis;

slgn,):[—l a4 60,
+1 at 6.0, (6.3)

at 6.0,

~

slgn0=1-l
|+1 & e_>o.

(6.4)

We shall consider that the absence of the allowance for hysteresis corresponds,
with a proportional characteristic, to the condition
13=0, (6.5)
and with a constant charact.,eristic, to the condition
ky=0. (6.6)
In allowing for hysteresis in the latter case, however, the equality
hyw k. (6.7)
will h'old.

To denote the angles of deflection of the gyro frames from the positions they
should occupy, we shall, as before, use the letters & (for the angle of deviation of
the outer frame), and B (for the angle of deviation of the inner }.‘rame).‘

All the remaining notationswill be taken as the same for both systems of cor-
rection, that is, for the correction of both the outer and the inner frame, which
are distinguished from each other by the subscripts 2 and 1 respectively,

The sensors of a correction system usually have certain static errors. Denot-

STAT
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ing these errors, expressed in angular units, by y, we obtain the following expres-

sions for the fnisma.tches 91, 92:

hy=31—%1 Or=a—y,.

It is clear that 18] andyz, the errors of the sensors of the corrector, are equal to

their errors in the direction of the gyroscope.
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CHAPTER VII

THE SETTING STATE WITH FIXED GIMBAL BASE AND UNDISTUHRBED
STATE OF THE CORRECTION SYSTEM

Section 7.l. General Remarks

The consideration of the setting state is of great importance, since the qual-
ity of positional gyro instruments depends to a considerable extent on how accura-
tely the gyro is set during flight and how long it takes to reach its onerating
position.

The setting state of the gyrohorizon and gyromagnetic compasses in the most
complete form occurs on starting. The detailed consideration of the setting state
on starting involves considerable difficulty owing to the presence of moments of
forces of inertia, which manifest themselves on variation of the rotor speed. The
starting state is therefore not discussed separately, but we shall consider the
setting state of the gyroscope with constant kinetic moment.

In the following exposition of the theory of positional gyros, we shall inves-
tigate the setting states with the object of elucidating:

a) the paths of motion of the spin axis toward the steady vosition;

b) the duration of the setting state or of the setting time;

c) éhe final position of the spin axis and the corresponding errors of the
steady position of the spin axis.

Of the methodological considerations, followihg B.V.Bulgakov, we shall dis-

+inmiiche
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1) the éetting state with fixed base of the suspension and undisturbed state of

the correction system;
2) the setting state in presence of oscillatory motions of the base at fairly
high frequency;

3) the setting state allowing for the motion of the base of the suspension in

| connection with the earth rotation, the displacements of the aircraft with respect
to the earth, and the aircraft maneuvers.

The first of these states is the most favorable with respect to the possibility
of shorteninz the duration of the build-up time and reducing the values of the
errors of the steady state, but it is never observed under actual conditions.
levertheless, the characteristics of this state are of substantial importance in
that they establish the limiting relations which it is desirable, under actual con-
ditions, to approach as much as possible.

The second state is less favorable from this point of view, but it is closer to
actual operating conditions, sinée it allows for the disturbances in the correction
system which always occur. A comparison of this state with the characteristics of
the first state allows us to establish the specific influence of these disturbances

on the gyro.

An investigation of the third state allows us to elucidate the influence of

other factors under operating conditions,

The characteristics of the first and second states do not depend on the final
vosition of the spin axis, i.e., they do not depend on what direction with respect

to the earth should be indicated by the given gyro. The direction indicated by the

gyro is determined only by the position with respect to the earth of the respective
paths of motion of the gyro and the position of the end points of these paths, which
will characterize the errors of the steady state. Allowance can easily be made for

this by an appropriate snecification with respect to the plane on which these paths

‘ are to be renresented.
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In contrast to this, the characteristics of the third state will depend on the
final position of the spin axis, since the action of all the factors distinguishing
the third state is related to definite earthbound axes.

e remark that this action is manifested, in the last analysis, in the dis-
placement of the equilibrium position of the system, and thereby in the displacement
of the end positions of the spin axis. Ve shall therefore distinguish the errors of
the steady condition in the third setting state from the errors of the steady condi-
tion in the first setting state. And it will be in the elucidation of this very
difference that the principal interest of our investigation of the third state will

reside.

Section 7.2. Egquations of Motion

As before, we shall use the system of coordinates Ofn¢ bound to the earth and
the system of coordinates Oxyz, bound to the gyro. Of the earthbound axes, we shall
consider the axis Of to be matched with the direction which the gyro must indicate
in the given case, and we shall call it the principal axis; while the axis On will
be considered matched with the direction of the axis of the outer frame. Of the
gyroscopic axes, we shall consider the axis Oz as matched with the rotor axis, and
the axis Ox as matched with the axis of the inner frame.

The position of the system of coordinates axes bound to the gyro with reépect

to the earthbound system of coordinates will be deténnin’ed by the angles o and

(Fig.7.1), of which the angle o represents the shift of the gyroscope about the axis
of the imner frame of the gyro, i.e., 'about the a.icis'On in the plane O¢g, while the
angle B represents the shift of the gyroscope about the axis of the inner frame,
i.e., about the axis Ox in the plane Ozn. We remark that, together with this, the
angle o represents the shift of the outer frame of the gyroscope together with the
inner frame, the angle g the shift of the inner frame alone with respect to the
position at which the rotor axis is perpendicular to the axis of the outer frame.

The axes on Figs.7.l are oriented with respect to the case of the gyro verti-

127

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

cal. This is the orientation that we shall use. For other cases, for example, for
directional gyros, this orientation as a whole must be rotated in thought by the
90°.

To judge the behavior of the gyro,
we shall use the paths that will be

described on a sphere of unit radius by

the corresponding point on the rotor

axis, we shall call this point the

vertex of the gyro.

It is obvious that arcs of these
paths will be respectively equal to the
angles ¢ and g (if we take as the ori-

Fig.7.1 - Position of Axes of Gyro- gin of measurement the point of inter-
scone with Fixed Base of Suspension section of this sphere by the earth
(with Fixed Earthbound Axes) axis 0%).

For small angles o and 8, that is,
in the immediate neighbo}'hood of the noint of origin of measurement, we may treat a
~ortion of the sphere as a plane, and, accordingly, consider the paths of motion of
the vertex of the gyroscope as being plane and analytically assignable in the system

of rectangular coordinate axes OB in the form of the equation
F(a. 2)=0 ' o (7.1)

As our starting equations of motion we shall take, as usual, the approximate
equations of motion of the gyro, that is, the equations of its precession. These
equations are of the form:

- Hg=L,
—Hp=1, (7.2)

re the projections of all the angular velocities of motion of
STAT

128

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5




. the gyro onto its equatorial axes, Ox and Oy respectivély; while Lx ard Ly are the
projections on these same axes of the external moments acting on the gyroscope.
In the fixed position of the gyroscope, and under the condition ﬁhat the angles
shall be small (cf.Fig.7.l), we get

p= ’-" (7.3)
q:‘.
For the moments L. and Ly, taking into consideration only the action of the
moments of correction moments and of the moments of friction about the axes of the

suspension (cf.Fig.7.1), we have

L, = —f(%)+Lpsign,

L= —f(%)—Lysignd, (7.4)
where f (92) and f (91) are the characteristics of the correction of the outer and
inner frames respectively;

62 and el — the mismatches in the signal transmitters of the correction
systems; ‘

Lpz and L 1 - moments of friction about the axes of the same frames

P
respectively;

a <0,
g >0,
8 <o.

Since we shall not take account in this chapter of the disturbances in the

correction system, we may consequently put '

8, =B, }

(7.5)

Making use of egs.(7.5), (7‘.4) and (7.3), we obtain the following equations of

motion of the gyroscope axis:
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Hi = — f (s)+ L, sign B,
Hp == — f (B) — La sign .

Section 7.3. The Setting State with Proportional Correction

Characteristics Iquations of lotion

On substituting £(a) and £(2) in eq. (7.6) according to the expression for the
proportional characteristic, eq.(6.1), and replacing a in it by a and B respec-

tively, and indicating by the subscripts 1 and 2 the frame to whose corrector the

given slope belongs, we get

Ha + kya = L,y sign B + k8,2 sign d.
Ha <+ k,’ - L'g Sigﬂ a -+ k|en slgn a

or, dividing the right and left sides of eq. (7.7) by H:

4 3=y, SIgN B + ¢80 signd, |
B+ 0,8 = — ¢, signa -+ 2,0, sign Bl

‘ vhere

(7.9)
(7.10)
(7.11)
(7.12)

To elucidate the physical meaning of the quantities €1 and €5, let us substi-

tute in eq.(7.8):

h:h-‘).l =6n=o'

,ﬂ==$-|.

. In this case we get:
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It follows from this that €, and €, are the relative rates of precession of the
outer and inner frames respectively, i.e., the rates of precession that these frames
will have when they deflect from the assigned position by an angle equal to one
radian, on to the conditions that hysteresis of the characteristic and frﬁction in
the suspension shall be absent, and the corresponding position of the sensor of the
correction system shall be undisturbed.

The actual values of the correcting rates of precession will be considerably
less than their relative values, since the actual range of deflections of the gyro
from its assigned position will be considerably less than an angle of one radian,
The value of the relative rate of precession will therefore be of interest to us

mainly as a characteristic of the efficiency of precession.

To elucidate the physical meaning of the quantity Py put eAl = 9A2 = 0 and

substitute, in the first of eq.(7.8)
a=0.
In this case we get
a=ps sign 3. (7.13)
It follows that Po indicates the deflection of the outer frame in its steady
state (@ = 0), due, according to eq.(7.12), to friction in the axis of the inner
frame. The magnitude of Po is detemined by‘the moment of friction in the inner
frame and by the slope of the cha.racteristic of correction of the inner frame.
By analogy, on sv.lbs’c,:i_tu‘c,ingfi = 0, in the second of eqs.(7.8), we get
g=p, sign a, (7.14)
from which it follows that P indicates the deviation of the inner frame in its
steady state ( é= 0) due to friction in the axis of the inner frame. The magnitude
P is determined by the moment of friction of the inner fra..me and by the slope of

the characteristic of correction of the inner frame. Thus py and p2 are of the
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nature of angles of rest, but with certain peculiarities.

Wle shall elucidate the essential nature of these peculiarities below.

GeometricalQConstruction of the Bulld-Up Paths

In addition to the analytic method of determining the build-up paths of the
gyroscope, which consists in the interration of the equations of motion, these paths
may also be determined by graphical constructions.

Let us represent the components of the vector of the moment of correction and

the vector of the moment of friction on the above mentioned a, 3 coordinate plane.
By virtue of the smallness of the ansgles, the components of these vectors are prac-
tically equal to the vectors themselves. It follows from the theorem on the velo-
city of the end of the vector of kinetic moment that the vertex of the gyroscope
will move in the direction of the resultant of the component vectors of moments.

For a prorortional hysteresis-free characteristic of correction of the same

efficiency:

La=ka,
I“lgka-

The vector of the correction moment is therefore directed toward the origin of

coordinates, and in the absence of friction in the bearing, the vertex of the gyro

will move téward the point O along a straight line passing through the point O

(Fig.7.2). The magnitude of the correction moment, however, is proportional to the

distance of tﬁe gyroscope vertex from the origin of coordinates.

For a proportional correction of unequal efficiency:

Ly=kqa,
La=k3; kb

The vector of the correction moment is not directed toward the origin of co-

ordinates (for all points except thempoints of the coordinate axes), and forms with

p 2 ray vassing through the point O, an angle that is equal for any point of that ray,

STAT
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L . .
since the tangent of the angle of jnclination of the vector of moment—ﬁ is defined
by the tangent of the angle of inclination of the ray,-%— , according to the rela-
tion:

la M
Lll ky

Fig.7.2 - Path of Vertex of Gyroscope Fig.7.3 - Paths of the Vertex‘of the
with Proportional Hysteresis-Free Gyroscope with Proportional
Characteristics of Correction of equal Hysteresis-Free Correction Characteris-
Efficiencies. The Friction in the tics of Unequal Efficiencies.’ Friction
Gimbals is not Taken Into Account in the Gimbals is not Taken lelto

Account.
The family of curves, the tangents to which form equal angles with a ray drawn from

!

the origin of coordinates, is shown in Fig.7.3.

Build-Up Characteristics in the Absence of Friction in the Gimbals,

without Allowing for Hysteresis

Putting p; = Py = Oy = Bnp = O» in eq.(7.8), in accordance with the conditions

adopted, we rewrite them in the following form:

e — = T~
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Or, 'dividing the right side by the left, we get

@ _, 7, (7.16)
P

=

k: (7.17)

4 ky

i i ing variables, we get
Equation (7.16) is easily integrated. Separating the ,

whence we have

Ina=v,;In34Inc,

. where ¢ = constant of interration.

Let, for t = 0; o = 243 L= 3ge

‘Jnence we gev

Inc==1n 2¢- vy In Be.
. . 4
0 hstituting in eq (7.18) the value for the intepration constant so found,
n suo R . .

we net the following equation of path:

In *-=1 ln-:: . (7.19)

39

‘ =1, as is
Let 13 take the snecial case where kl = 112, and, consequently, vy R
i in the follow-
most freg:ently the case. Tor this case, eq.(7.l9) may be rcwritten 1in

in;- forms
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The equation of paths there obtained is the eguation of the straight lines
passing through the point with the initial coordinates (ao, Bo) and the origin of
coordinates (Fig.7.2). In other words, in this special case, the vertex of the gyro

runs from the point of the initial disturbance to the origin of coordinates, that

is, to the assigned position, in the direction of the shortest path. The fact that

the vertex of the gyroscope follows the path found brecisely toward the origin of
coordinates, but not in the reverse sense, results from eq.(7.l5), according to
which
‘ ata > 0,d < OandatB > 08 < O
The numerical value of the velocity of the vertex on the path, u, is determined

from the expression
(7.21)

On substituting the values of d and 8 by eq.(7.15) in this expression, and
bearing in mind that we are considering the case when

we get
u==sr,

where r =V a? + 62 is the length of the radius-vector of the vertex.

But the direction of the path in this case is opposite to the direction of the
radius-vector r. It follows from this that the. vé,locity u will at the same time be:
equal to the derivative of the radius vector %{— with reversed sign. Equation (7.22)
may therefore be rewritten in the following forms

ri sr=0. (7.23)

The integral of eq.(7.23) will be the function

r=Re, (7.24)
. where R is a constant of integration that is easy to determine.

eq. (7.24) that, in time, the setting state of the gyro in the
STAT
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case we are considering will proceed according to an exponential law with the time

. 1
\ constant T = o Consequently, Ty the practical duration of the setting state, may

. be determined from the expression
T,=(3--4)- - (7.25)

In the general case, eq.(7.19) may be rewritten in the following forms

. (_B_)'.
‘o b/ '
which, at v, s 1, tha.t‘ is, with different efficiencies of the correction in the two
frames, will already denote the corresponding curvature of the paths (cf.Fig.Te3).
: : vJe note that the pictures of the paths so found may also be obtained directly
vy eq.(7.16), if we use it as the equation of the tangents to the paths F(o, B) = 0.

Let us find the locus of points which these tangents have the same angular co-

efficient, i.e., the locus of points vhere
i

[ I‘ de =y 2= CONSL. (7-26)
£

Such loci of points are called isoclinic.

Chons de |
On substituting —& in eq.(7.16) according to eq.(7.26), we get
¢

ae ®a (7.27)

1

Thus, as already stated, the isoclines are straight lines passing through the
origin of coordinates and having an angular coefficient differing by a factor
of % from the angular coefficient of the tangents.

Forvq = 1, that is, at the same efficiency of correctioﬁ on both frames, the
angular coefficients of the jsoclines and those of the tangents coincide; this de-
notes coincidence with the isoclines of the paths themselves.

Assume Vy > 1, that 1is, that the correction of the outer frame is more effi-

cient than that of the inner frame.

. In this case

STAT
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L<"0
|

that is the angular coefficient of the tangent at each given point will be greater
than the angular coefficient of the isocline, which is determined, according to
(7.27), by joining a given point to the origin of coordinates. Thus the direction
of the tangent at each point is easily determined. But, by constructing the field
of tangents, it is easy to determine the approximate form of the paths (cf.Fig.7.3).
It will be clear that in this case they will have a curvature toward the axis (f3«
Physically, this curvature is a consequence of the higher efficiency of the correc-
tion of the outer frame.

For vy = 1, that is, in the case where the correction of the inner frame is
more efficient, the position will be the opposite, that is, in this case the angular
coefficient of the tangent at each given point will be less than the angular coeffi-
cient of the isocline. Accordingly, the paths will now be curved toward the axis
Oa.

As for the duration of the build-up state, for vq $ 1, it may be determined by
the same formula (7.25), by substituting €4 in it if €1 < Egy OT Y ifey, <€ qe
This follows directly from the exponential law of build-up, under vnich the duration
of the build-up does not depend on the initial disturbance, but depends only on the
time constant of the process. Since the build-up may be considered completed only
after it has taken place with respect to both frames, it is natural to take as the
total duration the duration of the build-up of the frame with the greater time con-
stant, that is, with a smaller relative rate of correction.

This method will be unsuitable only in the special case when there is a devia-
tion only,of the frame whose build-up process is connected vwith the smaller time
constant.

In this case, this small time constant must now be substituted in eq.(7.25).
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Lffect of Friction in the Gimbals on the Build-up State with

Hrsteresis-Free Characteristics of Correction

Let us rewrite eq.(7.8) in the following form:

3

4t

@4 _ t, (8¢ signd).
dt

= —tg(3— pysign ﬁ)'

We now introdace the notation

ay.g:7a - Py SIRN . (7.29)
TR i p1 Sign &- (7.30)

where the first subscripts correspond to the values

sign a=sigm 3=1,
and the second subscripts to the valuves
sign a=sign 1= —1.
On ezclading from the o erations the instants of time when al, 5 and B 1, .2
undergo a breal: in continuity in connected with the change of signs of d and B, we

cet ‘
dﬁ]_ g da,

dBL:-dP.

On this basis, eqg (7.2¢) may now ve rewritten in the following form
e A=) L] .

o et g P TN ST

43,2 .

NI X

d:‘ (7.31)
—— l-.,

— == — 8Py, 2.
W 1

And, accordinsly, we get for the paths
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Thus the operation reduces down to the replacement of the system of coordinates

Oqp by the system of coordinates Oal 261 ) connected with the former system by the
J J

corresponding displacement of the origin of coordinates.

Let us take the former system of coordinates OaB. Draw in it the stra;ght
lines on which d and é can change their signs, and, accordingly, the transition
from Bl to 62 and from ¢y to @5, Or the reverse transitions, can occur.

The equations of these straight lines will be

2= t pg
=+ p.

These straight lines divide the coordinate plane into nine regions. In four of
them, denoted by Roman numerals, the angles « and R are greater in modulus than Py
and Pye In the four following cases, denoted by Arabic numerals, one of the angles,
either o or 8, is less in modulus than Py OT P respectively. And in the last, cen-
tral region, C, both the angles, « and B, are less in modulus than p, and pys Te-
snectively.,

It follows from eg.(7.28) that in region I the conditions & < O; 3 < 0 are
satisfied. In resion 1, we know that the condition é < 0 is satisfied, and accord-
ingly also sign é = -1, but in that case, for region I as well, ¢ < O. In region
1I, é < 0; & > 0. In region 2 we know that ¢ > O and, accordingly, sign @ = 1, but
then é < 0. 1In region III, ¢ > O; é > 0. In region 3 we know that é ~ 0, and
accordingly sign é =1, bnt then d > 0. In region IV, d@ < Oj é > 0. In regcion 4 we
Jnow that ¢ < 0, and accordingly sign ¢ = -1, but then 3> 0.

Thus the regions of the same number in Roman and Arabic numerals are combined.
In this case, in the region I, (1) the conditions of motion are such that the corre-
sponding paths are defined by the equations

F(as 22)= 0,
which means the transfer of the origin of coordinates to the point Oy (Fig.7.4). In
the paths are defined for the equation

139
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F(2q, 21)=0,
which means the transfer of the origin of coordinates to the point Oy; in the region
III, (3) by the equation F(al, Bl) = 0, which means the transfer of the origin of
coordinates to the point O,; in the region IV, (4) by the equation F(al, B) =0,
which means the transfer of the origin of coordinates to the point Oh'

These transfers of the origin of coordinates will be the only changes in the
procedure of detemining the paths, when the friction in the gimbals is taken into
account, by comparison with the detemmination of these paths without taking this
friction into account.

The equations of the paths, however, remain completely unchanged, as follows
from a comparison of eq.(7.32) and eq.(7.16).

Thus, for the special casevy = 1, the spectrum of the paths is represented by
Fic.7.4, while for the case vy ~ 0, by Fig.7.5.

These paths do not enter the central region, since the correction system is
unable to assure motion in this region. Indeed, let us assume the contrary case,
that such motion is possible. Let us take any combination of angular velocities of
this motion, and let u; assume & > O, é < 0, which will mean that

signa=1; sign Py—
will hold.-
But, by eq.(7.28), only d < O; B <0 can hold in this case, which contradicts our
nypothesis. If we take the latter combination, they by eq.(7.28) we get, for this
case, @ <O, é > 0. This combination in turn leads to the combination & > O; é > 0,
ete. In other words, any assumption that motion is possible in the central region
leads to a contradiction, from which it follows that such an assumption is untrue.

Thus, the central region is a region of remose, and, to the stable state of equili-

brium of the gyroscope vertex, there corresnond four points on the boundary of this

region, the vertices of the angles formed by the boundary lines.

the departure of the boundary of the region of repose frog the
TAT

140

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

i i th
origin of coordinates 0 along the axis O, which characterizes the repose of the
inner frame, depends on the moment of friction about the axis of the outer frame,

i xis O
while the displacement of the boundary of the region of repose along the axis Ua,

Fig.7.4 - Paths of Vertex of Gyroscope Fig.7.5 - Influence of Hysteresis in
with Proportional Hysteresis-Free Proportional Characteristics of
Characteristics of Correction of Equal Correction of Equal Efficiency for
Efficiency, Allowing for the Friction Both Frames. The Friction in the

in the Gimbals Gimbals is not Taken into Account
in the

characterizing the stagnation of the outer frame, depends on the friction about the
axis of the inner frame. Physically, this circumstance is a consequence of the
diagonal position of the positional moments, or in other words, is a consequence of
the fact that to obtain the precession, let us say, of the-inner frame, a moment
must be applied to the axis of the outer frame, with a magnitude which in any case
exceeds the moment of friction about this axis, and conversely.

To maintain the structural form of the equations of motions means to |maintain

the time-laws of build-up of the gyroscope motion as well. In other words, this

law remains exponential as before, with the previous value of the time constant

¢ =gy,
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at ¢, <ty and = at 8y 8y,
i

or in other words, during the setting weriod, the‘i‘riction in the gimbals has no
effect in the case here under consideration.

In Fig.7.4 we show a reometrical method of constructing the paths coinciding
with the vector of the resultant moment €, acting on the gyroscope. The vector of

the resuitant moment equals the sun of the vector of the correction moment f}r and
A

the vector of the total moment of friction ip' The magnitude of Lh is proportional
to the modulus of the radius-vector of the vertex of the gyroscope (cf. Section 7.3,
Paragraph (b)) with the same efficiency for the correction of both turns.

The macnitude of L is proportional to the modulus to the radius vector of the
vertex of the qiadrangle of repose, since the magnitude of the angle of repose is
detennined Ly the moment of friction. The vector -I:C is directed toward the origin
of coordinates, the vector LP toward one of the vertices of the quadrangle of
repose, depend nr on the direction of motion of the gyroscope vertex. The total
vector Lz iy this case is directed toward the same vertex of the quadrangle of

renose.

Effect of llysteresis on the uild-up State

Je shall not at first consider the influence of friction in the gimbals.
Accordinsly, outting in eq.(7.€):
P = P'=00

e rewrite them in the following form:

a= —tg(a—0, signd),}
B —1, (B—OusignB).

tJe now introdiuce the notation:

G|.g=3'—0u Sigﬂd' l

- (7.34)
8, 2==B—0,sign B, J
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'where, as in the preceding case, the first subscripts correspond to the case when

a > 0, B > 0; the second subscripts to the case when d < O; B < 0.
On excluding from the operations, the instants of time at which d& and f change

their signs, i.e., when sign & and sign B undergo a break in continuity, we get

d;l_ = di,

P, = dp. (7.35)

As a result, we zet, from the equations of motion, eqs.(7.33), the following
equations for determining the paths of the vertex of the gyroscope(for the case

€. = €

1= 5t

de .
S - (7.36)
.2 .2
Hence it follows that the paths of the vertex of the gyroscope will be straight
lines, connecting the point of the initial position with the origin of the coordi-
nate system O. 01 R , whose displacement from the origin of the coordinate
i1, 21, 2
system 0of may be determined by eq.(7.34).
Let us now take the éystem of coordinates 0af, on which we shall plot the
locus of points at which @ and B can change signs. These loci will be, on the basis
of eq.(7.33), the following straight lines respectivelys

ame 2y 0,,, l
Bm=F0y. |

(7.37)
These straight lines divide the coordinate plane into nine regions, for which we
shall retain the same numbering as in the preceding case.

The intersection of these straight lines will give the point of the possible
displacements of the origin of coordinates Oial, zﬁ 1, 2 with respect to the origin
of coordinates Oaft. The choice of one or another of these origins will be deter-

mined by the signs of ¢ and f. In the regions I, II, III, and IV (Fig.7.6), these

signs are completely determined. In the regions 1, 2, 3, and 4, only the signs of
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any onc angular velocity will be determined (in 1 and 3, the sign ofp , in 2 and 4,
the sign of d), while in the region C, the signs of both anpgular velocities will be
indeteminate.

' Let the initial point lie in region I. According to the above, the vertex of
the gyroscope will follow the straight
line connecting the initial point with
the point (-0A2, —OAl) marked by the
letter Ol. In this case, the vertex
of the gyroscope will move toward the
boundary between regions I and (1),
since it has a negative angular velo-
city @ < O, Consequently, on the boun-
dary, according to the first of &g.

Firg.7.6 - Influence of Hysteresis with
(7.33), @ < O will also hold. On the
Froportional Characteristic of Correc- .
same basis, and at the points of region
tion, Allowing for Friction
(1) adjacent to the boundary, ¢ < O

a - Zone of hysteresis smaller than will hold, and likewise at the succeed-

zone of repose; b - Zone of hysteresis ing points, until the point Ol is

larser than zone of repose reached, for which the equation d

be valid. Analogously, the indeter-
minacy of the sigsn éf ,’-? in the region C is found for the given path, like the inde-
terminacy in the region of C when the paths pass through region (2). In other
woids, the paths in the regions with indeterminate signs are a continuation of the
paths in regicns whose signs are completely determined.
As a resnlt, we zet the specti'mm of paths according to Fig.7.6. 'Je note the

peculiarity of this spectrum that in the regions with indeterminate signs these

paths intersect, which means that motion is nossible from the paths of this region

T

not to only one position of repose, but to two (for points in the régiori"sa '\;r_i;t,hn*’ L
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Arabic numbering) or even to four such positions, depending on what the preceding
motion was.

In the geometrical construction of paths to obtain the resultant vector of the
moment acting on the gyroscope, the vector of the moment of hysteresis -ir’ equal to
the radius vector of the vertices of the quadrangle of hysteresis, must be added to
the vector of the correction moment ik.

Let us now estimate the influence of friction in the gimbals. Rewrite the

equation of motion eq.(7.8) in the following form:

6= —t, (2—p, sign § —bs2signa), (7.38)
B=—=, (B+psigna—Ny sign B). '

Let us introduce the notation:

e e e e e At

3, - a— By signa — gy sign ﬁ.] (7.39)

é,=$—— fy, sign B +p, signd,
where 1 = 1, 2, 3, 4 the subscript showing which of the four possible combinations
of signs of d and B
(a>0, 3>0; a0, 3<0; a<l0; B>0; >0, 3.20)
holds in the given case.
Excluding from the operations, as before, the instants of time of change of

“sign of a and B we have, for al = 82:
dl‘-da'
d3,=dp.

and on this basis, eq.(7.38) may be rewritten in the following form:

"l [ 1}
- -

&3, (7.41)

|
Thus the form of the paths remains uncha.nged; while only the displacement of

+ha Amicin nf sanordingtes A
1

, B with respect to the origin of coordinates « and f
STAT
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Let us take the system of coordinates Cai, on which we shall plot the locus of

points at vhich @ and # can change their signs. These loci of points will be the

straicht lines:

(63. ¢ -"!)' ]

These strai-ht lines, as in the preceding case, divide the coordinate plane
0t into re-~ions with Rorman musberin~, in vhich the si-ns of the anrular velocities
of & anl ¢ ill ve deterainate, vesions of Arabic numberins, in which only the sicn
of some one anmlar veleetity will bhe determinate, and resion C, in vwhich the sicns

Fad

of oth an-rlar velocities will Le indeterminate. as in the precedins case, this
indeterminacy w.ll Le revealed by what the motion of the gyroscope was vefore the

transition to these res.ons.

is a resit, we obtain a spectr ul of paths according to Fig.7.7,2, for which

the condition

B < gy s |
. A3
92 < st (7.43)

i5fled, or, according to Fir.7.0,b, for which the following condition is

Oy 6y, )
ot e (744s4)
B >l )

“je remarl that in the former case there exists, in region G, a resion D, where

the conditions of motion are not satisfied, Imt, in the latter case, this region

disappecars. In the ~eonmetrical construction the composition of the vectors of the

correction monent LI’ , hysteresis moment Lh’ and moment of friction Lp must be
1+

accomplished.

Trris the effect of hysteresis, with proportional characteristics, reduces dovmn

STAT
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a) the maximum displacements of the equilibrium positions from the origin of
coordinates 0B is determined by the sum of the angle of repose, due to friction in

the gimbal p, and the angle of hysteresis of the characteristic O3

b) the paths of motion toward the equilibrium positions in certain areas of the

coordinate plane Oaf intersect, which indicates the possibility of motion from the
points in these regions, not in only a single direction, but in several directions,
and, in particular, indicates the possibility of the gyro moving from one equili-

brium position to another, which, however, need not necessarily be the case;

Fig.7.7 - Paths of Vertex of Gyroscope with Proportional Hysteresis-Free
Characteristics of Different Efficiency, Allowing for Friction in

the Gimbals

c) the region of repose, due to the presence of friction in the suspension,
owing to hysteresis, is now evened out, while if the conditions of eq.(7.44) are
satisfied, it disappears entirely. ~In other words, in this case, to which proceeds
the setting of the gyroscope vertex (within the limits of the region defined by the -
total value of the corresponding angles, p and 8, ), this vertex may pass through
any point in the coordinates of the plane Oqp.

It 1s easy to see that all the circumstances we have mentioned somewhat modify
the picture of the behavior of the gyroscope close to the equilibrium position, and

also modify this position itself. Dut the bLasic picture of the gyroscope motions
STAT
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remains practically the same as when the hysteresis is not taken into account
Accordingly, the basic propositions with respect to the build-up time are also main-

tained,

Section 7.4. Duild-up State for Constant Characteristics of

Correction Lquations of Motion

On substituting f(a) and £(3) in eq.(7.6), according to the expression for the
constant characteristics eq.(6.2), with the same substitution of 0 in it, and with

1 (29 . . 3 0] . I3
the sane use of the subscripts 1, 2 as in the initial case, we get

fla -1 L s 34 Rsiand for
' Rysiena -/, sign 3 for

2
2

s L L sina +Rysignd o gor
A signd 4 «igni for 1.

oi', dividine' the richt and left sides by H, we aet

. 3 L . .
a L._l vy, SN - wlosigna for

| ) slgn:-f-m-_'\‘ignﬁ for

x A H l.-
Q. l sy Slgn a + g §|gn b fOl‘

, - e qigns w o SIEN g for

ho
g , M = - » 2 .
where wyq rate of correction about axis of outer frame of Gyro;

1
- K .
w1 ——HL - rate of correction about axis of inner frame;

L
= =pl _ s . :
Woe = rate of precession alout axis of outer frame due to friction
about axis of inner frame;
rate of precession about axis of inner frame, due to friction

about axis of outer frame.

3 A = ;
and wis = rates of precession about the axes of the inner and outer frames

the zone of hysteresis of the characteristics s, and are STAT
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B e e e bt S8 T S

) w__» while, in the absence of a

numerically equal, where such a zone exists, to ('Kl’ v o
A

zgone of hysteresis, they are equal to zero.

The physical meaning of all these quantities is obvious from their definition.

Build-up State in the Case of Hystercsis-Free Characteristics

without Allowins for Friction in the Gimbals

Putting in eq.(7.45)

we cet:

I 0 tor ".\.‘ ' l

dt |- wsigna for h

- | 0 for . ,

d..

dar | o, S1En 3 for 0,:.
Let us produce in the coordinate plane O a3, the straight lines

a== 10,

_"1: v by,

These straight lines will divide the coordinate plane into regions A, B and C

(Fig.7.8), of which, in the regions of A, the lower expressions of the right sides
of eq.(7.46) will be real, in the upper, in the region C, the upper, in the region

B, in one equation the lower, and in the other the upper (in the repgions B, and B3

in the first equation, the upper in the second, the lower; in the regions B2 and B

conversely).

Bearing this in mind, and dividing one of egs.(7.46) by the other, we get the

following equation for determining the path in this case

sgn 3
" .
T gna Region A,

0 - regions By and Eq
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]
o

resions 82 and Eh’

re~ion C,

o a4 e
o e

3

wiaere

(7:4€)

rollowus from bhis cquation +at mobion is rossible in these reg-ons, except

re~"on 2, lich L5 ~mlerstanialle enoi~h, since tils re~ion is the zone of
insensitivity of the correction systeri.
If the characteristics of the
correction of Loth frames have a zero

sone of insens’tivity, then the resion

¢ contracts to the point O, and the

resions I are narrowed to the corrc-

seondins; coordinate axes.

For simnlicity, lect us integrate

eq. (7.47), at first with resnect to the

7 W7 = Fatns of the Jertes of the

conditions of the first gquadrant, for

T -.uccose LIt Conctant [hrsteresis-IFree
which

7 areher: sties of Co:rrection of the
sgn s l

S.me Lfficiencr. The Friction ‘n the agn #

ntels s not Talien into account.

ang consequently,

= Dia~onal Patihs

(3 + D region A,
| [)g— reqgion B,.

3:--1), reqion B,

D, and D, are constants of intecration.

Jhere D],

On dcterunine these constants under the snitial conditions for t = K

= 7/, yic "eb
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region Al’
(7.49)

region Bq,

region Bh’

Thus all the paths will be straight lines: in the region Al’ they will be in-

clined to the axis Oa, in the regions Bh and Bl’ they will be respectively parallel
to the axes Oa and Of.

The motion along these paths is directed in the sense of reducing the current
values of @ andB , i.e., toward the boundaries of region C, as results directly from
\eq.(7.46). Tn this case it may terminate, depending on the initial conditions, at
any point on these boundaries.

It is easy to see that for the third quadrant, the equations of the paths will
be completely identical with those for the first quadrant, while for the second and
fourth quadrants, the sign of Vo is reversed.

In other words, the first of eq.(7.49) will relate to the region A3 with no
modification whatever, to the regions A2 and Ah with a reversed sign before Vo3 the
second of eq.(7.49) will also relate to the region Bs, the third of eg.(7.49) will
also relate to the region B2.

As a result.we get the field of paths shown in Fig.7.8, where a special value
equal to unity has been taken for Voo

From a comparison of this field of paths with the field of paths according to
Fig.7.h4, it will be seen that from the point of view of the end result, the zone of
insensitivity of the correction system with constant characteristics of that system
without the participation of the friction in the gimbals leads to about the same
results as the friction in the gimbals with proportional characteristics: namely
to the formation of a region in a neighborhood of the origin of coordinates to which

the vertex of the gyroscope does not pass. ‘The difference is only that with con-

atant nharacteristics the motion may terminate at any point on the boundaries of
STAT
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this region, while with proportional characteristics it can termminate only at the
vertices of the quadrangle of repose.

Let us now dwell on questions of the determination of the setting time.

As will be easy to understand, the motion of the vertex of the gyroscope of the
recions B is the result of the rotation of the gyro about the axis of only one of

the frames: in the

in the regions Bl and 83, about the axis of the inner frame,
regions 32 and Bh’ about the axis of the outer frame.
It follows from this that on motion of the gyroscope vertex in these regions,

the setting time Ty is determined by the following expressions

on motion in the

on motion in the

on motion in the

on motion in the

recions B_ and B
2 L

‘efd B. and B
regions B, L

recions B and B
s 5 5’

1 and 33

regions B

(7.50)

WJe note further that in each of the quadrants among the paths of the region A,

one terminates at the corresnonding vertex of the region C.

patins diagonal.

gyroscope along them from beginning to end is the resu

tion of the ¢vroscope about the axes of both frames.

Ow

the gyro vertex along these paths,

taneously.

A1l the remaining paths of the regions A, however,

the very same simultaneous rotation o

We shall term these
They involve the peculiarity that the motion of the vertex of the

1t of the simultaneous rota-

In other words, on motion of

the damping of both frames takes place simul-

152

are at first the result of
f the zyro about both frames, until the boun-

pnding region of B is reached; after this has taken place, é%AT

ease 2013/05/16 : CIA-RDP81-01043R002000020008-5
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. motion will be in accordance with the law for the region B that has been reached.

In other words, on the motion of the pgyroscope vertex along all nondiagonal paths of
the region A, the damping of both frames is not simultaneous: on motion along paths
resting on the boundaries of the region By and B3, the inner frame is damped by it;
on motion along paths resting on the boundaries of the regions B, and Bh’ the outer
frame is damped by it.

Consequently, on motion of the gyro vertex in regions bounded by diagonal paths
and adjoining the axis OB, the total setting time is determined by the setting time
of the inner frame, that is, it is determined according to the lower expression of
the right side of eq.(7.50); on motion of the gyroscope vertex in the regions ad-
joining the axis Ow, the total setting time is deteimined by the setting time of the
outer frame, i.e., according to the upper expression of the right side of eq.(7.50).

On the basis of the above, eq.(7.50) may now be rewritten in the following form
(the subscripts o and f3 indicate whether the formula relates to a region bounded by
diagonal paths and the axis OB, or to a region bounded by diagonal paths and the

axis Oa)s

(7.51)

Tnfluence of Friction in the CGimbals on the Setting State

with Hysteresis-Free Characteristics

Let us rewrite eq.(7.45) in the following form:

-, signf for
w g SIEN 2 + w, sigN ﬁ for
» signi jor

msignd  w, signd
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Let ussretain the former division of the cooidinate plane into the regions A,
5, and C. It will be clear from eq.(7.52) that in the regions A, the presence of
friction in the axis of the suspension will increase the rate of motion of the gZyro-
scope vertex toward that coordinate axis which is located to the right of the direc-
tion of motion of the gyroscope vertex, since the correcting moment responsible for
this motion is compounded with the moment of friction (Fic.7.9). The rate of motion
of the gyroscope vertex toward the coordinate axis located left of the direction of
notion of the ryroscope vertex decreases on account of .friction, since the moment of
friction is directed opposite to the ccrrecting moment. It follows from this that
ihe motion of the gyroscope vertex in the regions A will take place along a straight
jine inclined to the coordinate axis lying right of the direction of motion of the

gyroscope axis at the angle ¢ determined by the eguation

Wb
W= Pk for the regions A, andA,,

(7.53)
jor the reqfoné A,and .“‘ (7.54)

04

In the rezions P, and B,, the rete of motion of the gyroscope vertex along the
4 2 4

axis of o, which is dne only to tne moment of friction, is equal tO(dpz. The rate
of motion alons the axis {, which is dne to the difference between the moments of
correction and the moment of friction is determined by the difference Uy —mpl.
In the regions Bz and Bh’ the rate of motion alon- the axis B due to the moment
of friction, cguals mPl, wvhile the notion alonsg the axis f is on account of the
difference hetween the moments of correction and friction. Accordingly the motion
of the gyro vertex in the rerions of B will take place along a straight line making

the angle o with the coordinate axis passing through the center of the region, that

ansle o teing determined by the equation

A

. gue . _ ..‘-VV‘VL'VN
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2]

s -
al :

— for the regions Ejand BB

~ for the regions By and By,

The motion of the gyroscope vertex will continue until it reaches .the boundary

of the region C.

Fir.7.9 - Paths of Vertex of Gyroscope under Constant Hysteresis-Free

Charncteristics of Correction Allowing for the Friction in the Gimbals

DIP, DIIp’ DIIIp’ DIVp = diagonal paths; Drgs Dyyps Dy7100

D - diapfonal paths corresponding to failure to take account of friction

Ivo

The field of paths according to the equations so obtained will take the form

indicated in Fig.7.9, for the same special case By = o for(upl =tﬂp2 = 0.3, that

‘!) is, under the condition that the moments of correction shall be 3.3 times as great
STAT
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as the corresponding moments of friction in the gimbals.

Thus the role of friction in the suspension is manifested in the variation of
the inclination of the paths. The zone of repose of the gyroscope, however, remains
as before, determined by the zones of insensitivity of the correction signal trans-
mitters. This is natural enough: és soon as the corresponding zone of insensi-
tivity has been passed, the full moment of correction enters into action at once,
and this correction in any case exceeds the moment of friction in the suspension and
is therefore able to affect the motion of the gyroscope, from the very beginning.
But nevertheless the moment of friction in the gimbals also exerts its influence in
sone cases as a moment of opposite direction to the moments of correction anplied to
the given frame, and in other cases as a moment coinciding with it in direction,
thus explaining the different variation of the slope of the paths in different quad-
rants.

We shall define the setting time of the vertex of the gyroscope by the setting
tinme of this frame, disturbances of which, if they exceed the zone of insensitivity
of the respective corrector signal transmitter, will be liquidated by the corrector.

To determine th§ setting time of the gyroscope vertex, let us divide the entire
coordinate plane into the regions C and Dy?t, D", Dty Dyt and so on, as indicat-

‘ ed in Fig.7.10. In the regions D'l, D'B, this will eliminate the deviation along

the axis @, while the motion along the segment A Bl takes place during the course of

1

the tinme

. ’“—.AI
A'l"'-:..‘—. - . (7.56)

4]

since the rate of correction along the axis of B is, by eq.(7.52), equal to

(g - mpl)' The motion along the segment ByCy requires the time

ar,=M (7.57)
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with the velocity e

), since their
Bearing in mind that D;Cy p2)>

=a, - ¢, while BiDy = Aty (ugp +
tion of the sum
t toward the B axis along the segment AyBy proceeds under the ac
motion tov

i i w we get
¢ correction and friction with velocity (Y, + 92)’ g

of the moments ©

“at=n.
I Rt (7.58)

M= -

Fig.7.10 - Division of the Plane Oap into Regions for Determining

the Setting Time of the Gyroscope Vertex

pe vertex from the point A(“b’ Bo) of

The total time of motion of the gyrosco

. . ined s
the region Dl' and DB' is determin
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S e )

" (A'. . ) .n,.’.
—o, Ui s Vans ), —-
M=t O I (7.59)

% a2

In the regions D2' and D, ', the latter eliminates the deviation along the f-
axis. Similarly, for the regions D2' and Dh" the setting time of the gyro vertex

is deterrined by the following formulast

LY} ."‘

" (7.60)

3 =0 (V)

-y -

-.l

In the reglons D"l, D"z, D"3 and D"A’ the motions along both the o axis and
along the P axis are simultaneously interrupted. For the resions D"l and D"3 , the
setting time of the gyro vertex can be more advantageously determined from its
motion toward the o axis; since the velocity of motion of the gyro vertex toward the

o azis is maintained unchanged and equal, according to eq.(7.52), to ((‘kl - wPl).

hccordinsly, the gyroscope settins time in the regions Dy and D"3 is determined by

the formula

(7.61) :

For the regions D”2 and D"h, the 'setting time of the gyroscope vertex can be
more advantageously determined from its motion towards the 3 axis, since the velo-
city of this rotion is maintained unchanged and equal to (wgo - wpz). Accordingly
the settirig time of the ;gyroscope in the regions I)"2 and D"h is determined by the
formala

. w -0
foa= . (7.611)

Oyy T %,

( ™ In the regions D"'l and D''? 3? the deviation of the gyroscope along thegTaTCS

158
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is eliminated by this. The motion of the gyroscope vertex along the segment ElFl
will require the time
My

.\’l - -1 e, ) (7’62)

since the rate of correction along the a axis is equal to (“’KZ + Pz). Motion along

the segment FiGy will require the tine

(7.63)

since in this case, the motion along the o axis takes place only under the action of
the moment of friction, at velocity (,;Pz.

Motion along the segment GlHl takes place only under the action of the correc-
tion moment w_._ .

K1l

Bearing in mind that

K\H =B,

KO, = (=, — - ) (a1, + A, Rz

al,ll - K.H. - K‘G"
we obtain the following expression for the time of motion of the gyroscope along the
segment Glle

W b (e e, MO A

At (;7-64)

3

On the basis of what has been set forth above, we -obtain the following expression

for the setting time of the gyroscope vertex in the regions D'*'; and DARREE

(7.65)

6—¢,, _*_'”n)

ot -

—0 —-—e
¢, = 19—10,.; +'-’h.' + b o a5 ___“_%..

"' "n “u

[ DL

The following expression may be obtained, in an analogous way, for the setting

STAT
time of the gyroscope vertex in the regions D'"2 and D'”lﬁ
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"':.."_ +=

1.--.‘..—- (-., ., -t

'Je note that the formulas so derived are valid for the initial position of the
vertex of the ryroscope in the regions of A (Fig.7.9), and that in these formulas
the absolute values of the initial coordinates of the point aqs Bo must be taken.
For its initial position in the regions of B, we must use formulas that can be
derived by an analogous procedure.

Let us now compare the setting time of the gyroscope in the presence and ab-
sence of friction in the axes of the gimbals. In the regions D'l, D'2, D'3 and D'lc»’
the setting time is shorter in the presence of friction than in its absence. This
is explained by the fact that the motion of one of the frames, detemining the set-
ting time, is accomplished, in the presence of friction, in these regions, on parts
of the path, under the action of the sum of the moments of correction and friction,
while in the absence of friction it is accomplished over the entire path under the
action of the correction moment alone.

In the remaining regions, friction increases the setting time, since in the
esence of friction the motion of the frame that detemines the setting time is

pr

accomplished under the action of the difference between the moment of correction and

the moment of friction; either on the entire path (for the regions D'y, D'!,, D”B’

and D'',), or on part of that path (for the regions D'tty, D''%,, D'*'5 and Dr1e,).

TIn the absence of friction, however, this motion is accomplished under the action of

the rioment of correction alone.

The Role of the Hysteresis of the Correction Characteristics

1t follows from a comparison of eq.(7.45) with eq.(7.52) that, when we allow

for hysteresis, the motion of the gyroscope up to the boundaries of the zone of
STAT

" hysteresis will obey the same laws as the motion of the gyroscope with a

1160
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hysteresis—ffee characteristic, up to the boundaries of the neutral zone,

The difference arises only with respect to the motions in the zones of hystere-
sis, that is, in the neighborhood of the axes Ocand OB ,as well as in the neighbor-
hood of the origin of the coordinate system O.

In other words, when the formmer principle of dividing the coordinate plane into
regions is retained, we find that the hysteresis of a cénstant correction character-
istic changes the character of the motions of the gyro vertex only in the regions
of B and C.

In the regions of A, the spectrum of the paths will be exactly the same as in

the regions of the same designation with a hysteresis-free characteristic.

Fig.7.11 - Influence of Hysteresis with Constant Correction

Characteristics, Allowing for Friction in the Axes of the Gimbals

Let us assume that as a result of motion along these paths, the gyro vertex has
reached the boundary between regions Ay and By. It had the velocity ¢ < O. Conse-
quently, according to the first of eq.(7.45), and according to the conditions of
hysteresis, this velocity is maintained up to the boundary between the region B, and
the region A2. At this boundary the direction of the correcting moment, as well as
the magnitude and sign of the velocity d, all change.

The change of sign of theﬂ velocity 4 causes, in turn, a change in the sign of

STAT
the moment of friction about the g-axis, which leads to a jump-like increase in the
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velocity B. As a result, the angle of the path varies. With a new reading on the
boundary of the regions, there is a new jump-like variation in d, etc. As a result,
the motion in the region By will be of oscillatory character, during which the gyro
vertex will approach the boundary of region C. This laﬁter consequence results from
the fact that é maintains its negative sign during the entire course of this pro-
CceSSe

For the region BS’ the reasonins remains the same, but in connection with the
change of sign of 3, the angles of the paths vary in such a way that motion will be
accomnlished as before toward the region C. The motion of the gyro vertex in the
regions By, and B, will be of similar nature. The only difference will be that the
change of sign on the boundaries of these regions will be accomplished with respect
to the angular velocity é, while the angular velocity ¢ will maintain its sign with-
out change, varying only its modulus.

In the region C, the signs of both anzular velocities will already vary jump-
wise: the sisns of d on those boundaries of this rerion, that are continuations of

tne boundaries of the region 31(33), and the signs of B on the boundaries which con-

stitute a continuation of the boundaries of the region B,(B,).

The oscillations will have the fom indicated in Fif.7.11. The magnitude of

the ryroscone velocity will oscillate within the region C. If this region is suffi-

ciently limited, that is, with a sufficient limitation of the zones of hysteresis,

and at a sufficiently slow rate of correction, their existence may be completely

disregarded.

Section 7.5. The Setting State with HMixed Correction Characteristics

Ais remarked in Chapter VI, systems of correction with a characteristic of the
mized form shown in Fig.6.3 have enjoyed a relatively wide use. The zone propor-
tionality in them usually does not exceed a quantity of the order of 2—30. Let us

denote the boundary of this zone for the outer frame by(;z, and for the inner frame
STAT
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. i e i A i -

by tbl. Let us draw, in the vlane of coordinates Oaf, the straight lines

2= 4@,
F=-s ®,.
These straight lines divide the coordinate plane Oc¢B into the regions A.'r, B,
and c* (Fig.7.12). In the regions of A, the law of the constancy of the correction

characteristic will hold » and, conse-

s e

quently, the spectrum of the paths vill
be analogous here to the spectrum of
the paths in the regions of A (cf.Fig.
7.9).

e e, Bl T ) Sl bt s

In the regions of C¥, the law of

the provortional characteristic will

A A Kt 5 8 e v,

likewise hold for both variables, and,
consequently, the field of the paths
will here be analogous to the field of
Fig.7.12 - Paths of Gyro Vertex with the paths by Fig.7.4. In the regions
Mixed Hysteresis-Free Correction of B*, for one of the variables, the
Characteristics, Allowing for Friction law of proportionality vwill hold, and
in the Gimbals for the other variable, the law of the
constant-characteristic.

Let us determine the path for this case with respect, let us day, to the condi-

tions of the region E’:‘l.
The equations of motion for this region are written in the following form:

a teJy,

4z . o, sign a I (7-67)

2

In the right side of the first eq.(7.67), the variable ¢p =a - pp, since, by
STAT

@ the second eq.(7.63), the angular velocity d <O for all the region By.
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On dividing the right side by the left side, and bearing in mind that

dﬂ.r«‘dﬂ.

ve geb

de; &
- T T s ’
a3 -yy ¢ =y, I‘" [} .’

vhence, after integration, we get the following equation of paths:

[ Tp— B+ D. (7.68)

LY} +u‘.llg.l‘l a

As the initial conditions, let us take as usual, for t = 0O; 02 = Ts0s B = ﬁo.
e ramark that for ®5q in this case, the following restriction will exist:
2207 Dy - 0g.
Using the initial conditions taken, we get the result, after determining the ‘

integration constant D:

(7.69)

s, MEN
Iy ==23,€

It follows from this solution so obtained that %y does not change its sign. Conse-

quently, on the basis ‘of the first equation of eq.(7.67), 4 also does not change its

sign, and thercfore, sign d in eq.(7.69) will have a completely determinate value.
Thus the paths sought will be curves of exponential form. The paths are deter-

mined by an analogous procedure for the other regions of B as well. As a result we

et a field of paths in these regions according to Fiz.7.1l.
The setting time i1s determined in this case as the sum of the time of motion
to the boundary of the C” region and the time of motion in the C* region.

The first of these times is determined according to the rules set up for deter-

Thhie e el Sl s o e e s

mining the setting time with a constant correction characteristic, while the second

of these.times will be equal to three or four times the value of ! or 1 s accord-
5 €
. . A - . . o . 1 2
P T nditions, is satisfied, resnectively: €1 < €p OT ey > €2°STAT
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CHAPTER VIII

INFLUENCE OF PERIODIC DISTURBANCES OF THE CORRECTION SYSTEM ON THE

SETTING OF THE GYROSCOPE

Section 8.1. General Remarks

As already mentioned, the basic idea of gyroscope correction is to utilize the
selectivity of low-inertia correcting members (such as a pendulum or magnetic
needle) to impart this selectivity to a gyro, and to utilize the gyroscopic rigidity
to minimize the disturbances of the gyroscope connected with possible disturbances

of the correcting members, this latter circumstance, the degree of pliability of the

gyroscope, as B.V.Bulgakov expressed it, to the disturbances of the correcting

members, being of decisive significance, since such disturbances always take place
in aircraft flight.

We shall assume a sinusoidal law for these disturbances, as has been done, in
particular, by Ye.B.Levental? (Bibl.10). The following arguments may be adduced in -
favor of this hypothesis.

On studying the motion of the gyroscope under sinusoidal disturbances, we de-
termine the motion due to one of the components of the real disturbing forces. For
linear systems, such as the gyroscope with proportional corrector, the principle of
superposition holds., A consideration of the action of the sinusoidal forces will

therefore allow us to obtain fairly general results.

It must be said that the frequency speétrum of aircraft acceleration thaﬁs%RTpf

interest to us lies mainly in the frequency range between 0.02 and 3 cps, the slow
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oscillations having the smaller amplitude. As for the frequency of the natural os-
cillations of the sensitive members of the correction system, it amounts to 1-2 cps
for the pendulum usually employed, and to 0.1 - 0.5 cps for liquid magnetic
COmMpasses.

It.follows from the above that the possible periods of the oscillations of the
correcting members must be considered to lie in the range of 0.3 to 50 sec.

Mathematically, the disturbances of the correcting members mean the correspond-
ing disturbances in the equilibrium position of the system, that is, the correspond-
ing displacements of the origin of the Ou3 coordinates.

These displacements will also mean the corresponding modification in the direc-
tions of the path of the gyro vertex, -and as a result these paths are subjected to
certain deformations. The exact elucidation of these deformations is difficult, but
it is also not of any substantial interest to us. It is more important, in the
first place, to find what the steady oscillations of the gyroscope will be under the
influence of the oscillations of the correcting members, and, in the second place,
to elucidate how the oscillations of the correcting members will affect the build-up
time of these oscillations of the gyro. But for this purpose it will be sufficient

to investigate the motions about the axis of only one of the frames. Let us take

‘the motions about the axis of the outer frame.

On substituting, in the first of egs.(7.2), L., by eq.(7.4), and replacing g,

by eg.(6.8) and q oy eq.(7.3), we get the equation of these motions in the following

form:
//5 f(1 1e) 1, sigm .

or, expressing y according to the condition

'[ 8= '[ = Si" UJ”

and omitting, in what follows, the numerical subscripts of Yo, We get

Ha-- [(1  rasimn ol L,y sign ®
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Section 8.2. Influence of Disturbances of a Correction System with Proportional

Characteristic on the Setting of the Gyroscope

Let us confine ourselves to the hysteresis-free form of the proportional
characteristic. The equation of motion eq.(8.l) then takes the form:
PENEY SR DTN ST B (8.2)
We shall not at first take into consideration the friction in the gimbals, i.e.
we shall put Py = 0.
Then the integral of eq.(8.2) will be written in the following form
3= e Y4 a, sinfel -4, (8.3)

where A = an arbitrary constant,

s arctg ' . (8.5)

Let, fort =0, ¢ = aO' Under these initial conditions, the arbitrary con-
stant A is defined by the éxpression:

A ge 2asind

Or, bearing in mind eq.(8.4) and eq.(8.5):

A=atra (8.6)

Making use of eq.(8.6), let us rewrite eq.(8.3) in the following form

. (&.7)
sin (of — %),

R

-d

The first term in the expression so obtained represents the law of setting in
the absence of disturbances of the sensitive member of the corrector (for the case

when friction in the gimbals is not taken into account). The second and thirdSTAT
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terms characterize the influence of these disturbances. They reduce, as is clear,
to the supérposition, on the exponent which we shall call the principal exponent,
expressing the law of setting in the absence of disturbances, of an additional expo-
nent with the same time constant as the principal one, and, in the second place,
that the curve of periodic oscillations shall have the period of oscillation of the
sensitive member of the corrector, and an amplitude depending on the amplitude of
the oscillations of the sensitive organ of the corrector, and on the ratio between

€ and w,

The time after which both these exponents (the principal and the additional
practically disappear, will be in this case the setting time. It will be exactly
the same as the setting time in the absence of oscillations of the correcting mem-
bers. '

Thus the principal result of the oscillations of the correcting member with a
proportional characteristic consists in the excitation of undamped oscillations. It
follows from eq.(8.4) that if the value of the € is sufficiently small by comparison
with w, then the amplitude of these oscillations may be likewise made rather small.
In other words, the smaller the efficiency of the action of the corrector is taken,

the less will be the influence of the disturbances of the sensor of the corrector.

k
Physically this result is entirely natural: the value of € TR for a given value

of k, which may be selected even from the consideration of reducing the angle of re-
pose, will according to eq.(7.11) be the smaller, the greater the value of the kine-
tic moment characterizing the gyroscopic rigidity. In other words, a low value

of € for a given value of k signifies a high degree of gyroscopic rigidity, which is
explained by the small influence, in this case, of the disturbances acting on the
gyroscope, in connection with the disturbances of the sensor of the corrector. The
possibilities of reducing e, however, are limited by the requirement that the system
of correction shall assure the setﬁing of the gyroscope.in the assigned direction

under the action of the moments of friction and the imbalance, and also under ﬁéIAT
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displacement of the assigned position (for example, due to the earth rotation, to
the displacement of the gyroscope base, etc.).

As an illustration, we shall give an example of the calculation of the selec-
tion of the value of e,

Let us assign the value of the recovery time Ty of the order of 100 sec, which

4
is rather acceptable from the technical point of view. Putting Ty = = we get,

starting out from this assignment,

Assume that the period of oscillation of the sensitive member of the corrector

equals 1 sec.
For these data
' 2064-10?

and, ccnsequently, on the basis of eq.(8.4), the amplitude of the undamped oscilla-
tions of the gyroscope o will amount to less than 1% of the amplitude of the ampli-

tude of the oscillation of the correcting member.

Higher values for the periods of oscillations of the sensing element of the
corrector are, generally speaking, more dangerous. Thus, if this period is taken as
30 sec, which corresponds to the order of the periods of the slow vibrations in the

longitudinal position of an aircraft, then, with the same values of € we get
L =019

and in this case e will already be a quantity amounting to 194 of Yme

But the slow oscillations of an aircraft also mean correspondingly smaller
values for the accelerations, and consequently also correspondingly smaller values
of the amplitudes of oscillations of the sensitive member of the corrector. It may
therefore be expectea that the amplitude of the oscillations of the gyro will wi+s.

‘ @ STAT

mately remain, even in this case, within acceptable limits.
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In estimating the friction in the gimbals, the integral of eq.(8.2) takes the

form

o= Ae—" 41, sin (wf--3) +pysign 3,

where A - arbitrary constant;

(8.8)

@« and 5 are quantities to be determined, as when friction in the gimbals is

m

neglected, according to eq.(8.4) and eq.(8.5).

Determining the arbitrary constant from the initial conditions for t = O;

@ = ay, and substituting it in eq.(8.8), we get

2= (35— pa SN B.)"'—" + pp Sign 3 +

(3 1
+T-':- o
14+

w?

. 4
e +la-—
“

|
‘/ e’
1+
-?

sin (wf —%).

The influence of the disturbances of the correcting member is represented by

the last two terms, which is of form identical vith the temms representing the in-

Fir.8.1 - Effect of Friction in Gimbals
on the Setting State with Proportional

Characteristic of Correction in the Case
of Periodic Disturbances in the Correc-

tion System

fluence of the disturbances of the cor-
recting member when friction is neglec-
ted. In other words, here the only
thing that varies is the principal ex-
ponent expressing the law of variation
of ¢ in the undisturbed state of the
correcting members. e
The change consists in the varia-
tion, under the influence of the fric-
tion in the gimbals, of the limit to
which the principal exponent approach-
es; while this limit was formerly the

gzero-th value of ¢, it will now
STAT

be « =3 Pos while the sizn of py, upper or lower, will depend on the sign of the
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velocity of motion of the gyroscope about the axis of the other frame. That is,
this means that if, in particular, this velocity changes its sign during the varia-
tion of @, then this limit for the principal exponent of eq.(8.9) will vary accord-

ingly. As a result, the picture of variations of this exponent will take ‘the fomm

indicated in Fig.8.l. It follows from this picture that in the presence of oscilla-
tions of the gyro about the axis of the first (inner) frame, the motions of the
gyroscope about the axis of the second (outer) frame which are characterized by the
principal exponent, will not be damped during the lapse of the setting time, but
will take the form of sawtooth oscillations in the limitd of the zone of repose.,

On these oscillations are also imposed the periodic oscillations characterized
by the last tem of eq.(8.9). Thus the boundaries of the limiting deviations in the
process of total oscillations are determined by the sum of the angles of repose P2
and the amplitude ane

A1l that has been said applies equally to the first (inner) frame, that is,
also where in the case of the oscillations of the correcting member, on one hand,
and of the oscillations of the gyroscope about the axis of the second frame, on the
other, oscillations will occur arising as a result of the imposition of periodic
oscillations on the sawtooth oscillations with the extreme deviations limited to the
sum of the angle of repose Py with the amplitude of the periodic oscillations.

But this means that, if the correcting members for both frames oscillate, then

these sawtooth oscillations will also occur with respect to the axes of both frames.
Consequently, these total oscillations will also occur, in this case, with respect
to both axes.

As for the build-up time, i.e., the time after which these oscillations will be
established, it will practically not vary by comparison with the build-up time for
the undisturbed state of the correction system, that is, with the period of time in
which, in the absence of disturbances in the correction system, complete damping of

the gyro occurs. STAT
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Section &.3. Influence of Disturbances in Correction System with Constant

Characteristic on the Setting of the Gyroscope

e shall confine ourselves here to the case of the hysteresis-free constant
characteristic with zone of insensitivity equal to zero.
The equation of motion of the gyro, eq. (8.1), will be written in this case in
the following form:
Ha=- kgsign(a - Y= sin o) : L,y sign e
On dividing by it by H and omitting the numerical subscript in Wep = l_:li , vie
a= - w, SigN(@— = Sin @) + @, sign 3, (8.10)
Let us first elucidate the picture of the phenomena vithout taking account of
friction in the gimbals, that is, we shall consider, in eqg.(8.10):"
w; p=0.
Let us consider two cases.
® The first case is of slow oscillations of small amplitude for which
' LR (8.10a)

For the steady state, in which the mean value of the angle a equals zero, the
amplitude of oscillation of the gyroscope equals the amplitude of oscillation of the
sensitive elementy ., and the gytoscope exactly repeats the motion of that element.
Indeed, introducing the notation O = @ - Yo sin 0t, eq.(8.10) may be transformed,
for v p2 = 0, to the form:

3! w,signd=- ymocos ol (8.10b)

Under the conditions of eq.(8.lOa), & vanlishes in the course of time. Indeed,
if §» O, then, Dby egs.(€.10a) and (8.10b), $ < 0, and o decreases to zero. If,
however, § < 0, then according to this same relation 5 > 0 and § increases SO long
as it does not vanish.

Thus in the steady state

@

3=0, a=y=sinol
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In this case the gyroscope does not perform its function of Maveraging! the
readings of the sensitive element; the errors in the direction of the gyro are equal
to the errors of the sensitive element. But this is observed only at small ampli-

tudes and small frequencies of oscillation of the sensitive element. Thus, if the

angular velocity of the corrector amounts to 3°/min = 0.05°/sec, then the frequency

of the disturbances equals 0.02 cps, and then the relation of eq.(8.10a) is satis-

fied, if

If the amplitude of the oscillations of the sensitive element is over 0.4° at
the same frequency, then the follow-up will be disturbed and the gyroscope will
oscillate at an amplitude smaller than the amplitude of the oscillations of the sen-

sitive elements.

Fig.8.2 - Influence of Periodic Disturbances in the System of Correction
with a Constant Correction Characteristic without Allowing for

the Friction in the Base

The second case is more difficult, since the amplitude of the oscillations Ym
and the frequency w in flight are usually such that Y > Ve

Let us now consider the second case,

Obviously, if the condition:

Ial\:“-o
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is satisfied, then the oscillations of the correcting member will exert no influence
whatever on the behavior of the gyroscope, since in this case, for any instant of

time, the following condition will be valid:

sign a==sign(a - Y= sin wl). (5.12)

[a] < Y. (8.13)

The condition of eq.(€.12) is now replaced by the followings

1 tfor &> Yo sinat
sign (2 - 1SN wt) u{_] for °<7~5|nmf
-

and the variation of a takes the form given in Fig.8.2.

Let us now take some cycle of oscillations y (cf. Fig.8.2). Leta, be the

value of @ at the beginning of the cycle (time tl), a, the value of o when 4 changes

i : +hat is the
its sign (time t2) and %5 the value of o at the end of the cycle, or, w
same thing, at the beginning of the following cycle (time t3).

Let us write the obvious relations with respect to the reasoning fOI‘al> O:

as=a;— @, (ls—4),

as;=2as * we(ls— 1),

23—, — we [2(fy—1;) — (ts— 1) ).

Bearing in mind that

’,‘—"- T+t"

hmtim [t

where

1 3
sy = -~ {arcsin 2L —arc sin =* ) (8.15)
o\ = im .
1

s = | arcsin t; (8.1STAT
- T»

Hnv
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1 . o .
ge=— AICSIN — |
- =

we rewrite eq.(8.14) in the following form

=320, (4 +u—F). ‘(8.18)

It follows from eq.(8.18) that the increment of o for a single cycle, which we

shall denote by Ar., is determmined by the expression

l’
As, == — 2m, (f, 4ty — ;) . (8.19)

On the basis of eq.(8.19), as well as of eqs.(8.15), (8.16), and (8.17), the
following expression can be obtained for 2 av for the mean value of the correction

rate over the cycle:

l
SR S S |
- _2 Ta__ 2 v

b 148

T ! (lrcsln 2 arc sin -'9-).
Py ]

= In

So long as the numerator of eq.(8.20) still retains the positive sign, wg
av
will be negative, and, consequently, 03 <ay will hold. From this, and from the

condition of eq.(8.13), we get the chain of inequalities

s @18 T (8.21)

and, consequently

| @4 o] < @, (8.22)
that is, the mean rate of correction in connection with the influence of the 0s—
cillation of the correcting element will be less in modulus than the normal rate of
correction, that is, the rate of correction in the absence of such oscillations,

while, as o decreases from cycle to cycle, the inequality of eq.(8.22) is corrSTAT
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spordingly intensified, since at small a’ <« 1 and a decrease in the denominator of
the right side, eqs.(8.20) may be neglected, and, consequently, with declining 4,
the mean rate of correction decreases in modulus.

Thus, under the influence of the oscillations of the correcting element, the
rate of correction with a constant characteristic is transformed from a constant to
a variable, which decreases in modulus as the deviations of the gyroscope decrease,
i.e., it becomes similar to the rate of correction with a proportional characteris-
tic.

This phenomenon was first discovered and investigated by Ye.B.Levental!. It is
a special case of the manifestation of what is called vibrational linearization
(Bivl.7).

To the steady state will correspond, as is obvious, the zero-th value of<xK av’
The condition of this will be the vanishing of the numerator of eq.(8.20), i.e., the

equation

—;—arc sin °‘-+~.')- arcsin ™ 4 arcsin X =0, (8.23)

Im - Tm Tm

But for = 0y %3 =7y, Consequently the condition for eq.(8.23) to be

YK av
satisfied will be that
(8.24)

shall be satisfied.

The fact that the satisfaction of eq.(8.23) is assured by eq.(8.24) means that
the steady state will in this case be a state of undamped oscillations.

The analytic expression for the amplitude of these oscillations may be found
from the following reasoning.,

For the half period of oscillation

T ™
2 - : (8°25)

The gyro under the action of the correction system will deflect by the aﬁg}ZT

2%.

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5




Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

Consequently

23.-&.—22:".
(8.26)

Tt follows from egs.(8.25) and (8.26) that the required amplitude a is deter-

mined by the expression
(8.27)

We remark that the amplitude we have found for the undamped oscillations of the
gyro in this case does not depend on the amplitude of the oscillations of the cor-
recting member, in contrast to the situation in the case we considered earlier,
where the characteristic was proportional. In particular this means that the
low-frequency oscillations of the correcting member, having a small amplitude are

here more dangerous than with a proportional characteristic, while the high fre-

quency oscillations of great amplitude are, on the contrary, less dangerous.
The total setting time Ty’ that is, the time in which the above undamped os-

cillations are established, is defined by the sum

T,=Tn+Tn. (8.28)

T . = time in which o varies from the value a = to the valuve a = Yo

y1 0LO
Ty2 = time in which, beginning at the value @ =y, undamped oscillations

with amplitude according to eq.(8.27) are established;
Tyl is determined according to the law of establishment for a constant
characteristic in the absence of disturbances in the correction system, i.e.,

according to eq.(7.51), by the formula

Ty==21" (©.29)

With respect to Ty2 we confine ourselves to its approximate determination.

At a sufficiently high frequency of oscillation of the correcting member by

, the mean rate of correction WK av? representing theS,Iv'ASI

comparison with theirw K
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rate of change of fll, may be treated as the first time derivative of o that is,

we may put

dvy
., w- dt * (8030)

o (13

. =11 . ~1 .
Under the same condition, the difference between sin Y— and sin =~ — 1in
11 m

eq.(8.20) may be neglected, and we may put

atcsin * = arcsin . (8.31)

- -
ye remark that, as we approach a state of undamped oscillations, the inaccuracy
of eq.(8.31) will diminish.
Making use of egs.(8.30) and (8.31), we obtain from eq.(€.20)

dy

3
1 . arcsin ’)
ot .

= "‘arcsln
® 1 Im .

i i ing i i e approximation of
or, expressingd 5 1N terms of dl, and bearing in mind the app

eq.(8.31),
(8.32)

d -
‘“""' T . S (3)

where

! T
. -.-—--.('.,4'., : 2 )
=arcsin ' + arcsin R
S () =arc 1-+ =

Since in the process of variation ofotl i‘mmal = Y t,ootl =
varies within the limits

T >’.‘l+.'.>0'

and it therefore follows that, during this variation of @ 1’ f (“l) will vary within

the limits

fulay) f(2y0)  falay), (8'31*)

STAT
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39 — we T
fi(z)=atcsin "' 4arcsin ' 7,
Im Im

T (8.36)

~m

/4 (2,) = arc sin Y"'- + arcsin

-

It follows from this that, with the accuracy of the assumptions adopted, the

value of Ty2 will lie within the following limits:

[T} I e=Tm

= o (TS~ LI
[ S /l(‘l)§ N e Si(3)

.-ty [

The integrals of the inequalities of eq.(8.37) may, speaking generally, be cal-
culated, but they lack a sufficiently simple analytic expression. This circumstance
hinders the use of the inequality of eq.(8.37) to determine the time Ty2' In order
to obtain a simpler expression for this purpose, let us take recourse to a further
simplification of eq.(8.33).

Let us approximate i‘(dl)' by the linear re]&ation f(al), expressed by the

o o
T . : 1
straight line connecting the point (_m—) s f2 (——'i) = 0 with the point — =1,
Y

m Ym m

£, (v,) = T osinl @ - 4 %m ) (Fig.8.3). One part of this straight line will lie
m 2 Y

between the curves i’l(al) andmfz(al), and, consequently, the points of this part of
it will satisfy the condition for f(a,l) given by eq.(8.34). The other part will lie
above the curve fz(al), and, consequently, the points of this other part will
satisfy the condition

f'k(dn)."-f(an). (8.38)

On this basis we may expect the approximation f? (@ l) to yield, over a certain
range of values of @y, an exaggerated value for the mean velocity, and, consequently,
to yield an exaggerated value for Ty2'
& On the other hand, let us approximate f (al) by the linear relation f"(al)STAT

~<z
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representing the result of expanding fz(“l) into a series, retaining only the first
termm of that series. It is easy to see that the straight line expressing this

approximation will lie in part between
Sam

Srm, 1',,,
o/ while in part it will lie below £y (ay)-

S,)

the diagrams of fl(al) and f2(al)

In other words, the points of one part

of the straight line f"(y.) will
T= satisfy the condition for eq.(8.34),

rd
N
Y=

but the points of the other part will
satisfy the condition
I (@) <f(ay). (8.39)

Fif.8€.3 - Approximation of Setting Time

in the Case of Periodic Disturbances in

The approximation f" (al) will

Correction System with Constant Correc-
therefore yield, over a certain sec-

tion Characteristics

tion, too low a value for the mean rate
of correction, and consequently an exaggerated value of Ty.?.' For these approxima-
tions, eq.(8.32) may be rewritten in the following general form:

day (8 -40)

it +¢ (2,—a)=0,

while for the first approximation

where

(8.43) STAT
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Equations (8.41) and (8.42) may be obtained from the condition that the
a1
straight line f*(o;) shall pass through the point —— = a, , that f2(am) = 0 and

P o m
that —l— =1 fl(ym) = -:—- arc sin (1 - 7ﬂ). Equation (8.43) is obtained from the
Ym - m
condition that the straight line f"(al) shall be tangent to the curve fz(al) at the
oy n a
point—— = —-, fz(am) = 0, where D
: Y
m m m .
Considering the setting time Ty:2 equal to three times the value of the time

is neglected by comparison with unity.

constant of eq.(8.40), we get
3-;(’- )’-<r,.<3-'—" . (8.44)
=/ ®u 2 =y

o an
For — so small by comparison with unity that we may put - = 0 in eq.(8.42),

Ym m
W (—Oi) will be correspondingly greater than unity. It follows from this that the
Ym

upper limit of the values of Ty2 exceeds the lower limit by about one and a half

times.

S ¢
Since on the basis of eq.(7.51), _m‘_"_ is the setting time with a constant cor-
IN

I

rection characteristic, which is necessary to eliminate the initial deviation

a0 = Ym in the absence of any oscillations of the correcting number, it therefore
follows from eq.(8.44) that on account of the oscillations of the correcting member
this time will become 3 - 4 times as long.

Thus the oscillations of the correcting member with a constant characteristic
lead, first, to the establishment of undamped oscillations and to the increase of
the build-up time of these oscillations by comparison with the build-up time in the
absence of disturbances in the correction system.

The amplitude of these oscillations, according to eq.(8.27), will be the great—
er, the greater the ratio h:)\ , that is, the greater the normal rafe of correction
wg is at a given value of the frequency of the oscillation of the correcting mem-
ber. Consequently with this in mind it is desirable to select small values of wge

S Exactly like the value of ¢ for the proportional characteristic, the value

of wy cannot be reduced below a certain limit determined by the value of the 1§\Iupé]:ts
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of friction, the imbalance, the rate of displacement of the direction indicated by
the gyro, etc.

Je shall now perform an illustrative calculation with the object of evaluating
the possible amplitude of oscillation of the gyro.

iJe shall require that for a disturbance of 10°, the build-up time Ty in the
absence of disturbances in the system of correction shall not exceed 1C0 sec, which
is sufficiently acceptable from the operating standpoint.

On the basis of eq.(7.51), ve get the result that in this case the rate of
correction Wy must equal

w, = =0, deqree
T, sec

Assume that the period of oscillation of the sensitive member of the corrector

T =1 sec and v, =1°
Consequently

-y =0.'l ~3.10-4,
- JR)

and the amplitude of the self-oscillations am:

Q=" -).70 . lO-:'

that is, a value that is negligibly small.

For the period of oscillation of the correcting member T = 30 sec, correspond-
ing to the order of the periods of slow oscillations of the aircraft, and for the

same values oqu andy ., we get

= = 01077,

a-'=‘—n.9|".

that is, a quantity .that is already rather large.
Results that are more favorable in this sense are given by the widely used

mixed characteristic of correction according to Fig.6.3, that is, one which is STAT

=
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oroportional in the initial part (for 6 <2 ~ 3°), while it is constant in the re-
maining part. With this characteristic, the slow oscillations of the sensing member
of the corrector remain within the zone of pmportionality, vhile for a proportional
characteristic, the unfavorable influence ofJ a long »eriod of oscillation of ‘the
sensing member of the corrector is adequately compensated, as already remarked, by
the favorable influence of the small amplitude of these oscillations.

For rapid oscillations, on the other hand, the sensing member of the corrector,
varying its position, will for the most part be in the zone of the constant charac-
teristic, that is, in this case, the disturbances of the gyroscope will be determin-
ed vrimarily by a law corresponding to the constant characteristic.

But, as we have seen, for rapid oscillation, this law does not lead to signi-
ficant disturbances of the gyro.

Let us now elucidate the role of friction in the gyroscone gimbals in the pro-
cess under investigation.

As follows from eq. (8.10), if we allowed for friction in the gimbals, it would
mean a change of the velocity & by the quantity ¥ 0’ meaning either a decrease Or
increase of d in modulus, depending on whether the sign of the angular velocity of
the diagonally opposite gyroscope frame agrees or not with the sign of
(a- vy sinwt)e

Let us take the two 1limiting cases, the first one when the change of sign of
is simultaneous with the change of sigh of vy, while the second case is when the
sign of (.)P remains unchanged during the entire setting state.

The former case will mean & pIrocess entirely analogous to the preceding pro-
cess, with only the modulus of Oy being increased or decreased by the quantity y .

The second case will already mean a modification of the process in the sense
that the resultant velocities in the process of reduction of ¢ and in the process of
its increase will differ from each other in modulus by 2w (Fig.8.4).

Let us write out the relations for one cycle with reference to this case,
STAT
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taking al > 0 and sign [.4 = 13

0y =3, — (@ - «)(t,—H) (8.45)
ay =2y + (w, + «,)(t; — ts)-

Sfr

Fig.8.4 - Influence of Periodic Disturbances in the Correction

System with a Constant Correction Characteristic, Allowing for

Friction in the Gimbals

On the basis of eqs.(8.15); (8.16), (8.17) and (¢.45), we may write

. =1- 2w, (‘!, 4+ ;‘)4'.;(7-‘*"*:)- (8.14»6)

Let us neglect the guantity T 3 by comparison with the value of the period T,

Then we get the following formula for the mean rate

which is entirely nermissible.

denote by w

of correction in this case, which we shall K av

« x=w  +e

®av

, in which the quantity ¢ is neglected by

or, bearing in mind eq.(8.28) foruy

comparison with 1

1 2 1 o . “»
arcsin '+ | arcslnh 4 arc sin 1: —x:.—]. (&.47)

= -

The condition of the steady state m}'{ = 0, as before, will mean that
ay

23— ay.

”—E)“_“” e . _ .‘.
eclassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5




Declassified in Part - Sanitized Copy Approved or Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

Whence the condition of the steady state may be written as follows:

arcsin ' 4arcsin— ==t (2.42)

Im Im L

The left side of this condition is unchanged by comparison with the case when

the role of friction in the gimbals was neglected, but in the right side, instead
)

of zero, a quantity proportional to the ratio _° appears. It is easy to understand
)y,

that this circumstance means a shift of the axi!s: of the undamped oscillations of the

gyro from the zero position by the quantity mp’ determined by the equation,

PRSLELY (8.49)

wherea 1 and a, satisfy the condition of eq.(8.48).
The amplitude of the undamped oscillations about the value of ap, which we

shall denote byocr:l, will be determined by the expression

Blrb, by eqe. (8 .45) )

as=d;— (wy—a," (Iy -1). (8.51)
Since for the state of undamned oscillations, a3 =, ve therefore obtain from

eq.(8.45)

h=t _ ===,
ty—0 oyt .' : (8'52)

On forming, from eq.(8.52), the derivative nroportion, and neglecting a3 by

comparison with T, we get

(8.53)

On substituting in eq.(8.51) t, - t1 according to eq.(8.53), we get

2.

a,==:|».x ‘f(] _?;.)

(8.54) STAT
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(8.55)

|
! 1

| .
It is clear from a comnmarison of eq.(€.55) with eq.(€.27) that, owing to the

friction in the gimbals, the amplitude of the undamned oscillation of the gyro de-

creases.

Usinz now a.' as a known quantity, and bearing in mind that

a,=a,+ :'-.

2, m=a,— &,

let us rewrite eq.(2.48) in the followins form

arc sin - . + arcsin L (8.56)

Im Tm y

On expandinz the left side of eq.(8.56) into a series and retaining the first

tio terms of this series, which is entirely sufficient in this case, we obtain,
a9

—

o
after elementary transformations, and neglecting {‘)‘ by cormarison with unity:

(8.57)

It follows from this that

=

’$< 2 '-. 7-'

and for values of ap sifficlently small by commarison with Ym?

6= -, L (2.58)

3]
N . . .
Let -1s assume that = (.2, which corres-onds to a moment of correction five

s)y .
A}
igi times as rreat as the moment of friction, a relation which is entirely realistic.

\in, for these data: STAT
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2, = 0314 1,

that is, a quantity with which one must already reckon.

In this way we find that » with a single-valued rate of motion of the diagonal

frame, the oscillation of the sensitive nfember of the corrector of the given frame
leads to the displacement of its mean position from the zero value, and at that, by
a rather perceptible quantity.

The limiting cases of the 'change of sign of ("p are imorobable in their true

form. It is more probable to expect the mean nosition of the oscillations to be in

the range un to the values of g determined by eq.(8.57), but to be the greater, the
8]

greater the value of _°_ .,
00}
h

Thus, in the absence of oscillations of the correcting members, friction in the

gimbals with a constant correction characteristic leads only to nonuniformity of the

correction. But if such oscillations do occur, then this friction will be able to
cause indeterminate slipping of the gyroscope axis from zero position, and this

slipping will be the greater, the greater the moment of this friction by comparison

with the moment of correction.

e Do e s T GO Sl S ki 8 SN e b o £ P s
- ewen B e i i T S S

CEmpTEEm T o7
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CHAPTER IX

DEVIATIONS OF THE GYRO HORIZON

Section 1. Deviations due to the Earth Rotation and to the Displacement

of the Aircraft with Respect to the Earth

By the deviations of a gyro horizon we mean its errors due to the motion of the
base of the gimbals.

The starting equations of motion of the gyro in investigating these errors will

e e e i il e Bt pem N1 i T e € b 2 e

be, as before, the equations of precession:

Hy=L,
—Hp=L, (9.1)

where the terms representing the rotations of constraint of the gyroscope must be

taken into account in the expressions for p and g, and the temms taking account of

the action of the corresponding accelerations on the sensitive elements of the cor-

rector in the expressions for Lx and Ly

In this Section we shall investigate the rotations of constraint in connection
with the earth rotation and the disolacements of the aircraft with respect to the
earth.

The expressions for p and g corresvonding to this case may be taken in the

following form when the axis of the outer frame of the gyro horizon is oriented

along the longitudinal axis of the aircraft (cf. (2.34) and (2.35) and Fig.2.11)

STAT
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K

i

g AT R e S

p--—a—.""lK"— ;';v ' (9.2)
gm=d 4w cos K,

e

N
s

—

whereml = W3 cOS @ horizontal component of the earth rotation;

K - course of aircraft;

v - speed of aircraft;

R - radius of the earth.

e ot N . 30 . . L et et i et it

The terms (wg + —:% sin k tan @)a and wy + :’T sin h tan @ f are omitted from
eqs.(9.2) in comparison with eqs.(2.34) and (2.35), in view of the fact that they
represent numbers of a higher order of smallness by comparison with the remaining
summands.

As for the expression for the moments L, and Ly, we shall take then for the
conditions of the undisturbed state of the correcting members. In other words, we

shall consider that the velocity entering into eqs.(9.2) is constant. The influence

of inconstancy of velocity will be considered later.

@

Proportional Characteristic of Correction

On substituting in eqs.(9.1), p and q according to egs.(9.2), and L, and L,
according to the conditions of the proportional characteristic (considering it

hysteresis-free), we obtain the equations of motions in the following form:

}?:’ H(d +w cos K)m — ka4 L, signp,
H(b + e sinK + 7:'—)- — kB —L, signé.

R e K 6 v e

On dividing the right and left sides equations by H and, for simplicity, taking

ky = ko, we rewrite them in the following form:

a == —.!a_hslgns_’_ - cos K )

(9.3)

i)

= —o(3+p,signs +

“ sin K
\ [

)
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The difference between the equations so obtained and the equations related to

the behavior of the gyro on a fixed base, consists merely in the change of the

equilibrium conditions with respect to the axis 03 by the quantity

= — wpcos K . (90&)

:
<

and along the axis Of by the quantity

PR -snk v
% R (9.5)

It follows from this that the behavior of the gyro horizon, when the influence

of the earth rotation and the displacements of the aircraft are taken into account,
will be determined by the same formulas-and diagrams that relate to its behavior
when these factors are not taken into account, merely displacing the origin of the
coordinate system along the axis OP by the quantity aq and along the axis 0R by the
quantity3 1 These disnlacements will be the total values of the deviation due to
the earth rotation and to the displacements of. the aircraft. These latter devia-
t:ions are also called velocity deviations.

“Je remark that the influence of velocity is reflected only in the displacements

6f the origin of the coordinates on the 0B axis on account of the second term Bl.

In this way, the velocity deviation, which we shall denote by & will be determined

by the expression

fo=— " . (9.6)
R

I+ determines the deviation of the gyroscope axis in the plane passing through
the axes 07 and OP, that is, in the plane O'n (Fig.9.1), coinciding with the longi-
tudinal plane of the aircrafte.

%y and the first temm of Hl’ which denend only on the earth rotation, will be
the comnonents of the deviation due to the earth rotation, which we shall denote

by ’)3. Ceometrical composition of these components gives us the following expres-—

on
’ STAT
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(9.7)

The deviation due to the earth rotation determines the deflection of the gyro
axis in the vertical plane perpendicular to the geograrhical meridian (Fig.9.2).

The deviation of the gyro axis from theJ axis 0¢ (which in this case denotes the
position of the sensing member of the corrector) assures the appearance of a correc-

tion moment which causes the gyro to precess in the plane of the given deflection of

the gyro in the sense toward matching with the axis O{. The vector of angular velo-

city of this precession will accordingly be perpendicular to the plane of deflection
of the gyro axis.

Hence the presence of the deviations 6, and 6, will mean the presence of the
corresponding precessions of the gyro, the vectors of whose angular velocities will
be perpendicular to the planes of these deviations and will be directed as indicated

in Figs.9.1 and 9.2.

Fig.9.1 - Velocity Deviation of Fig.9.2 - Deviations, Due to Earth
Gyrohorizons with Proportional Rotations, of a Gyrohorizon with

Characteristics of Correction Proportional Characteristics of Correction

Bearing in mind that the theory here developed relates to the longitudinal

situation of the gyro horizon, that is, to the case when the vector of the ground
STAT
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speed is directed along the axis On, we get the result that the vector of angular
velocity of precession, mév, due to the rate of deviation 62 will be directed per-
pendicular to the vector of flight velocity ;, and in the same sense as the vector
of ancular velocity of the additional rotation of the plane of the horizon which
represents the effect of the displacements of the aircraft with respect to the
earth. The vector of the angular velocity of precession mse, however, which is

caused by the deviations due to the earth rotation § g, will be found to be directed

along the meridian, in the same sense as the vector of the horizontal component of

the earth rotation, z:,l.
According to the condition of the proportional characteristic of correction, we

may write

e
=
Ay

.‘3- H .

(. On substituting here the expressions for §, and g according to egs.(9.6) and (¢.7),

we get

wg: - ml'

Thus the rate of precession of the gyro that is due to the velocity deviation
coincides identically in magnitude and direction with the rate of rotation of the
plane of the horizon due to the displacement of the aircraft, while the rate of pre-
cession of the gyroscope due to the deviation owing to the earth rotation coincides
identically with the rate of rotation of the plane of the horizon under the influ-
ence of the horizontal component of the earth rotation. As a result, the axis of
the gyroscope, deflected from the vertical by the values 54 and 5es will then

exactly follow the motion of the vertical.

what has been set forth above, the nature of the deviations_lrj:&_?_

192
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to the earth rotation may be defined in the following way: by this deviation we

mean that angle of deflection of the gyroscope axis from the local vertical, at
which, owing to the action of the correction system, a rate of precession of the
gyroscope is produced which is exactly cqual in magnitude and direction to the rate
of rotation of the local vertical due to the earth rotation.

By analogy to this, the velocity deviation may be defined as that angle of de-
flection of the gyro axis from the local vertical at which, owing to the moment of
the correction system, a rate of precession of the gyroscope is produced which is
exactly equal in magnitude and direction to the rate of rotation of the local verti-
cal that is due to the displacement of the aircraft with respect to the earth.

Let us determine the possible order of the numerical value of the deviation due
to the earth rotation. Taking the value € x 1072 1/scc, and bearing in mind that
the maximum value of the horizontal component of the earth rotation, which it
acquires on the equator, is equal to

o, =73-10"% 1 st ;

we obtain, for the maximum value of & (for a given &)z

$,=007.

The velocity deviation will be still smaller.

Since the value of € taken by us is entirely realistic, it may to that extent
be considered that the order of the deviations of a gyrohorizon due to the earth
rotation, and, a fortiori, the order of the velocity deviations, is in general,
rather small. For this reason, these deviations with a mixed characteristic of
correction will be determined by the same formulas as for the case of a proportional
characteristic, now being discussed, since the deviations remain within the limits
of the zone of proportionality of the mixed characteristic.

But, for a mixed characteristic, the absolute magnitude of the deviation is
usually considerably smaller than for a proportional characteristic, since for a

mixed characteristic the coefficient of the correcting moment in the zone of

STAT
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proportionality is usually taken considerably larser than in the case of a purely

proportional characteristic.

Constant Characteristic of Correction

11ith the constant characteristic of correction there will be neither deviations

due to the earth rotation nor velocity deviations. This is explained by the fact

that in this case, immediately after leaving the zone of insensitivity of the cor-

rection, a rate of precession that is many times the velocity of rotation of the

local vertical due to the earth rotation and to the displacements of the aircraft
will arise. It follows that the axis of the gyro will never be able to depart from
the local vertical by a quantity greater than the zone of insensitivity of the cor-
rection. Fut within fc,he 1imits of the zone of insensitivity of the correction, the
syro axis may fail to coincide with the local vertical even when the local vertical
is not- rotating at all.

Consequently the allowance for this rotation can vield nothing new.

Section 9.2. Turning Deviations of Gyrohorizon Equations

of llotion of the Gyroscope during a Turn

In this case we need not take into account the role of the rotations of con-
straint due to the rotation of the earth and the longitudinal velocity of the air-
craft, but may confine ourselves to alloving only for the rotations of constraint

dne to the rotation of the gyro together with the aircraft at the angular rate of

turn . In accordance with this condition, the expressions for p and g will take

)

the following form R
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In the expression for L. and L‘y the influence of the centripetal accelerations
on the pendulums of the correction system must be taken into account., This influ-
ence feduces dowvn to the displacement of the equilibrium position for the pendulum
from the true vertical to the apparent vertical, which will be deflected from the
true vertical in a direction perpendicular to the vector of velocity of flight v, by

the angle @, equal to the angle of bank of the aircraft in a regular turn, and de-

fined by the expression

(3™
{a™ lrclg-—‘- ’

since all our reasoning will relate to a regular turn. With respect to the longitu-

dinal position of the gyro horizon, this will mean deflection, by this angle, of the

pendulum correcting the outer frame.
In the position of the pendulum
correcting the inner frame, however,
there will be no changes (cf. Fig.
9.3). It follows that the action of
the corrector on the angle ¢ will be |
determined by the value of the mis-

match

Vgung-- Yo,

Fig.9.3 - Position of Axes of while in the angle 8, the action of

Gyrohorizon during a Turn the correction system will be defined,

as before, by the value of the
STAT
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mismatch

(9.12)

Thus the correction system will tend to bring the pgyro axis to the position of
the apparent vertical. BRut this will not in fact take place, since, together with
this action of the system of correction, the rotations of constraint of the turn
will also take effect. The task of the present section will thus be to elucidate

the behavior of the gyro under these circumstances.

Turning Deviations of Gyrohorizon with Proportional Characteristic of Correction

On substituting in eq.(9.1) the expressions for p and q given by eq.&9.8) and
eq.(9.9) respectively, and the expressions for L, and Ly according to the conditions
of the proportional (hysteresis-free) characteristic, and likewise bearing in mind
the conditions of egs.(9.11) and (9.12), and, for simplicity, taking ki =ky =k, we

obtain the equations of motions in the gyro in the following form:

H(GE - w3)m — k(247,)+ L, signp,
H(3 - e32)-. — A3 — L signa, ,

= - a(:~u§s+:.—hﬂﬂﬂﬁ)»
8- —:(3+uxpsignid),

(9.15)

Let us reject at first the terms characterizing the influence of friction in
the gimbals, and let us this rewrite the equations so obtained in the following

form:

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

32—t 3= —ay,,
8 +13-+saa=0. } (9.16)

On eliminating the variable g from the first equation, with the half of the

second one, we get
a- 2!1'-"l"“ 1—0');:-—.37._ (9017)

The integral of this equation will be
1=Ae *'sin(e,f+3) + 3, (9.18)

where
: ' (9.19)

A and 6 are arbitrary constants.

On substituting the solution so found in the first equation of egs.(9.16), we

w..'j == A.'C-‘ ’CO’ (..' + 6) +‘ ('.l + T.)

3=Ae *!cos(mt+7)+38,, (9.20)

where

5 Yy )
P = . (9.21)

T+-a'
After the lapse of a sufficient interval of time, the terms depending on time
will vanish in the solution so found, after which there will remain

a(”l rec T8t
3(’)[ o =B'l-

Thus the values of a__ and BBl are the coordinates of the equilibrium position

Bl
C, of the gyro vertex during a turn.

We. remark that the coordinate of the equilibrium position along the 0O axis,
BBl’ has a positive sign for both a left and a right turn, since the chénge of signs
inYB and a from positive to negative on transition from a left to a right turn are

mutually compensated, while the coordinate of the equilibrium position along the Og
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axis, aBl’ has a negative sizn for a left turn, while for a right turn, in connec-
tion with the change of sipgn of Yp? it has a positive sign.

Let 1.1s1 find the locus of the points of the possible positions of this equili-
brium position at different angular velocities of turn wp differing in magnitude and
sign. On squaring the left and right sides of eqs.(9.19) and (9.21), and adding

them, we get the following equation for this locus:

ai, + 83, — B, =0, (9.22)

(9.23)

Equation (9.22) is the equation of the circle with center located on the posi-

tive semiaxis of 03 at the distance Y from the point O.
0

Figure 9.4 shows this circle for
::;:3‘,:;"'"’ i velocity v = 540 km/hour and e = 0.06
©.:55 i, sec sec™t , with the values of the angular
velocity ) relating to the given point
of this circle indicated by figures.

If we assume that the full circle

of turning is covered in the course of

1 min, that is, if we take a turning
Fiz.9.4 - Locus of Equilibriwm Positions period TB = 1 min. and take, as hefore,
of Vertex of Gyrohorizon with Propor- the value ¢ = 0.06 1/sec, then we get
tional Characteristics of Correction on for a:
Turns with Various Angular Velocities a=17,
and Constant Speed of Aircraft i.e., a value exceeding unity.

For a higher rate of turn, the

values of a will be correspondingly greater.

. From this it follows, also on the basis of egs.(1.19) and (9.21) that in

STAT
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relatively deep turns and correspondingly great values of y B?
| Bat| > am].
. will ordinarily hold good.
For the value a = 1.7 calculated by us, the values ofaBl and BBl will' be equal

an= 02587,
2.! ‘_——0'438 .{ | I3

2n
To a turn, at the angular velocity wp = ) 1/sec taken in calculating a, there

will correspond} for instance, an angle of bank of the order of 57° at a flight
speed of 540 km/hr.

It will be clear from this that for relatively deep turns,a p1 and 6Bl may
reach considerable values. '

For turns at higher angular velocity and correspondingly steeper banks, the
values of ¢p; and B p1 Will be smaller. Thus, for the case when a full turning

circle is made in 20 sec, a = 5. In this case we shall have

a,=0,047,,
9.1=0. 1 9‘{ '

To this value of the angular velocity at the same flying speed of 540 km/hour,
there corresponds a bank of the order of 78°. Thus we get @5y = 3° and 'BBl = 15°,
as againsta ;) = 14.7° and B g1 = 25° of the preceding case.

As follows from cgs.(9.18) and (9.20), the vertex of the gyroscope reaches this

equilibrium position after the lapse of the time

T’-s :‘4 l 1

e
that is, if we take e = 0.06 1/sec, that is, after 50-70 sec. This means that with
a slower turn, for instance with a turn making a full circle in 1 min, the vertex
of the gyro practically reaches the equilibrium position already at the end of the
first turning circle. In slower turns, the vertex of the gyro may be set consider-

+1 o~

ably before the first whole turning circle is completed. In a turn according tOSTAT
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second example, three turning circles must be made for this, Let us find the path
of the ryro vertex to the cquilibrium position,
For this purpose let us transfer in egs.(9.18) and (9.20) respectivelyap;

and fp to the left sides, square the right and left sides of the equation so

obtained, and add them by parts., As a result we get

(’_’-:)’+(?—3.,)'=A'e"‘ ', (9-24)

This equation is the equation of a spiral in the coordinates Ouf with its ori-
£in at the point (“Bl’ A Bl)' The magnitude of the radius vector of the spiral de-
creases by an exponential law with the passage of time.

The angular velocity of rotation of the radius vector of the gyroscope vertex
will be equal, as is obvious from egs.(9.18) and (9.20), to the angular velocity of
the turn gp. Making use of this fact, in the equations of the path, eq.(9.24), the
time p may be expressed in terms of the angle of rotation of the radius vector of
the vertex ¢. Indeed, since this turn is accomplished at constant angular velocity

g it follows that the time t required for rotation by the angle ¢, will be deter-
mined by the formule

liaking use of this relation and putting » = O for t = O, we may rewrite the
equation of path, eq.(9.24), in the following form:
20

(’—' :.l)"*'(;%— -Sl‘)' ::A,('— ’

Or, in polar coordinates, with origin at the equilibrium point % pyo BBl:

.. (9.25)

r=/e

“vhere

rep (a—1,) -+ (=8, o (9.26)

. On determining the arbitrary constant A from the initial conditions for ¢ = O,

STAT
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r = R,, we get

A=R,
and, consequently, the equation of the path of the vertex will finally be written in

the following form:
. (9.27)

"

r=R,e
Thus the path of the vertex will be an involutional logarithmic spiral, énding
in the equilibrium point.
Let us assume that at the initial instant the gyro axis was at the true
vertical.

This means that
3 a1 h{
R=Vai+8, = ", .

Figure 9.5 gives the paths of the vertex for such initial conditions and the
value a = 2.0. It will be clear from them that during motion toward the equilibrium
position, the vertex will pass points with coordinates exceeding in modulus %py
and BBl’ but these latter deviations are in themseives so great that the use of a
gyrohorizon under such conditions during a turn becomes practically impossible., In
this connection, in those gyro horizons that use a system of correction with propor-
tional characteristics, the action of the system of correction along the angle ¢
during a turn is sometimes cut out. Since the duration of a turn usually does not
exceed 1-2 min, a gyro with the correction system cut off for this time will main-
tain its position sufficiently well. Although this measure involves certgin compli-
cations in the design of the correction system, it is nevertheless not only entirely
rational, but also in this case entirely necessary. This behavior of the £yTo may
be treated as a direct consequence of the composition of the precession due to the

resultant moment of the correction system and the rotation of the system of co-

ordinates Oaf, due to the rotation of the aircraft. \

Let us now determine the value of the maximum turning errors. For this it éTAT
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sufficient to find the coordinates of the first points of intersection of A and E

with the path of the gyro vertex with the straight lines at which ¢ = 0 and B =0,

respectively. The equations of tnese straight lines will be obtained if we put a =0

and @ = 0 in eq.(9.16).
» = 0 on the straight line

2- ag==(,

and ¢ = O on the straight line

3= ot g
a a

These, straight lines are mitually perpendicular,
the strai~ht line « =0 formins the angle @ with

the axis o (Fig.9.6), for which the following

alh)

equation

b= . ~(9.28)

Fig.%.5 - Fath of Vertex of COs§ = Vi .
i +1g8% ¥

Gyro Horizon during a Turn
with Proportional Charac-

is true, while the straight line B = O passes

teristics of Correction,
through the origin of coordinates. Then the length

without Allowing for Fric- .
) of the radius vector H1 will be determined, accord-

tion in the Gimtals 4
ing to eq.(9.27), by the formula

a) w, >0 (Left Turn)

-

) wn <0 (fight Turn) R =Re ™

and the lensth of the radius vector E, by the formula

1

R'B,’.)." “-

From evident geometrical considerations we get

Twmas == 81 * ‘Ql':()s .

4 coy - Ryvos -

oAt

R, and cos ¢, Ve obtain, as for
STAT

expressions forapjy, B p1s Iy,
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a simnle transf ormations

\

2 == i (l -de 2‘)=J-‘[1+“c ) 2") \ (9'29)

ma 1ea®

]
L]
=)

, -'P.nh -rf—. u)- .(9'.30).

’ - ad7s (
Pr'"—‘lwz’ ‘Tr

Let us determine the value of a at
which ¢, = B max® According to egs.
(9.29) and (9.3C), this value of a must be
determined from the equation

1.at

-

('3_“ - ’mu) =

’ L ®
/() ’d‘l+¢' "--(] ‘ﬂ?‘z.)-‘o'

This transcendental equation has one

Fig.9.6 - Determination of liaxirmum
root a = 1.26. Fora < 1.26,a .. >Bpays

i a > :]..26 o < nce

tional Characteristic of Correction

gy Vhe T4 e

°

where a > 0 and f(a) is a continuously increasing function. It follows from the

A

expressions fora . and ! _ that for the given value of Yp, they are detenr}ined by

1

the quantity

L]
1 "
L3

Put a = O, then Bmax = 0, whilea . = YB'
Put a e

or we shall have:
FOT @ oy
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By analory, forp max?

1.-\lw :) =0,

lim § = lim o

e & de © | 30

(I) "+
19
Thus when a = - varies from O to <, there are limiting values of Bmax'

Let us dctermine the value of a at which, for an assigned €, the limiting

value .o will obtain. For this purpose, let us soive the equation

d3mas =0
] '

n "
]

+ ':’-e--—")(l-ku’)—'.’u’(l i(— ",’=O.

(l+e

The equation so obtained is now transformed in the following ways

- - (a - = -1
(a2—1)a )

This equation is satisfied by the root a = 1.05.
Substituting a = 1.05 in egs.(9.29) and (9.30), we get
(2umas )i, — 2454
In this casea . takes the value defined by the expression
Aemae 0,398 (4.

then a vavies from O t0 «, @ pq- varies fromy B to 0, always remaining less in

rmodulus than yg, since

®
e u(l+—;:+r':——a’)—'24 )
T -L0 for O0-la <.
(l+a’)’

On the basis of these calculations, let us construct the graphs of the varia-

« B, . . . .
tion of_maX and-MaX 55 a function of a, which are shovm in Fig.9.7.
n \f!
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From a consideration of these graphs the following conclusion can be drawn:
for a given bank, the turning errors are less at higher values of the angular velo-

cities of turning.

Let us now elucidate the influence of friction in the gimbals. For this pur-

pose let us rewrite the equations of motion, eq.(9.14), in the following form:

d+”_.lp-—.‘;l' (9 31)
B+eB+wa=—u signa, )

Yo™ Yo — Pp Sign .

On eliminating the variable f3 from the first equation by means of the second
equation, first considering that the instant of time at which signd¢ and sign {3 un-

dergo breaks in continuity are excluded from the operations, we obtain

a+ui4+s?(l+at)am —-:’(:;_+ap,sl¢nd). (9.32)

The integral of this equation will be

e A sin(mt +8) + (8,),  (9.33)

where

(’.l)» - — '_.l‘.'; (;. + ap, sign I‘.) . (9'31"')

Substituting ‘the solution eq.(9.30)

in the first equation of egs.(9.28), we

get

max

Fig.9.7 - Graphs of .
BT Be=Ac—'cos(at48)+(B,,). (9.35)

0
and _M¥ = fz(a)
Y where

1.a¥

3.y — [T M gond (9.36
(3a) Te ‘slgnc). ( )

Thus the problem reduces to the change in the values of the coordinates of the

'STAT

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

eouilitrium position by quantities depending on the friction in the gimbals and on
the values of d and é.

“Je remari: that the relative value of these changes under actual conditions will
Le small, since they reduce to the algebraic addition to a guantity of the order of
a few tens of derrees of the quantities Py and po, which are of the order of a few
tenths of a degree. In the interests of completeness of this study, however, let us

carry it to the end.

Let us find the locus of the pcints in the coordinate system where d and B

change their signs.

To these loci of points there will correspond, by eg.(9.31), the straight lines

a=a3—1, +p sign B, (9.37)

1 v
am — H—  psigna.
¢ “ (9.38)
The chanre of sign of d takes place on the straight line of expression (9.37),
while the chan~e of sifn of  takes place on the straisht line of eq.(9.38) (left

turn).

In Fir.9.6, the straicht lines Ay and A, (eq.(9.37) have been plotted for the

case 4, > 0. These lines are the loci of points at which @ changes its sign. On

the same firure the straicht lines Py anrd B, (eq.(9.38) have also been plotted, Le-
ing the loci of points at which (;chan,rjes “its sign.

It is clear from egs.(9.37) and (9.38) that the straight lines Al and A2 are

perpendicular to the straipght line L’l and }32. This follows from the fact that the

prodiict of the angular coefficients for the coordinates of 3 in the equations of
these straipht lines are equal to ~1. In this case, the straicht line Al corre-

sponds to the conditions 0, >0 and siecn B = 1; the straisht line A,, to the condi-

tions {-’ <0 and sirn (3, = 1; the straight line Bl to @ >0 and sifn d = 1; the
straight line Dy, to d <0 and sign a4 = -1,

T+ fallewa from this that the change of sign of f3 means a change in the locus

STAT]
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| _
of points at which the sign of @ can change, and conversely. e note further that

.the region of points for which the condition a > 0, é > 0 will hold, lies below the

Fif.9.8 - Paths of Vertex of Gyro Horizon on Left Turn with
Proportional Characteristics of Correction, Allowing for

Friction in the Gimbals

Al and A2 — Loci of points where é changes sign; Bl and B2 - Loci of

points where changes sign; ClO - Initial focus of spiral; Cll - Eocus
of spiral after intersgction of vertex by straight line A at point a;
012 - Focus of spiral after intersection of vertex by straisht line'B

at point 355 etc.
!

corresponding locus of points of A and B, and the region of points for which the
condition d <O, é < O will be satisfied lies above these loci.

Let at the initial instant of the turn, the vertex of the gyro be at the point
0, i.e., let the gyro axis coincide with the vertical. For this points, under all
circumstances, ¢ < O. Consequently the straight line B2 must be taken as the locus
of points where é can change its sign. But in that case, for é, at the initial in-
stant of time, the condition B >0 will be satisfied, and, consequently the straight
line A; must be taken as the locus of points where dchanges its sign.

In connection with the signs of ¢ and!é so established, the expressions for the

coordinates of the equilibrium position at the initial instant of time may bLe found
STAT
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by simultaneous solution of eqs.(9.37) and (9.38)

(’.I)h- —"l'_:;;(.‘n_h_upl)' (9039)

(Bar)o ™= f";;('{.—?ri-"‘l*?x ) (9.40)

Thus, at the initial instant, the spiral will be drawn from the point ClO’ the
point of intersection of the straight line Al and B2, having coordinates in accord-
ance with eqs.(9.39) and (9.40). Let it be intersected in this case by the straight
line Al at the point a;. This will mean a change of sign for ¢, and, in the first
place, a corresponding change of the expressions for the coordinates of the point

Cyqy of the equilibrium position, which now take the form:

o

(2,)). = — vt (Yo —ps +apy), (9.41)

(3.')'.--1_::; (.‘O—Pl__:_h)' (9‘1"2)

and secondly, the change in the locus of points of change of sign of é from the
straight line R, to the straight line By. It Qill be easily seen that as a result
of these changes, the length of the radius-vector of the spiral decreases

(cf Fig.9.8).

During the further tracing of the spiral from the new center, let it intersect
at the point a,, the straicht line Bl, which is now the locus of points of the
change cof sign of 3. As a result of this change, in the first place, the expres-
sions for the coordinates of the point Cio of the equilibrium position will again

change, and will nov: take the form

(231):y== — l+l¢' (7atpatan) (9.43)

Gu) =5 (= o) (9.4h)

and secondly, the locus of points of chaﬁge of sizn of ¢ will change from the
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straight line Al to the straight line A2. As will be clear, the coordinates of the
equilibrium position, that is, of the focus of the spiral, will already vary in this
case to such an extent that é will become positive (cf. the dashed segment in
Fig.9.8). Dut after the arrival at the straight line By, the sign of A would have
to change from positive to negative.

A contradiction thus arises, from which it follows that a further motion of the
vertex (i.e., motion after it arrives at the point a2) will no longer be possible.
Consequently the point a, in this case will be the position of rest of the vertex.

Thus, in this case of a left turn, the friction in the gimbals favors the more
rapid arrival of the gyro vertex at the equilibrium position, and also favors the
deformation of its path in the direction of reducing the maximum values of the
current deviations.

Let us now consider the case of a right turn. In connection with the change of
sign of a and Yp» the locus of points where d and é change their signs are already
located in the positive quadrant of Oef, as indicated in Fig.9.9. 1In this case, the
region of points for which the condition d >0 is satisfied, as in the preceding
case, will lie above the corresponding straight lines A, while the region of points
for which the condition é < O will lie below those straight lines, the region of
points for which the condition é < O is satisfied will lie below the corresponding
straight line B, and the region of points for which the condition P < 0 is satisfied
will lie above those lines. |

For the same initial conditions as in the.preceding case, we shall in this case
have for the initial instant of time d > 0, é < 0, the straight lines Ay and Bi as
the loci of points of change of sign, and the following expressions for‘thé co-

ordinates of the equilibrium position of the points Ci0
[

. 1
(“.l ),'- +'i:;’—(_1l_h_‘lpl)' (9o[+5)

g
(9.46)

(?-‘ ):'. -‘l—?—ﬂ.’ {.7. +Pl — LP‘L) .

STAT
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It vill be seen from Fiz.9.9 that the vertex of the =yro, after travelin; the

very short distance scparating; the straignt line BJ, which is the locus of points of

Fi~.9.5 - Faths of 7ertez of Gyro llorizon on Ri~ht Turn with
Provortional Characteristics of Correction, allowine for

Frict_.on in the Gimbals

- Ioci.s of points of chanse of sirn of d; T 32 - Locus

z'il 3 112

of points of chanse of sign of é; - Initial focus of spiral;

10

élW - Focus of spiral berinnin7 at point a,; C - Focus of spiral

iecinning at point an} ete.

chan~e of sirn of ;’%, from its initial position as taken by us, will intersect this
straizht line, and in connection with this the sign of 1§ will change from positive
to ne~ative, vhich 1111 mean that the locus of points of change of sisn of ¢ will
chanre from the straisht line A2 to the straisht line Ay, and the expressions for

the coordinates of the equilibrimm of the point Cqy will change to the following:

(1), =+ | (—nte—an). (9.47)

. a |
(:’.l).,‘—: s (.-—.':—‘a“h)- (9.48)
STAT
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As a result of this change, the length of the radius vector of the vertex of
the gyroscone will be increased.

On intersection with the straight line Al, a change of sign of d takes place,
in connection with which the locus of points of change of sign of é will change from
the straight line Bl to the straight line 52, and the expressions for the coordi-

nates of the equilibrium position of the points 012 will change to the following

(Gud, = + 7 (=%t e +apy), (9.49)

1+a? (7'_"'”*":“")' (9.50)

(.3.! )h e

With this change, the length of the radius vector of the vertex will likewise
increase. Let us assume that there is subsequently intersection with the straight
Jine By, which will mean the change of the locns of points of change of sign from
the straight line Ay to the straight line A2 and the change of the expressions for

the coordinates of the equilibrium position of the point C13 to the following:

(3-1),.: +—l—'(—1-“h+am)» (9051)

1+at

(3.r);,-ﬁ(1.+.°. +% P:)- (9.52)

as a result of which the length of the radius vector of the vertex is again increas-

ed, and so on.

The motion of the vertex of the gyro in the plane Oap leads to the establish—

ment of a self-oscillatory closed cycle embracing the rectangle of repose., Let us
derive the conditions that determine the parameter of the cycle. As the parameter
of the cycle, let us take the distance from the noint A of the intersection of the
cycle with the straight line Al to the vertex C of the rectangle of repose., Let us
denote this distance by Thpe Let us also denote the sides of the rectangle of re-

pose as follows:
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CihC\y=C,,C\y= I(3) —(ay) - ! n_ 4 =
' l+a Cos g '/l-4—.'~

CiC)y,=C,,C,, = [(3.1)t —(8,1) ] L. C  —h -
1 Yo cosy (1-a") cosy Vitat )
then, accordins te what has been set forth and €q.(9.27), we shall have the follow-
i osrstem of equations deseribing the motion of the gyro vertex along the limit

cycles

BC" = AC"('“ L (AC" + b) f:':
L] n

CCy;= BC,ye ™ = (BC,; + C) ™,
had <

DC,y=CC\ye* = (CCyy + b) &,

o Bl
AC]I - DC,,C“—(DC“ + C) e?‘.

Since for a ri-ht tum Yp o< 0, it follows that wp <0, @ <0 and the angles ¢ <0,

From the equations so obtained, we find:

Tap = ”[(r", +8) e’% +C] e_’"‘ + b}e;‘ + CJei""'.

Thus the parameter of the limit cycle is determined from the following condi-

tion

(9.53)
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(9.54)

We shall now show that this cycle is stable. Let the vertex of the gyro at the

initial instant of time be on the straight line A at the distance ¥ r from the

point C, which is the point of intersection of the limit cycle with the straipght

line Al. Then, by analogy to the preceding, we may determine the position of the

vertex of the gyro on the straight line Al after it has described one loop of the

spiral:

"

[l oo e lefrale® 3
y={U(r, i 3r)e™ 4cle™ 4 bre™ & ¢ |e™.

wWhence we obtain, taking eq.(9.53) into consideration:

o

r':" &—.\n'“.

np

After the second loop of the spiral, the distance from the gyro vertex to the

limit cycle along the straisht line Ay will be equal to

"
a

Ty==rl, -t-Are T,

and, after the n-th loop it will be equal to

pid
n*

. L
Fo=Ty, i-are “.

2n

n

Since the quantity Are ~0as n — =, the vertex of the gyro will approach

the 1imit cycles, moving along the spiral.

We remark that the vertex of the gyro will approach the limit cycle, both when

it is inside the limit cycle at -Ar, and in the case when it

is outside the linmit
\{g cve

STAT

213

<

Ty T

o




Tt follows from the presence of the limit cycle in a rizht tum that the ryro
wrertical 1111l have a sreater error on a right tuin than on a left turn. The left
turn is used more in aviation (in landing, in formation flyins of aircraft). In
this connection the grro vertical should have a kinetic moment d‘irected upwvard. If
the l-inetic monent is directed in the opposite way, the expression of error vill be
~reatcr for the more usual left turn.

Let s nou calculate the valie of the maximum deflections of the vertex of the
~¥ro on a right turn vhen neving along the libpit cycle. The maxirun deviation aleng
the asis will e at the point 4, the point of intersection between the straight line
Al and the limit cjcle. The coordinate, ('xmin)max of this point is determined from
the fornula

(Gaas = (’u);. + Fap COS (x—3)\

where (¢pq) Pl = coordinate along 2 axis of point C,q, is determined bty eq.(9.47);

9 = an~le between strairht line Al and Oa axis, determined from cg.

(9.28);

Tp limitine radius of cycle, determined by eq.(9.53).

On sabstituting the value of (C‘Bl)pl’ rnprand cos ¢, we obtain the following
formula:

r ) s

le

1 ptp
Ll Tetm—as —2 MR

= (9.55)
¢ —1

The maximm deviation along the £ will be at point B, the point of intersection
of the strairht line D, with the limit cycle. The coordinate (Bnp)ma.x of this point
is determined by the formula

”

"’"')ﬂﬂ 2‘»3“' B —(’-'+h)" o COs 3.

@]

= uhere (Fna) o - coordinate of point Cy,, determined by eq.(9.50)
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2»
b= C,C\y= -

b1eat '

After substituting the wvalues of (5331) > band cosg, we get

p2’ "np

For p; = p, = p, €q.(9.55) and eq.(9.56) take the following form:

2ap
-~ (9.57)

’ -

r
‘,n;)mtz l‘;'. s _"P(l—ﬂ)‘—

(.3.,)-..‘—’ "l., at,+¢(l—a)— 2:"
ia (9-58)

’ -1

The quantities (“np)nax and (Bnp)max may be represented as follows:

(Oap) e oy § R. (9059)
(ot mem2u R, (9.60)

where %oy and BBl are the coordinates of the equilibrium position of the gyro vertex
on a turn in the absence of friction, as determined by egs.(9.19) and (9.21);
R = maximum deviation of gyro vertex along the ¢ and 8 axes from the point
of eguilibrium position with coordinates (ocBl, BBl) on motion alons the

limit cycle

Let us determine how the value of R varies with variation of the angular velo-

city of a right turn wp from O to - =, that is, on variation of a from O to —

{—a la
Hm R=lim ——
w0 a0 lfd:P ( ..; P
a anle -,
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We ohtain finally
limR--»n.
Rut as a - 1 0 and R r1 " 0, while the sides of the rectangle of re-
vose b - 2p. In accordance with this, as a - O, the limit cycle approaches the
rectangle of repose.

Let us now detcrmine the value of Ras a - =~ «:

limR==1im ! .<p— I -

He ~ B go-m 14+a? -,
(1“')(( R

On expanding the indeterminate expression by L'Hospital rule, we get
imR= 1 .. (9.61)
" » r

\le may make sure that

A

A= 1 (k=D wiNalle r2(1—an .

= —rt Y 3 ~0
(1+at) ‘.- @ 1)

¢

da (1-atp

. . . 4
as a varies from O to.~ =, Accordingly, R increases monotone from p to — p as a
T

1 .
varies from O to - =, For |a|] > 1, R= —2, B> , and the maximum deviation of

r1~ “m1

the gyro vertex from the origin of coordinates, when moving along the limit cycle,

is detemrined according to eq.(9.60) from the following formula:

(an!)nu:: am + A p.

14 a? L3

3 Lo
On replacing a by —— and p by s we get
€ Eii

fwg 4 L; Is 4 LP
N B T T
(ﬁnp)'-“ 2 . mz Tt r el wy x e

(9.63)

Let us determine the value of ¢ 0 for which (B takes the minimum value for

np )max

a given ratio 3°, For this purpose, let us set the derivative of (B8 __) with
® , np’max
00

respect to e egual to O:

STAT
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d (’np ) 1 )

For so we shall have

(.‘jl‘;l)-ll= " “" - l * (9'65)

Let us now determine the value of the maximum deviation of the gyro vertex from
the origin of coordinates on motion along the limit cycle on of(,ran ) ___ for the
Y3
selected value of ¢ 0 and the other values of -2 . For this purpose, let us substi-

0)
13
tute in eq.(9.63) for eq its value as determined adcording from eq.(9.64):

ol = ) 16

After simple transformations we get
T»

o ‘/d; ;/7.. (9.66)

. Y
Figure 9.10 shows the variation of the value of —B on variation of

o D from O

to - <. In fact, as wy, — 0,

gV’
. arcig -
lim " =lim -

- LU e 0 ..

Yp
as [mB, e, | o_l decreases monotone, and approacnes 0 as |w

-

B | *

If for 8o we take its maximum value A, obtained in the actual range Of"’B and

¥,
{_r} aircraft speeds V, the1.1 (Bnp)max will vary with the variation of wB within theSTAT
B
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) A

Ao R /a/ ) . iL,
’ n/l. (:‘np).u' -)‘ A‘/;H' (9-67)

PP

U b}
vwhere B - minirrez value of —_— for »- — 1f, however, we take thc value B
. [d:) -t .

TR Aavn [u
Ql/B'/ zfl*‘(P“’)““' V'R V xt’ (9.6¢)

Takineg the inequality 4 > B into account, we have the following inequalities

Al oy A (9.69)
) B

A o,
) EE .-)‘ B' (9.70)

since the arithmetic nean is greater
than the ~eometric mean.

Further,

A B

30 y A
Fir.9.1C - Crashs of _ 27 = f(uy)
) w, B
¥le]
for v, and v,

. i From the inequalities (9.69), (9.70),

and (9.71), we obtain

s . / H
o) At

I L4 CV B (9.72)

The conclusion ray be dravn on the basis of egs.(9.67), (9.68) and (9.72) that to

redace the turnins errors, the value of eo should be selected for the maximum valne
b3 vnmx

.Y
of the ratio iz, egial to ahoat .
h, s

Then fromueqs.(9.(:/;) and (9.65) we ret

T
¢ = = _‘_/ '
nll Vmax
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(9.74)

L .
To illustrate these conclusions we present an example. Le’c,_p = 0,000314
1§
1/sec, and let the speed vary from 100 m/sec to 300 m/sec.
Y Y ]

In this case let us assume that {_B) = 10 sec, (j) = 30 sec. Then, if

Y3 Y3 fmin Y3 Imax

we select €, according to |—- s we shall have, by eq.(9.66):

0 “3 / min

|

s

s, =0,0063 1/sec.,
for h'=10 sec. (3np)nug0'126=7‘2 '

Wy

for 1"—:30 Sec. (3"“).":0'253_ 14,5 .

If we select €n according ’t,o(Y;3 > we shall obtain, analogously: & =

MB) max
0.0036 1/sec

for -:--10 S€C. (Bap)aes = 0,139 = 7.9°,

for L1230 sec. (3y)e,=0219m= 12,5

Since for ':BO > by eq.(9.65), '{)Blo = R°, it follows that the limit cycle will
i practically passBil:)hrough the origin of coordinates (Fig.9.11). If the ratio :—f
decreases on account of the decre::se in
the velocity v or the increase of wp»
then this will lead to the decrease
of gy with the radius of the limit
cycle being maintained practié:ally the
same. In this case the origin of co-
ordinates comes inside the limit cycle.
The vertex of the gyro will approach

Fig.9.11 - Limit Cycles:

Y30 the limit cycle from inside, while the
Curve 1, for __—;

“Bo value of the maximum error will not
Curve 2, for _7..‘<]!
o e exceed the values given in eq.(9.74)

for any duration of turn.

STAT
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Turming Deviations of Gyro Ilorizon with Constant Characteristic of Correction

On substituting in eq.(9.1) the expressions for p and q according to eq.(9.10)
and the expressions for Lx and Ly according to the conditions of the constant char-
acteristic, taking it as being hysteresis-free and vrthout a zone of insensitivity,

and also bLearins the conditions of eqs.(9.11) and (9.12) in mind, we obtain the

equations of motion in the following form:

H(i—a3)m — & sign(a+3,)+ L, sign ], (9.75)
H(+ea)= —4 sgns—L,signa,

e Pt ST e £ o et e s

Gmwf—a,([sign (2+7,)—ngy sign |,

ﬁ"‘—-,z—-“ [signd 4+ »,,sign d), (9.75a)

en s s et A i

!p

s §o= — s the second digit of the subscript indicating the number of the

H
i

where ny
moment of friction Lp, the first digit the number of the moment of correction K,
Let us for the time Leing reject the tems characterizing the influence of
friction, and let us reurite the equations so obLtained in the folloving form:
6o~ —a,sign(ssty,),
B+ ma——a,signs. (9.76)

.~

Assuming, as usial, that the operation of differentiation does not include
those noments of time when sien (a0 + YR) and sicn ﬁ underso a break in continuity,
that is, when o + Yg and ,Q chanre their siems, we find it possible to operate an
cq.(9.76) as on lincar equations.

Taliing this into account, let us eliminate the variable 3 from the first equa-

tion by the .aid of the second equation. As a result we obtain

a +ozz- —"'sz sign B,

where

bl _‘:’nl .
wy
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The integral of this equation will be the expression

a=A sin(wy! : &) -4 - 599 (9-79)
where

A and 6 are arbitrary constants.
On substituting the solution eq.(9.79) in the first of eqs.(9.76), we find
(9.61)

B-A Cos (.lr + ':)+ p-l'

where

Bar = by sign (2+7,), (9.82)

b, o k2 .

[ (9'83)
" Thus both o and 3 are periodic functions in this case,

In other words, in contrast to the preceding case of proportional correction

characteristics, in this case, with constant correction characteristics, there
exists no position of stable equilibrium for the EYro axis in the prcess of turning,
We shall specially dwell on this circumstance somewhat later.

Let us transfer %y and B, to the left side of eq.(9.79) and eq.(9.61) respec-
tively, square the equations so obtained, by parts, and add these parts, as a result
of which we obtain

(@—aw)?- (3 2ap? A2 (9.84)

The equation so obtained will be the equation of the path of the gyro vertex in
02 coordinates, As will be clear it is the equation of g circle with o ° as
i . B2’ ¥B2
vae coordinates of its center,

However, bhefore making use of this equation to construct the path of the

in the continuity of sign (¢ + YB) and signf .

Let the vertex of the gyro be located at the initial instant of time at the
origin of coordinates OB (that is, the gyro axis was in the local verticalj). In

this case  fam +u. “*4al instant of time, for a left turn y > O, the condition STAT
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sign(a-+-7e) =1
will obtain, and, consequently, on the basis of eq.(9.76), the condition
a-<0

and the corresponding accwawlation of the negative value of .

The positive term wya will therefore accrmlate in eq.(9.76) for p. Put motion
alonz the axis OF cannot at first take place, since on appearance of a small posi-

|

tive valie'of B, on account of the positive ,‘:3, the negative tem uq will appear
with a jump in the expression for ;5', and this term will at first exceed in modulus
the positive term Wl Therefore will vary with a junp from its positive value to
some nezative value, and on account of this, the positive value of 3, which appears
at first, and is as small as rmay Le desired, will be eliminated.

Things will proceed in this \~ray'1‘_‘ntil the condition

. ®,3 oy,

bezins to be satisfied, that is, until @ reaches in modulus a value satisfying the

i

condition -

la| >b,
2y satisfying this condition the existence of the already discontinuous func-

tion
120

21317 Le assured 5 which will mean the accumulation of the continuous function
aNe
as well.
In this vay, in the ranze of values

0>e>—b, (9.€5)

the vertex of the ryro will move along the axis O¢ toward the nesative wvalues of ¢ .
~erinning with the value

a—=—b,, (9.86)

111 _alsmaads he determined by eq.(9.84) for STAT
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sign(a - v,)=1 & sign 3=l
Let us find the time that will elapse from the instant the turn begins until

the condition :
i

== —-b._
is satisfied.

The motion of the gyro vertex during;J “his time will obey the law

4
:--—-A(._,dt,

or, bearing in mind the fact that, K1 is constant,
.=—..|’.
whence, after replacing « according to eq.(9.86) and introducing the notation t, for

the required time interval, we obtain

’l-'l ’
-y

L.@., the required time interval will be equal to thei part of the reriod of the
o <
turn. )
{

The initial conditions for determining the arbitrary constant for the next part

of the path will be

‘zblo
8=0,

whence, bearing in mind egs.(9.80) and (9.82), we get

| AT b (9.€7)

If, in addition to the above, we take, as is usual, and occurs, Wi = oo = Gy
vhich means t] = by, = b, and assume that during the motion of the vertex of the EYTo
around the circle, the coordinate of this vertex remains in modulus less than Yg»
then we get the result that the remaining part of the path will be a circle inscrib-

~ed in the quadrant OaR with the coordinates (-b, &) for the center, where b is con-
sidered a positive quantity (Fig.9.12a). For a right turn, the center of the circle

will have the coordinates (+b, b),
STAT
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If the condition
by~ by,
ottains, considering that b, and by are quantities essentially positive, then the
path will liliewise be a circle with (¥b), by) as the coordinates of the center, tan-
~ent to enly one axis Oa anxl either not reaching axis OR, for bJ > b2 or else inter-

sectin~ it (for by < by).

- 4

¢)

Fi~,9,12 - Paths of lotion of Vertex of Gyrohorizon with Constant Characteristics
of Jorrection on libtion of the Vertex of the Gyroscope from the Oririn

1

i of Coordinates

Let 1s find the locus of possible positions of the centers of the circle so

fornd with varying o s limited by the cendition that

m"r-_ Dy =" My,

By eliminating y, fron egs.(9.60) and (9.€2), for this purpose, we ret
Qo= a2,
where the upper si-n correspends to a left turn and the lower sisn to a rirht turn.

Thus these loci will be straizht lines with an angular coefficient equal in

modulas to unity, with increasing distance of the points of the straicht lines from

the origin of coordinates corresponding to decrease of wp (Fiz.9.13).

STAT
224
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As wp decreases, the radius of the circle increases, reaching, ath kp’ its
Y
moximum value, equal 'c,oT (Fig.9.14). Taking account of egs.(9.78) and (9.83), we

shall have for (’IB kp:

“g _,Tn

- p 2

w3V
Since we may take Uy = — (for banks that are not very preat), we shall have

..l/l--t, ,-l/_n_

For Wp> Wy s the maximum turning errors are determined by the formmula

Ts mas= 2p mas=20. (9.88&)

Fig.9.13 - Locus of Point of Centers of Fig.9.14 — Path of lotion of Vertex of
Circles Described by the Vertex of Gyro Gyro llorizon with Constant Characteris—
llorizon during a Turn, with Constant tics of Correction when the Gyro Vertex

Characteristics of Correction, Allowing Yoves from an Arbitrary Point

for Friction

Form < wp Kp® the limit circles touch the straight line a + YB = 04

and B = {/B, and the maximum errors are determined by the formula
(9.28b)
Usually wg > wp kp? and the maxirmum turning errors are determined DY eqgs.

(9.68a). v

A1 4

Jave enunerated are presented in Figs.9.12. It is easy to STAT
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see thait, berinning at the instant of time when the vertex of the gyro enters on the
circle, the bhehavior of the ayro will te analosrous to the behavior of an indamped
~vro pendul-y: with its equilihrium point at the center of the circle Cz. In this
case a left turn vill correspond to the lover position of the center of rravity in
the cyro pend:lui, and a risht t:n to the upper position,

Jie have discussed the motion cf 'the gyro vertex durin: a turn in the case vhen
it was at the ori-in of coordinates. It can e showm that at any initial positicon
vhatever It 1111 mreve dar‘nes a tirn 2lon~ the circlghggperxdncd by us and having the

radi s b?. For this we renarl. that the strairht lines a + YR = U and 3 = O divide

4

the entire plane into four gradrants (Fir.9.13) in each of which the :otion proceeds
alons the circles wlth centers at the points Oy, Oj, U3, and Oy havings the co-

and 2 accordin~ to egs.(9.6C) and L2):

B2 ¢ B2 L. QS (9 ) (9 ¢ )

H 4 el . o
first gradrant: a4

owdinates a
20 B0 ag= —by
second quadrant: 247, >0 300 2,9==b,

third quadrant: a44, <0, B<O0, a,4=b,,

in fourth q':;drant: a+75,<0, B.-0, a,=—b,

Firare (9.13) ~ives a construction for the rmotion of the oyro vertex from an
artitrary po'nt. 'Jith this constraction it was taken into accoint that vnen the
~ro vertex reaches the points of the serments AB = 2bl or CD = 2b2, it will move
aion~ these se-ments according to what has been said on pare 148, As a resnlt of

this construction wve may convince ourselves that the vertex of the ryroscupe moves

alon; a circie of radius b,.

2n
Example. Taldn? uwy,y =9, = oy = (°/rin, we et for Yy = To 1/sec, i.e., for

a turn the £:11 circle of which is completed in 1 min,

2 1]
3 o =~
*max p'mal -

For Wyq T Wyn T AP/min and v = 150 m/sec = 540 lm/hour. The maximam error is

deterninerd as:

m— T e e s, St Sttt
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Ter L/Q:'V =0,23=13 .

The values of Wy taken by us correspond to the order of this quantity that is

ordinarily used in actual practice. As will be clear, with this order of'wl,, the

maxinmm values of the turning deviation with constant charactéristics of correction

have a considerable nmagnitude. For this reason, even with a constant characteris-

e T PR AP S0P MU P P

tics of correction, it is necessary to shut off the corrector.
Let us elucidate the influence of friction in the gimbals on the tehavior of a
]

~yro horizon with constant characteristic of correction during a turn.

Je remark first of all that, from the above noted analogy in the behavior of

the gyro in the case we are considering to the behavier of a gyro pendulum, it may
te exvected that the influence of friction in the gimbals in this case will have the
same effect as the infliience of this friction on the gyro pendulum. lore svecifi-

cally, with a left turn, for which the analogy with the behavior of the 'lower gyro

pendulum holds true, the friction in the gimbals will encourage the transformation
of the rmotion of the vertex of the gyro along a circle into motion along an involu-
tional spiral; with a right turn, for which the analogy with the behavier of the

upper gyro pendulum holds, the friction in the gimbals will encourage the transfor-

mation of the circular motion into motion along an evolutional spiral. ;And this has

been confirmed.

As follows fromn eq.(9.75), allowance for the friction in the gimbals modifies,
in the first place, the value of the factors beforele and Wgo in modulus, and in
the second place adds, as instants of time when these factors undergo a brealk in

continuity, those instants whend and £ change their signs, in addition to the in-

stants of time when (a+ YB) and 8 change‘their signs.

On excluding from the operation, in addition to the former instants of time

when (a +yp) and B change their signs, these new instants of time as well, we are

75), as before, as linear equations. On doing this underSTAT

227

. T A T T A S

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5




Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

same procedure as bhefore, we obtain solutions in the following form:

2= A sin (o,f + ) + (,9);.

; (9.£9)
#== Acos (".t + ?‘) + (3.1)"

where

(=..)=-—bx(smn3+nuslw\d)-‘ |
(3,2): == by [sign (a4 7,) — ngy sign 3], |

o o S s = =

i e i R et =

or, eliminating the time,

(@— (Ge) g}t~ [3—(201) ) P AL (9.91)

Let, for t = = 0. Then, by eq.(9.75), 4 < 0, and, consequently,

it cr e emte LB s TR

é > 0. Thus at the initial instant of time, the negative values of o and the posi-

tive values of { begin to accumulate. The first acommulation can take place without

R
SOPSTREAN AP P

hirdrance for a certain definite time, but a second accumulation cannot be accom-
plished, since at a negative value of R, mo matter how small in modulus, the correc-
tion on angle R is already turned on, that is,
sign g==l
appears and B becomes negative, and, consequently, this positive value of B will be
liquidated.
This will continue until
a= - b,(1 -y (9.92)
is satisfied. Since in this case, under all conditions, on account of Ygo the value
of d < O still persists, tnen, consequently, on account of the persisting accumula-
tion of negcative values of @, the appearance of 3 > O can still be possible.
4s a result, the accumulation of positive 3 begins, and, Leginning at this
instant, the eqaation of path of the vertex of the syro according to cq.(9.91) al-
ready Lecomes applicable, however, taking into account the fact that when a and B
change their sisns, the valies of (aBz)p and (BBZ)p’ i.,e., the coordinates of the

center of the circlec by eq.(9.90), will also vary accordingly.

Let us find the loci of points where d and 3 131l change sicns. Fron eq.(9.75)

STAT
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it follows that these loci will be respectively the straizht lines A and B

(Fig.9.15), defined by the equations

gmmby (sigM &+ To) —Mn sign £,
. (9.93)
.-—bl [sig'n 3+'||| Si'ﬂ [ 3 ].

Since, directly after the instant that eq.(9.92) is satisfied, as has bcen

shovm, the values

a<0. ‘C<0. 2-+v4>0,
3>0, 8>0,

will hold, then, consequently, the coordinates of the initial position of the center
of the circle, being the point of intersection, C?l’ of the straight lines Ay and
B2, are defined by the expressions

(8,0)y, = — b, (1 —ny4), (9.93a)
(Boady = ba (1 =) (9.93b)

while the equation of the locus of points of change of sign of ¢, which will be the

o bbb St e ¢ A5 i e T R oo b

first to be intersected by the path of the gyro verter, will take the form (cf.
straight line 4 on Fir.9.15)
Qu=by (- -ngy).
/hen this intersection takes place, then as a result of the change of sipgn
of &, the expression for the coordinate of the center of the circle tpo also changes

to the following

(2as)s= =0 (1 + ). (9.93c)

As will he easily seen (cf.Firr.C).lh), as a result of this change of sign of d,
the component of the radius of the circle along the axis Oa decreases by the

quantity

Aa=2bny,

or, bearing in mind the expressions for by and mp:

R P TR

da=2 En .
‘Hey

s abind )

LB DI TR

s
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In the ‘subsequent motion, the path of the gyro vertex intersects the locus of
points of change of sign of é, the equation of which is defined by the expression
a=--by(1t ).
when this intersection takes place,
then, as a result of the change of sign
of {5', the expression for the coordinate of

the center of the circle (BB2)p changes to

the following
(Ba)ia =02 (1 + ny). (9.93d)

As a result of this change of sign
of f;, the component of the radius of the
Fig.9.15 - Path of Motion of Vertex circle along the axis Of3 decreases by the
of Gyrohorizon during a Left Turn quantity

with Constant Characteristics of A3 2hengy,

Correction, Allowing for Friction or, bearing in mind the expressions for by

and Noy s

C.. - Initial position of center of

21 .

circle; Cyy - Position after inter- Al = ”‘ . (9.95)

section of straight line Al’ etc.’
. In the following motion, the path of

the gyro vertex again intersects the locus of the points of change of sign of g »

Since in this motion P <0, the equation of this locus will already have the form

(cf. the straight line Ay):
B- be(l ¢ nn).

In this case the expression for (aBz)p again takes the form according to ap, but the
position of the vertex of the gyro will be such in this case that the component of

the radius of the circle along the axis On again decreases by the quantity Ad, etc.

In this way, beginning at the instant when eq.(9.92) is satisfied, after every

quarter period of the turn, there will be a decrease in turn of one component of the

STAT
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radius of the circle after the other, as a result of vhich an involutional: spiral i
: s

formed.

It follows from Fig.9.15 and qs.(9.93a, 9.93b, 9.93c, and 9.93d) that the

maximum turning errors on a left tum in the pi"esence of friction are defined by the

following formulass:

%y mar® (302). - (3%,0)., = —bll(l_”u)—ba(]—”n). (9 96)

Y

“a masx =(an’) T2, max + (1.1);, =2b’ (] —nil) + bl (] — "ll)-
= by (11 n,). (9.97)

3

p
l s> we shall have:

(9.98)

]

(9.99)

If we decrease w then t i
B he values of %5 max and BB max Will increase until the path

of the gyro vertex makes cont i i i
act with the straight line o« + Yg = O, the limiting

values' of g max and BB max being defined by the formulas:

e mez ™ Tor (9.100)

R e kAR e

5 L
Poman=T¢— A3y —2. " -

L. -y ° (9-101)
Let us consider the case of a right turn for by = by = b and n,, = n] n

21 ~ M2 T 0
In the case for right turn, motion will begin under the same initial conditions

at o > O-
Up to the values

3=b(l- n (9 102)

motions will take place along the Oa axis in the positive sense, and then along the

circle. In this case, the initial expressions for the coordinates of the center of

this circle will be of the form

7

(243):,= — b (1 +n), (9.102a)

STAT
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(3.4) = - b(1+n). (9.102b)
YK

We remark that for a right turn,w B> Oand —_ =b < 0. The first to be intersect-

10}
3
ed, as in the preceding case, will be the locus of points of change of sign of d,

defined by an equation of the following form (cf. straight line Ay), (Fig.9.16).

s b1, (9.103)
As a result of this change of sign of d, the expression for the coordinate of

the center of the circle (“BZ)pz will take the form

(Baa)n = —b(1—n), (9.102c)

which will mean the increase of the component of the radius of the circle along the

axis Oc by the quantity Aa.

Fig.9.16 - Limit Cycle of Motion of Vertex of Gyro Horizon during Right
L

(¢
Turn with Constant Characteristics of Correction and — > 0.37
N
When, during the following motion, the path of the vertex intersects the locus

of points of change of sign of g, whose equation will be of the form (cf. straight

line B?_):

a- -htl n) (9.104)
the expression for the coordinate of the center of the circle (8B2)'p2 will now

change to the following:

232

O e

.
1
|
H
3
§
H
i
i
!
H

B N s it

TR A L e i Kk B3 By Bt

assified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5




Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

(Bua)n =8 (1—n), (9.1024)
which will mean that the component of the radius of the circle along the axis Op

will increase by the quantity A8, etc.

” IBI |"

—
o

Fig.9.17 - Path of Motion of Vertex of -Gyro Horizon during a

P e R I LR S

Right Turn with Constant Characteristics of Friction
L
and —~ > 0.37 .

“h

T RIS

On continuing this construction further, we may obtain the entire path of

motion of the gyro vertex as has been done in Figs.9.16 and 9.17. Here, depending
L L
on the ratio Lp , we may obtain a closed stable cycle (Fig.(9.16), if Ip
i L K

a divergent path (Fig.9.17), ifl—p— > 0.37 (Bibl.5).
“h

The value of the critical ratio I;D_ = 0.37, at which a stable cyecle is still

< 0.37, or

N
possible, may be determined by equating the segment ACl5 and the radius Ps» which
Wy
may be expressed in terms of b =—" and n.

Wn
i)

The values of the maximum errors in motion along the limit cycle during a right

turn may be determined on Fig.9.1l6:
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L~ an(1+n), (9.105)

2 was

Baee - -26(142n). (9.106)
These formulas will hold until the limit cycle intersects the straight
line a'+ Yp = 0. If this intersection takes place, then the maximum errors during a
right turnimay be determined from Fig.9.18:
| Ter Yo (9.107)

2 3o e 2bn (9.108)

IJ
If —° > 0.37, then, as has al-

“h

ready been stated, the path of the gyro

vertex will be divergent. Even this
path, however, will still tend to its
limit cycle after a few revolutions.

The values of the maximum errors here

will increase by more than in the

Lo

case < 0.37.

Fig.9.18 - Limit Cycle during a Right Ly Lar
The case of "

Turn as it Intersects the Straight L.
sidered in detail, since in practice

L1nea+YB=O‘ Lo

has not been con-

I < 0,37 is usually the case.
‘I

Mixed Characteristic of Correction

Fundamental studies of the behavior of a gyro horizon with mixed correction
characteristic during a turn have been made, and in particular, by S.5.Tikhmenev.
It is on these studies that the theory given below is based.

According to the ratios between the deviations of the gyro axes o and §, the

angle of bank in the turn vg, and the values of the zones of proportionality ¢y

and «1)2 of the mixed characteristic, the following four cases may holds

7 -1 P 9<°:. 1st case

1 1o>Pn 3>, 2nd case
STAT
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- eI T

241l P 8>, 3rd case
a--Yo>Ps B 1P 4th case
!
;( The 1st and 2nd cases correspond to the cases already investigated for charac-

teristics that are only proportional (1lst case) and only constant (2nd case); the

3rd and 4th cases are now to be investigated.

We remarked that the A4th case must be considered the most real of all these
cases, and we shall therefore initiate our investigation with that case. This means
that during all the motions of the gyro vertex along the Oqaxis, the law of the

constant characteristic will hold, and along the 03 axis, the law of the propor-

tional characteristic.,

The equations of motion for this case are written in the following form

H (G —w3)= —K,sign(a+7,)+ L, sign$,

'(9.109)
H@P +w,2)= —K3— L. signd,

or
( ) 2 —w 34— dev) — i B :
- a=w3—wg, [slgn (2+ 7 Ry, SIgN ]'l (9.110)

8= —t(3+a,a+p signd), l
where
a,=""

Let us reject, for simplicity, the temms allowing for friction in the gimbals.

Equation (9.110) is then rewritten in the following form

Y " LICE RN

(9.111)
3'*'“’."?"13:‘0- J

Assuming as usual that the operations will not include the instants of time at

which sign (¢ + YB) changes its sign, and eliminating the variable g from the first

equation by the aid of the second equation, we get

. ’ 2 b, (9.112)
(k\ :+t,a+u;x——m.a sign(2417,).
' 1

STAT
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The integral of this equation will be

Yy
am A¢ ? sin (Mot +73) 1 a,,,

where A and § are arbitrary constants,

m-'/’l— 1

da)

b
&, = — .: sign (24 1,)-

substituting eq.(9.113) in the first of egs.(9.11), we obtain

- :' t
p=Ae - [m COS(Mw.f—}-i)-—-_—)L- sin (me,t - &) ]-Haw
-4

3.0=bgsign(a+7,). (9.117)

Tt follows from egs.(9.113) and (9.115) that in the fourth case which we are
studying here there exists an equilibrium position for the gyro vertex, as for the
case of the proportional characteristics, but with a time constant of the transient
state twice as long as in the case of the proportional characteristics alone.

As will be seen f::‘om eqs.(9.115) and (9.117), the coordinate of this equili-
brium position, BBL, coincides identically with the expression for( the coordinate BBZ
oif the center of the circle described by the gyro vertex with constant characteris-
tics of correction while the cooniinateaBA is less than the coordinate Ugo of this
center by a factor of a; (here and hereafter we shall put ;xl >1).

As before, the coordinate Bp), will be the same for a left and right turn; while
the coordinate gy will be negative for a left turn and positive for a right turn.

Let us, find the locus of points of this equilibrium position. ¥For this pur-
pose, after’ eliminating the angular velocity of the temm for this purpose, from

W2 3
eqs.(9.115) and (9.117), and bearing in mind that by = > 8] = —, We get:

®n
I o

e — " 3'sign(at7)

-y

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

or, bearing in mind that Wgo = Exby,
= e PsiEn (2 49),

that is, this locus will be a parabola with its vertex at the point 0 (Fig.9.19).

In this case, to the points more remote from the vertex of the parabola, the smaller

values in modulus of the angular velo-

cities of turn wp will correspond.
From the equation of the coordi-~

nates of the steady value of the turn-

ing deviations for the case under con-
sideration, with coordinates of the

center of the circle described by the

vertex of the gyro for constant charac—

teristics of correction (second case),
Fig.9.19 - locus of Equilibrium

and from the coordinates of the steady
Position of Vertex of Gyro during Turn
position of the vertex for proportional
in the Case of Various Correction :

characteristics (first case) it follows
Characteristics: Iocus IV Corresponds

that in this case the turning devia-
to Constant Characteristic with Respect

tions will be minimum, since
to Angle @ and to Proportional Charac-

gyl < a,l < g,

teristic with Respect to Angle §;
Boe = Boe < B

Locus III Corresponds to the Opposite
As will be seen from the expres-
Case
sions for ¢ and B, egs.(9.113) and
a) Case IV; b) Case ITT (9.115), the path of the gyro vertex
toward the steady position in this case
will be more complex than the path of the gym'.verbex toward the steady state with
proportional characteristics. This complexity is due, first, to the fact that the

period of oscillation differs in this case from the period of the turn, belng
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longer, and in the second place by the fact that the variation of B differs from the
: 7
variation of ¢ by a phase angle less than— , since the expression for B, eq. (9.116),

nay easily be transformed to the following form:

-
See Ae 1 cos(me 4+ —=3)+b0 (9.118)
where

|
lz 8| - 2‘;" . (90119)

For actual turning rates, the value of ! may be neglected, with a sufficient
Lat .
-9l
degree of accuracy, by comparison with unity in eq.(9.114). Then we may take m = 1.
On then transferring Uy and B, in egs.(9.113) and (9.116) to the left side,

squaring the equations so obtained, and adding them by parts, we get

1
(32,00 + (BBt = Ate=[ 1+ sin (s, +8)— 5 osin 2(mt+3))]-
! 1 []
On neglecting, on the same basis as above, the second term in the brackets on

the right side of the expression so obtained, and going over to polar coordinates

with origin at the point Ch’ we get

r=A¢'- b ‘/ 1 — ! sin 2(3+2). (9.120)
‘.)ﬂl

where R and 6 are arbitrary constants.

Thus, the required path is represented by a logarithmic spi;'al with a damping
exponent half as great as with a proportional correction characteristic, with addi-
tional periodic variations of the radius vector superimposed on this spiral, ranging

1 1
from the value \/1 + to the value \/ 1 + of its current length, at fre-

a]_ 381
quency double the frequency of rotation of the radius vector.
This path is presented in Fig.9.20 for the value a = 2,0, which corresponds,

for € = 0.05 1/sec, to a value of 1 min for Tp. The dashed curve corresponds to the

logarithmic spiral. For shorter periods of turning, these additional variations of
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the radius vector will have an even less marked effect.

Thus, with an accuracy sufficient for practice,

Fig.9.20 - Path of Motion of Vertex of
Gyro Horizon during a Left Turn in the
case of Constant Correction Character-
istics with Respect to Angle a and

proportional Correction Characteristic

with Respect to Angle

from the point O
Oa and O axes, which

equalities

we denote respectively by (@5 max 4

it may be asserted 'that the
path of the gyro vertex rexilains, in the
case we are studying, the sanie in form
as in the case of proportional charac-
teristics alone, that is, it retains
the form of a logarithmic spiral, but
has a damping exponent half as great,
and steady-position coordinates con-
siderably smaller in modulu|s.

It follows from the sp‘iral motion
of the gyro vertex toward its steady
position that the maximum values of the
turning deviations will be less than
twice the value of the deviation of the

steady position of the gyro vertex Ch’

In other words, for the maximum deviations of the tip along the

and (Bg max)lp the in-

(@ ae)dl <2
L4}

‘-(p- .n)l‘ < 2’!'

will hold.

Tt follows from this, in particular,
sponding to the
motions of the gyro vertex if the

tic for correction, with respect to angle 8

239

4th case we are nov considering

@, > 2b,,

that we shall know the conditions corre-

to be satisfied during all the

gone of proportionality of the mixed characteris-

, satisfies the relation

(9.122)
STAT
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and for the correction with respect to angle a, the relation

o, .;.‘._2%, (9.123)
L}

Let us now assume that the condition of eq.(9.123) is satisfied, while the zone
of proportionality of the mixed characteristic of correction with resx?ect to angle B
D, >b,, (9.124)
but that nevertheless its value does not assure the satisfaction of the conditions

for the case under examination throughout the entire process of motion of the gyro

vertex toward the steady position. 1In this case, within the limits of motion of the
gyro vertex, determined by the relation

370, (9.125)
motion will be known to take place along a spiral according to eq.(9.120), but
beyond these limits, that is, for

>, (9.126)

the vertex will pass over to a region corresponding to the conditions of the second
case, that is, it will pass over into a cycle according to eq.(9.84) with its center
at the point with coordinates B2 R pp) defined by egs.(9.80) and (9.82), of which
the expression for Ap, may be rewritten, in this case, in the following form

0l . (90127)

Ty ™= — a
After the situation becomes such that the inequality of eq.(9.126) is violated,
and the inequality of eq.(9.125) now holds on any further motion of the gyro vertex,
the reverse transition from the circular path to the spiral one takes place. If the
gyro vertex after this again reaches the boundaries of transition from the spiral
path to the circular one, then this now takes place, this time, in a position corre-
sponding to a decreased radius of the circle.
Thus in the last analysis there is still a damping of the motion of the gyro

vertex with its establishment in a position of rest corresponding to the pure spiral

motion according to egs.(9.115) and (9.116). The difference will only be that the
STAT,
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setting time, on account of the fact that the motion will take place, in part, in
the absence of damping, will be accordingly lengthened.

If the zone of proportionality of mixed characteristic is alternately determin-
ed by the relation

@y by,
then, as will easily be seen from similar reasoning, the total path of the gyro ver-
tex will necessarily consist of spiral and circular sections, but the motion will
end, not in the establishment of the gyro vertex at some definite position of rest,
but in the establishment of motion along a circle of radius

R &, b,

It follows from this that the inequalities of eq.(9.121) constitute the maximum
possible turning deviations, not only when the conditions of eq.(9.122) are satis-
fied, but also when the conditions of eq.(9.124) are satisfied. '

Let us pass now to the study of the third case.
The equations of motion corresponding to this case are written in the following

form (friction in the gimbals being neglected as in.the preceding case):
bi

it ea—efm= —t, (9.128)
B+ wa= —w,signp.

On eliminating the variable g from the first equation by the aid of the second equa-
tion, we get

a-tesa-- wta=— @b, sign 3. (91.129)

The integral of this equation will be

a=Ae ° 'sln (mo t +12) +a,,, (9.130)

a,,= —b,sign8. (9.131)
On substituting the solution eq.(9.130) in the first equation of egs.(9.128),

we get

241
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!‘ .
1

i . where

i

‘1‘ '
2 1 i N
B=Ae 1—2‘; sin (rrim,t-{-o)-é-mcos (nm,t+")] + Bas.

By me T2V MRND ' (9.133)

a

Qy=-

4G
The locus of the points of the equilibrium positions with coordinates
(eggs Bg3) will be the curve defined by the equation

PSRRI (9.134)

e D -———
-

@ -
which is shown in Fig.9.19. It is as's{lmed here that
%n = tan yg = ::r and sign 8 = 1, since 8 > 0.

As will be seen from the solution so obtained, the motion of the gyro vertex
will proceed in this case along a curve of the same form as in the preceding case,
but with different coordinates of the steady position.

Let us now ascertain to what turning characteristics each of the four possible
cases of the location of the gyro vertex in the steady state will correspond. Let
us confine ourselves here to the case

O,=Pym®, o,=t,=0

From eqs.(9.19) and (9.21) for the coordinates of the steady position with pro-
portional characteristics, i.e., for the region of the first case, and from the con-
ditions for the boundaries of this region, there result the following inequalities

which become equalities on the boundaries of the region (cf.Fig.9.21):
-, (9.135)

|.a?

Y (9.136)

<

14 a?

Let us take, here and hereafter:
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1 =2a. (9.137)
£ b

’ . . {
Bearing this in mind, we obtain from the inequality of eq.(9.135):

v e L. fea i (9.138)
e < -

and from the inequality of eq.(9.136):

oo 1-& (9.139)

: e

Taking eq.(9.138) as an equality, we obtain from the inequality of eq.(9.139),
for the boundary of this region along the Oa axis:
a>l for :<®. (9.140)

, Taking eq.(9.139) as an equality,
el
Ja)=®¢ 5T we obtain the inequality of eq.(9.138)

ol “f
i@)=0g T for the boundary of this region along

9 fe@
Ha)=0g T the OB axis:
L)
f(e) 4%(s) a [ jora o @ (9.141)

If, as is usually done, we adopt

o5 92 0% 35 04 ! an order of 2 - 3° for the value of ¢

and a value of & = 0.06 1/sec, then we
Fig.9.21 - Distributions of Regions of

get the result that the vertex of the
the Various Cases with a Mixed
gyro can be in a stable position in the
Correction Characteristic
first region only in the case where the
aircraft speed is less than 12 - 18 m/sec.
Thus the first region may be considered practically excluded from the number of
regions of possible position of the gyro vertex with a mixed correction character-

istice.

From eas.(9.80) and (9.82) for the coordinates of the center of the circle
: STAT
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described by the vertex of the gyro for constant correction characteristics, i.e.,

for the region of the second case, and under the conditions for the boundaries of

this region, the following inequalities results

R 3 (9.142)
bt ®. (9.143)
Haking use of eq.(9.137) and the expression We = €0 from the inequality of
eq.(9.142), we get |

- . € 1ia _ (9.144)

a?

From the inequality of eq.(9.143), putting wy = € in the expression for b, we
obtain directly

a |

(9.145)
Taking eq.(9.144) as an equality, and eq.(9.145) as an inequality, we get the
conditions for the boundary of the second region along the Oy axis; taking eq.
(9.145) as an equality, and eq.(9.144) as an inequality, we get the condition for
the boundafy of this region along the axis OR,
Thus the displacément of the gyro vertex in the second region is more probable

than its displacement in the first region, but under the condition that w. < ¢ that

B
is, under the condition that the angular velocity of the turn is sufficiently small,
From egs.(9.115) and (9.117) for the coordinates of the steady position in the

region of the fourth case, and the conditions for the boundaries of this region, the

following inequality results:

. | (9.146)

b o (9.147)

From the inequality of eq.(9.147) it follows directly that:

| a-|l. (9.148)

Halcing use of eq.(9.137), we obtain from the inequality of eq.(9.146):

l
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(9.149)

Taking eq.(9.149) as an equality and eq.(9.148) as an inequality, we obtain the
condition for the boundary of the fourth region along the axis O¢; taking eq.(9.148)
as an equality and eq.(9.149) as an inequality, we get the conditions for the boun-
dary of this region along the Of axis.

It follows from this that the location of the steady positions of the gyro ver-
tex in the fourth region is the most logical location.

From eqs.(9.131) and (9.133) for the coordinates of the s?eady position in the
region of the third case, under the conditions of the boundaries for this region,
there results the following inequalities: |

1. ® b (9.150)
1e7a® - b, (9.151)
From the last two inequalities we obtain, after simple transformations:
a 1.
Making use further of eq.(9.150), we zet from the inequality of eq.(9.140):
I'. - £ 1+a (9.152)

J
L [

and from the inequality of eq.(9.151): .
‘.’ (l' ’ .A . (9.153)

. ° )
|
It follows from this that the location of the gyro vertex in the tHird region,
speaking generally, is possible, but in relatively narrow regions.
On the basis of the relations found for.the boundaries of the regions it is
easy to construct the distribution of these regions in the system of coordinates V
W
and a = B . f
€
This construction is given in Fig.9.21 for € = 0,06 1/sec and ¢ = Owl. The
latter value is taken, generally speaking, exaggerated, in order to makeithe con-

struction graphically clearer.

STAT
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By using the diagram on Fig.9.21 and the expression for the locus of the equil-
ibrium positions in the four cases we are considering, it is easy to construct the
general locus of steady positions of the gyro vertex with a mixed characteristic
aswp varies from zero to infinity. In this case it is natural to assign definitex
values of the flying speed.

This locus is presented in Fig.9.22.

As for the effect of friction in
the gimbals, as has already been eluci-
dated, the motion of the gyro vertex in
the general case consists of motion

similar to those obtained with constant

and proportional characteristics;

therefore the influence of friction in

the gimbals will be similar. In other

Fig.9.22 - Locus of Equilibrium Position
words, with a left turn, the friction

of Tip of Gyrohorizon with liixed Correc-
in the gimbals will encourage the damp-

tion Characteristics at Various Angular
ing of the motion of the gyro axis,

Iiates of the Angular Velocities of,
i while with a right turn the damping de-

Turning and Constant Flight Speed
creases. In motion in the second
region, however, it will favor the gradual slipping of the vertex of the gyro from

the position of the center of the circle that would be described by the tip of the

gyro in this region, if we neglect the friction in the gimbals.

Compensation of Turnins Deviations .of Gyrohorizon

It follows from the ahove that, in all four cases of the relations between the
deviations of the gyro axes a and 3, the angle of turn yg and the values of the
zones of proportionality«pl and @2, the motion of the gyro vertex is described by a
diffcrential equation of the second order. It is well known that, for a system

Aecerihed kar o Aifferential envation, initial conditions may be selected such thegTaT
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i
' ’. .
the system shall remain mostly under the action of certain disturbances on it. From
this it follows that the turning deviations of the gyro horizon at a definite turn-

ing velocity can be compensated by selecting the initial conditions for the coordi-

nates of the gyro vertex. Such a method of compensating the turning deviations of

the gyro horizon was first proposed by the Soviet engineer T.A.Timofeyev and the

Soviet scientist Ya.N.Roytenberg.

The essence of this method is as follows: the rotor axis of the gyro is in-
qlined by a definite angle B, with respect to the axis p forward in the direction of
flight. This position of the gyro will correspond to zero mismatch of the correc-
tion system along axis OB, If the aircraft is making a turn, then the system of co-
ordinates Oa3 participates in the rotation of constraint of the aircraft;‘while the
vertex of the gyro is displaced, under the action of the correction system, along
the axis Og, since the sensitive element of the correction along the axis Oq is de-
flected under the action of the centrifugal forces of inertia by the angle Yp* If
the velocity of the gyro vertex coincides with the velocity of constraint of that
point of the coordinate system with which the gyro vertex coincided at the initial
moment, then there will be no displacement of the gyro vertex with respecé to the
system of coordinates 0aB8. But this will also mean the absence of turning devia-
tions of the gyro horizomn.

For a proportional characteristic of the system of correction along the Og

_axis, the velocity of the gyro vertex at the spitial instant of the turn is deter-
mined Ey the action of the correction system along the axis of o, the sensitive
element of which 1is deflected by Yg!

where tan Y5 = quL.

g
The velocity of the point of the system of coordinates Oaf coinciding with the

gyro vertex is determined by the product wBBO‘

On equating these quantities, we get the condition of compensation of the turn-
STAT
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ing deviations with proportional characteristic of the correction system along the

e -
p. - (901)1‘)

For a constant characteristic of the correction system along the axis Oa, the velo-
city of the gyro vertex at the initial instant of the turn is determined by the

quantity wgs. On equating it to the product 0)2.’3 or Ve get the following condition of
compensating of the turning deviations with a constant characteristic of the correc-

tion system along the O axis:

5(')_".“' (9.155)

s
Let us now determine, for these cases, the values of the residual turning deviations
obtained in the case of a turn whose parameters do not satisfy the conditions of
eqs.(9.154) or (9.155).

For proportional characteristics of correction, the equations of motion of the
qyro vertex, eqs.(9.16), on the inclination of the gyro rotor axis along the faxis

vy the quantity P‘O’ are rewritten in the form

atex—oBm —ev,
éi-(?—i)+-.="=0- (9:156)
From a comparison of egs.(9.156) and (9.16) it follows that egs.(9.156) are
obtained by replacing # in the second eq.(9.16) by 3 - BO, which expresses the con-
dition of ei:iuilibrium of the correction syst’em for ¢« = 0 and B = Bg.
Performing the necessary operations, we obtain the following expressions for

the residual turning deviations in connection with incomplete compensation or

overcompensations

(9.157)
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‘,’ " 3 > .
where Ygo = Boa = ﬁo_Elﬂ and YRo is the angle of bank for which the compensation is

designed.

It vill be seen from these expressions that the values of the turning devia-
tions can be reduced by means of compensation, but, in this case, they cannot reach
great values.

We remark that the condition of full compensation in the first case may be
satisfied at various angular rates of turn. It is obvious, of course, that for each
such angular velocity there will be only one value of the bank, that is, only one
value for the linear turning velodity at which the condition of eq.(9.154), of full
compensation of the turning deviation, is satisfied.

Let us determine the residual turning deviations for constant characteristics
of the correction system. Let us write the equations of motion of the gyro vertex,
eqs.(9.37) for the condition of the tilt of the rotor of the gyro rotor axis along
the OB axis by the quantity BO', that is, for the condition of equilibrium of the

correction system at @ = 0 and 8 = B,z

d—w 8= —a,sign(a+7,)
: (9.158)

B+eam —a, sin(B—B)

If at the initial instant of a turn at angular velocity mBO the vertFx of the
gyro is at the point (OlBO'), where Byt = ZEQ , then the condition of full compensa-
tion will be satisfied, and, according to tih?e eq.(9.158), ¢ = O at the initial in-
stant of time. From the second eq.(9.158) we then get é = 0 for this insLané. The
equilibrium positions for the vertex of the gyro by ea.(9.158) are determined by the
quantities B = BO* and ¢ = 0, that is, they coincide with its initial positions. It
follows from this that the vertex'of the gyro will remain motionless. :

If ihe angular velocity of the turn huBl < |wgpl, then by the first eq.(9.107),

¢ < 0 at the initial instant of time. This is explained by the fact that for

lug| < |wpo|s the velocity of motion of the gjéq vertex under the action éf the

correction system, along the 0% axis, the sens%tive element of which is tilted by
- STAT]
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the angle Yy ,. is greater than the velocity of the motion of constraint of that point
of the syst:em of coordinates (uB, which at the initial instant of time coincided
with the gym vertex. As a resuvlt of the appearance of & < O for a left tum
and @ > 0 for a right turn, the vertex of the gyro begins to move along a strajight
line passing through the point g O' parallel to the Oa axis, toward lower values of
the cooﬁimte @ with a left turn, and toward higher values of ¢ with a right turn.
‘e note that the velocity of this motion, equal to

a=—®, + @,
will be less than the velocity of the motion in the absence of compensation equal to
~Uyss and that the smaller this given angular turning velocity is, and the less the
siven angular rate of turn Wy differs from the angular rate of turnuwpg for vhich

the compensation is figured, the smaller will be the velocity of motion of the gyro.

In connection with the appearance of @ < 0 in the equation for B, obtained from

the second ‘equation of eq.(9.15€),

1= w,a egsign(i  8)
the positive temm W will accumulate. However, the appearance of{i > 0 is at first
impossible, since if a8 > ﬁo' appears, the negative term® .4 will appear with a Jjump
in the expression forf, and this negative termm will at first exceed in modulus the
positive term —il e In connection with this, f’ will change with a jump from a posi-
tive value to a c‘ertain negative value, and on account of this the value f > BO' R
which appears at first and can be made as small as is desired, will be liquidated.
Things will proceed in this way until the condition

|wea] ™| @l

begins to be satisfied.

1/hen this condition is satisficd the existence of a discontinuous function
of >0 will be assured, which will mean the increase of f > BO' .
Beginning at this instant of time, the vertex of the gyro will begin to move

alane a circle whose equation will be of the form:

250
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'
|

(2—a )4 (3—8,) = A" (9.159)
where aBz,B'Bz are partial solutions of eqs.(9.158), defined by the exprelssions

a = — Meign(I—5)=—";
:’.‘,___ 'ﬂslu“ (C+’:.) --u .

while A = radius of circle.

Fig.9.23 - Path of Motion of the Gyro Vertex during Turn at
Constant Characteristics of Correction with Compensation

of Turn Errors

To determine the radius of the circle, let us substitute in eq.(9.15§) the ex-

pressions aéz, B'B2 and also the values of ® and B corresponding to the point of the

beginning of motion around the circle: !

Then we get
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Figure 9.23 shows the path of motion of the &Yro vertex for angular velocity
“g ~ O for the case of the absence of compensation for the turning deviations » the
circle (1), and for the case of incomplete compensation for le] < luggl and wg > 0,

the circle (2). Froma comparison of these paths it follows that the maximum values

of the turning deviations are decreased.

If the angular velocity of the tumm “"B, > l“’BO" then, according to the first
q.(9.158), at the initial instant of time, ¢ > 0 for a left turn and d < 0 for a
risht turn, since the rate of motion of the £yro vertex under the action of “the
correction system for the Oa axis is less than the velocily of the motion of con-
straint of the point of the system of coordinates Of3 coinciding
stant of time with the vertex of the gyro, Owing to the appearance of @ > O on a
left tum and d < 0 on a richt turn, the &yro vertex will hegin to move along the
straight line passing through the point BO? parallel to the Qq axis > toward the in-
crease of the coordinate a on a left turn and toward the decrease of ¢ on a right
turn. On further examination, analogous to the preceding case, it may be shown that
this motion will continue until the negative term wegt in eq.(9.158) is greater than
the positive temm Wiy -sign (G - fo')e hen this happens, the existence of a con-
tinuous function ofé < O will be assured, which vill mean the decrease of f < BO'.

Beginning at this instant of time, the gyro will commence to move along the
circle whose equation will be of the fom

! (3—23) 4+ (3— 392 )t A", (9.162)

where

W)=

5;=!‘slgn(z+n)=l‘!' (9.163)
> -

. 4-30~$;,=§:—’_'_?. (9.164)

On Figl9.15, the circle 3 represents the path of motion of the gyro vertex STAT
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for ImBl < I“’BO' with 4y >0, in the absence of compensation of the turning devia-
tion, while circle (4) is for the case of its presence. Let us now determine the
value of the residual deviation for mixed characteristics of the correction system
under the condition (fourth case):

04109, B8P,

The equations of motion of the vertex of the gyro, eq. (9.16), for this case,
with a rotor axis inclined to the OB axis by the quantity Bo" will be written in the
following forms

fmed T matlinte + b (9.165)
fom —@a—s, (p‘—?\))‘

Let us find from these equations the equilibrium position of the gyro vertex in

the case of incomplete compensation:
o

®x3
-y

L '
8 \ uy -,

It will be clear from these expressions that the residual turning deviation

along the axis OB will be the same as in the absence of compensation, while along
the Oy axis it will be proportional to the degree of undercompensation or overcom-
pensation.

By similar reasoning, the residual turning deviation might also be determined
for the third case.

Let us now consider a different method of diminishing the turning errors, which
leads to ,the cutting out of the lateral correction during a turn. We noté that at
the present time this method is widely used in practice.

Let us first discuss the case of proportional correction. With the lateral

correction shut off, the equation of motion of the gyro vertex may be obtained from
H

egs.(9.13) by putting K equal to zero in the first of these equations.
b
STAT
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Then we shall have

6 == w8 + s, sign B,
= —ef—wa—ep signd.

The change of sign of ¢ takes place on the straight lines

B= —-:_-P-slgnﬂ-

while the change of sign of 3 takes place on the straight line
(9.169)

3w — " a—p,signa.

On intersecting, these straight li‘nes form a quadrangle of repose, the four
vertices of xjrhich are in turn the centers of spirals along which the motion of the
gyro vertex takes place. Figure 9.24
gives the construction of the path of
the gyro vertex for a left turn, re-
sembling what was previously construct-

ed when we were considering turning

errors on the disconnection of the
lateral corrector. The gyro vertex
arrives at the rectangle of repose.

. If, however, the gyro vertex is at the
Fir.9.24 -~ Path of llotion of Gyro Vertex
origin of coordinates at the beginning

during Left Turn with Proportional
at the turn, then it will remain there.

Correction Characteristics and Lateral
It follows from the above that the

Corrector Turned Off
steady values of the turning errors

with corrector turned off are detemmined, for Pp =Py, =P by the formulas

(9.170)

=P
ﬁeu‘ a '

1+a

(9.171)

Cmes ™ 7 a

Comparison of the formulas for the coordinates of the vertices of the quad-

STAT
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rangle of repose with the lateral correction turned off, egs.(9.170) and (9.171),

|
and turned on, €qs.(9.39) - (9.44), show that turning off the lateral correction

during a left turn considerably reduces the turning error.
Let us consider the behavior of the gyro with lateral correction turned ‘off

during a right turn. By eliminating o from egs.(9.167), we get

Y+ o8 4w = —w,ap, sign . 9.172)
2

<

>
In practice, usually T —w% <0, a> i .

Under these conditions, the ecquation will have the solution

&

? ‘(A sin pf 4 B cos pt),

=1 e/ 1=t < |
{ 1/(; A .l/ 1 "a'< ne (9.17[,,)

b= —{' sign §. (9.175)

. Making use of the second eq.(9.167), we get

s—3,= :. f_’.'[(&‘— .

A)unrt—(f\r-&- ; B)cm,.:]. (9.176)

where

3= : l?.+m'znil--.'. I8\ sign § —am signié]. (9.177)

Hereo B and R g are the coordinates of the vertices of the quadrangle of repose.
We shall now show that, even with the correction turned off on a right tumn,

the vertex of the gyro comes into motion along the limit cycle. For this purpose

let us discuss the case Py = Py = P. At the initial instant, let the vertex of the
gyro be located at point A of the straight line C1Co (Fig.9.25) at distance r

np
the right of the vertex C,. The coordinates of the point A are determined by

=, b, = :.-(signﬂ—-csi‘li)-Q- oo™ ’.";-" + oy (9.178)
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amda=— o | (9.179)

where ap, and Py are the coordinates of the points Cq. We observe that for a right
turn a < O. In motion in the region (1), the coordinates of the vertex C, should be
taken for an and Pgt

. i1-49
Te= ’ I8N —a g i) = e

9,180)
- -

(9.181)

= = i integra-
Then, putting t = 0, @ =&,, R = a Bp = %pps we find the
tion constants

B=0), A= — "(r, - 2:_,, (9.182)

»

On substitutine the values so found for A and B in the equations eq.(9.173) and

eq.(9.176), we get

» 0 (9.183)
. 3-34—1rm- )7 ! [7" mﬂ+cmﬂ].

-7

P - b ) ,
3.- 3% - : (r,,— P )l nin pf (9.164)
Let us detcrmine the time of motion tl of the gyro vertex from the point A to

intersection with the straight line 0203 , whose equation will be:

S Ba g, | (9.185)

' Yoy
. - i ile i icient equals
since it passes through the point A pos 3 B2? while its angular coefficient eq
(-a) according to eq.(9.169).
On substituting the time t in eqs.(9.183), (9.184), and (9.185), we find the

1

eaquations for determining the time 3 and the coordinates of the point Q"B and BB)’

a

) - .. h .
1 — 3,3 lpy — - )c' . l 2; sin pfy - cosplt, | (9.186)

*
LN
= dg=— (rup— sinat,,
"
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From eqs.(9.186) we find

wg 810 Bl —u

' (9.187)
'— “in F‘I X L1 1T 4

Or, since

4p? 4-: o7
a= . 1+F:- ", (Cf‘_gl%')

t ¢ 0

we find

, (9.188)

gt =

).
-
L}

Fig.9.25 - Path of Kotion of Vertex cospty = — ", (9.189)

e,

of Gyro on Right Turn with the anpty = —

.; : (9.190)

Characteristics of the Correction

Proportional and the Lateral In egs.(9.189) and (9.190) the
Correction Shut Off minus. sign has been used, sSince wp < 0,

while tl > 0.

liaking use of eq.(9.189) and eq.(9.180), let us determine the coordinates of
the point B:

(9.191)

P
.",,,=:1..+(r", .‘: )‘o .

Iy = A

:29.192)

On'furbher motion, the gyro vertex now enters region (2). On motion in region

(2), the following toordinates for the vertex C3 must be taken in egs.(9.173) and

4

| 1=’ (a—1). (9.193)
' |
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(9.194)

To determine the constants of integration during motion in region (2), let us
put, in eqs.(9.173) and (9.176):
t=0,

Then we obtain

(9.195)

1 s
3g —3,= — B uA).
a ’..l -y (‘ 2 ) (9.196)

On substituting the values of Pp, oy, %5 andapg in eqs.(9.195) and (9.196), we get

B=r,'¢'-"'-—2'(l+¢ :") (9.197)
e

L}
2. — h

. S
- Am — "'(l+c )+ e ".'l' : * (9.198)

’ From egs.(9.197) and (9.198), we find

Am ; B. (9.199)

On substituting A and P in egs.(9.173) and (9.176), we set the following equations

of motions of the vertex of the gyro in regions (2):

;s—';,,-lr,,.-' Pt :( 14e ")‘e d '(’,‘ sinpf + cosp:) (9. 200)

2

:"_‘.’? ;")] :" ¢ "
‘(l-f-c e '{" 9)slnpt.

+=coss-t|. (9. 201)

2 -3 = — lf.'l'
-.

The time t2 during which the gyro vertex passes from point B to point D, is

determined from the condition

k "‘n"u'”-

. Taking account of eq.(9.200), we get

258
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.k
WRoply= —
Ey comparing eqs.(9.18€) and (9.202), we get

R aly= g wly.

ilhence .
n’| . “’.c'. (9.203)

It follows from eqs.(9.203), (9.189), and (9.190) that
(9.204)

Sty = Sinply= -- ko
-,

cospl, == ——Ccosply — — " . 1(9.205)

le,

On substituting t2 in eq.(9.201), we get, after simple transformations, the

following expression for the coordinate ¢ of the point D:
|

Y R ) (9.206)

In Tag = Fapt a

i

Let us now require that the point D shall be at the distance Tnp from the
I

vertex C3
I —2 = —r..
! ' ' (9.207)

Then, by virtue of symmetry, the motion from the third and fourth regions will
proceed in the same manner as in the first and second regions. Therefore the gyro
vertex will again travel toward point A4, performing a motion along the closed cycle

of period

7‘=2(r.+t.)-»i" >%ar,

On the basis of eq.(9.206) and eq.(9.207), we shall find the parameter of the

limit cycle with lateral correction turned off during a right turn
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(9.208)

It can be shown that the limit cycle will be stable., In fact, if the point Ay
is at the distance Tnp z An, from the vertex Cy, then, after the first

half-revolution, the vertex of the gyro will be at the point D;, whose coordinate

®py is determined by eq.(9.206):

e , ] _ L
Ap, =Gy —(r,, ¢+ Ar)e ey (e ‘ ‘.-{-e " ")-
| 3N

= — g Are ‘"

After the n-th half-revolution, the distance of the gyro vertex, when the

straight lines 0103 or CBCA are intersected by the rectangle of repose Cy or 03,

will equal

}

1'_"1(30. — &y 3) = Ty

q 1 3 " ) . s
Let us now determine the maximwn errors > Ppax and Cmaxs On motion along the

lirmit cycle as well. It follows from Fig.9.25 that

Tmar ™y =a,, 4 Frnp

?-u-pﬂ =p-l+(’ny -‘la )C ; ".

e s .
2y substituting the values of we fi
ng anys 'SBZ and r, we find

np?

Declassified in Part - Sanitized opy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

In the real range of angular velocities, |a| > 1. Let us determine the limit

which o

and Bmax will approach as a — -«. For this we remark that according to

eq.(9.174) u =\[a2 - —i- >ty = Oand t; - O as a - -«, since the period of

motion along the limit cycle approaches zero when the angular velocity increases

without limit.

Then, by making use of the LtHospital rule, we get

mag,, =limB_, =, (9.210)

e—= - .-

The values Ofamax and Bmax for |la] > 1 differ little from their values
as a -~ —c,

On comparing these values of the radii of the limit cycle of a right turn with
lateral correction turned on (cf. eq.(9.61) and with that correction turned off
eq.(9.210) we see that turning off the lateral correction of a right turn leads to
the increase of the radius of the limit cyc:leT Figure 9.26 shows the limit cycles
of maximum radius for a given rate of correction which are obtained on a right turn
with correction turned off (curve 1), and with the lateral correction turned on

(curve 2).

This does not mean that turning off the correction for a right turn is imper-

i
missible. For small values of the angular velocity on a right turn the turning de-

viations with correction turned off during the time of transition to the establish—
ment of the limit cycle, the deviation will be less than with the corrector turned

on. Moreover, if the gyro axis at the beginning of a right turn coincide§ with the

STAT

i
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vertical (ad =Bg =g =Bg = 0), then it will remain in this position (cf.eq.

(9.167 )) since there will be no cause that will operate to bring the gyro away from

' the vertical.

Let us now consider the motion of
the vertex of the gyro during a turn with
the lateral corrector turned off, in the
case of a constant correction character-

istic. The equations of motion for this

case, with the same correction parameters
on both axes and the same moments of

friction in the axes of the gimbals, are

obtained from eq.(9.75), if we reject the
Fig.9.26 - Limit Cycles of laximum
! term k, sign (¢ + YB) in the first equa-
Radius for a Given Rate of Correction
tion:
with Proportional Characteristic with

Lateral Correction Turned On (Curve 1) a==®,f i i sign 2, (9.211)

and with Lateral Correction Turned Off . .
9= W.a"—'"l"i“n 3* n S'gﬂ ‘)' (9.212)

(Curve 2)

L

\

where w, = — - rate of correction;
1

1 .
‘P . . . .
n-= — ratio between moment of friction and moment of correction.

I
‘K
The equation of the path of the gyro vertex during a turn with lateral correct-
or turned off is the equation of the arc of a circle, as when the lateral corrector

is on (eq. 9.91) tut with its own values for the centersaBZ and BBZ:

(8—a,4)'+ (8 —3,,) = R", (9.213)

wnere

= — "% |sign 3+ nsignadl.

2.9
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|
— " nsignp. (9.215)

R - radius of circle determined by the initial position of the gyro vertex.

’

Fig.9.27 - Path of Motion of Vertex of Gyro during a Left Turn with

Constant Correction Characteristics and Lateral |

Correction Turned Off

1

The coordinates of the centers of the circles lie on the corners of the squares
ABCD and EFGH (Fig.9.27). The loci of the points of change of the centers of the
circles lie on the straight lines:

1) B = 0, l.e4, wpt +wg (sign 8 + n sign @) = O - the straight lines AB, CD,
EF, and GH;

2) B =0, i.e., the axis Ou;

3) @ =0, i.e., wBB twgn sign f = O - the straight lines AD, BC.
Let us first consider the behavior of the vertex of the gyro during a left

turn: Wy > 0. Let it be situated at the point M on the axis Oa For this point,

W > Wy For this reason it follows from eq.(9.212) that B < 0, but in this case,

B
STAT
263

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

by eq.(9.211) we get the result that @ < O as well the vertex of the gyro enters the
region (1) (Fiz.9.27), where B < 0, B < 0, and @ < O, for which the center of the

circle by eqs.(9.214) and (9.215) will be the point A with coordinates

(35)a= " (1 +n),

* (9.216)
(B,0)a=""n.

-y

On the straight line AR the sign of B changes, since ("B“ becomes less than Wi e

As a result of this, the coordinate (g, of the center of the circle also changes.

Thus the center of the circle for the region (2) becomes the point B with the co-
ordinates
(’I.)‘ - = (l +")-
‘.

(Bala=— " n (9.217)
ﬁ
On the straight line BC the sign of 4@ changes, and the point C with the coordinates:

(’-l)C -t (l —n),
-
(85)c=—""n
-

becomcs the center of the circle for region (3)s On the axis O« the sign of ‘B

changes and the point E, with the coordinates

(’.a)f = - (I +“)-
”

(Bale = — ::"'
|

now becomes the center of the circle for region (4). On the straight line EF, the

. sign of Btchanges, and the point F, with the coordinates
h
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(29)F = — : (14n),

(ﬁn)’ -"n
-

now becomes the center of the circle for region (5). Finally, on the straight line

AD the sign of e changes, and the point G, with the coordinates

(34)0 >= — b (1—n),
-y

(Bet)o = A
-y

now becomes the center of the circle.

By constructing the path of the gyro vertex, we satisfy ourselves that, as a
result of the change in the centers of the circles, the radii of the circles
diminish by jumps, both on account of the action of the moments of friction in the
axis, and on account of the action of the longitudinal correcting moment. As a
result, the vertex of the gyro reaches the square of repose ABCD or EFGH. We
observe that the points of equilibrium of the gyro vertex will be the segment KL,
the upper half of the square EFGH, the lower;half of the square ABCD. In fact,
after the vertex of the gyro reaches the boundaries of these half squaréé or the
segment KL, this type of substitution of centers of the circle does take place,
which would be expected to lead to a reversal of the sense of rotation of the g
vertex with respect to the center of toe cirole, which is impossible. Physically
this means that, on the appearance of a deviation of the gyro vertex frog these
boundaries, there appears from the halves of!the square and from the segpent KL in
any direction a correcting moment and moments of friction of such sign as to return

the vertex of the gyro to its previous position. !

I
Thus on deviations from the segment KL we have |“hl > |ug z o | dnd there-

fore 3 and ﬁ w1ll have dlfferent signs, by eq.(9 212), that is, any dev1at10n along

STAT

z
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|
0o )

the » axis that appears will be eliminated. On deviation from the side of the

-

square FG upward, we will have

7>-0, 13K KaK @, 3| > on,

o220, 1aK KAK - @,7 wy?-- w170,

It follows from the above that the maximum value of the steady errors during a left

turn with the correction turned off is detemmined by the formulas

W

?-n= - n, (9.222)

Oar = : (1 +n). (9.223)

From a comparison of Fiss.9.15 and 9.27 and of eqs.(9.98) - (9.101) and egs.
(9.222) ~ (9.223), it follows that turning off the lateral correction on a left turn

considerably reduces the turning errors.

c \\_p

2{,4"(:\.-,'

Fig.9.28 - Limit Cycle on Right Turn with Constant Correction

Characteristics and lateral Correction Turned Off

‘ J/ith a right tum it may be established by an analogous method that the cen-

ters of the circles here will be the vertices A, D, C, E, H, G, in succession, On
: STAT
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'!
constructing the path of the gyro vertex (cf.Fig.9.28), we may make suré that the
passage of the center of the circle from one corner of the square to thg other cor-
ner leads to an increase to the radius of the circle, while the passage of the cent-
er of the circle from the corner of one square to the corner of another square leads
to a decrease in the radius of tbe circle. The fomer transition is due to the
change of signs of the moments of friction in the gimbals, the second transition is
due to the change of sign of the longitudinal correcting moment. The action of
these two opposite factors leads to the establishment of the limit cycle. Let us
‘determine the radius of the circle ry with vertex at the point A for the limit
cycle, at assigned values ofu;B, s and n. It is obvious that the limit cycle will

become established at I, =Ty

Let us write the obvious geometrical equalities:

’ - ]
e -y!

-n+2::n=n+4—
r -('/ r‘---l

On equating r) and Ty, after simple transformations we obtain the following

equation for ry:

’l - -,

{ ')'(Jn’—-l)ﬁ- n )4n(4n'—-l)4-16n‘—-7n’+-l==0.

-y

Thence we find:
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!
|
1.
)

.
(90

Fig.9.29 - Relation between Radius of Fig.9.30 - Path of Motion of Gyro

1.
Limit Cycle ry and n = Vertex during Right Turn with Lateral

I.
I 1.
\ Correction for ° = 0.48

*h

Fig.9.31 - Paths of llotion of Vertex of Gyro during Right Turn

L
with Lateral Correction Off for L" < 0.48
I\
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L
. P
On Fig.9.29, ry has been plotted against the ratio n = . For n = 0.48, the
’ K
radius of the limit cycle equals half the side of the square W)k . In this case the

limit cycle is the boundary cycle (Fig.9.30): all the paths teat are inside it, are
closed in the rectangles of repose for the segment KL, all the paths located outside
the limit cycle, wind about that limit cycle. For O < n < 0.48 ry <—:l—; » the limit
cycle does not exist, since, for the closure of the cycle, it is necessary that

T, =1n >_:::T . In this case all the paths are closed in the rectangle of repose
(Fig.9.31). When n increases from 0.48 to 0.5, the radius of the limit cycle in-
creases from zero to infinity. For n = 0.5, the limit cycle does not exist, and
there is a small region of the plane in which the paths meet ar;d are closed in the
zone of repose, while in the rest of the area, the paths are divergent. It follows
from what has been said that when n = 0.48 is selected, the value of the steady
turning errors with the lateral correction turned off on a right turn will be the
same as for a left turn, and will be determined by the formulas egs.(9.222) and
(9.223). On comparing these gquantities with the values of the maximum turning
errors on a right turn with operating lateral corfection, the conclusion may be
drawn that turning off the correction when its characteristic is constant decreases
the turning errors. All that need be done is to assure a ratio between moment of

friction and moment of correction of not more than 0.48. In practice this ratio

usually does not exceed 0.1 - 0.2.

Section 9.3. Ballistic Deviations

General Remarks

By ballistic deviations we shall mean here the displacements of the gyro axis
due to the action of longitudinal accelerations on it. By the positiona'l correction
of ballistic deviations we shall mean deviations due to the action of accelerations

on the pendulum serving as the sensitive member of the corrector of the frame whose

axis of rotation is perpendicular to the direction of flight.
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viith ogcillatory accelerations, oscillations of this pendulum will also take
place. SinLe the influence of the os;illations of the sensitive member of the cor-
rector has already been elucidated in Chapter 4, we shall confine ourselves here
merely to elucidating the influences of the constant accelerations to which the air-
craft is subjected during the course of some finite interval of time. We shall here
consider that the pendulum of the corrector for the other frame is not subjected to
disturbance.

In view of the foregoing, the expressions for the mismatches in the trans-

Amitters of the correction system, in the case of the longitudinal arrangement of the

axis of the outer frame, may be written in the following form

fe=1,

°l=5_7 v's

where

v v
1, =arctg - - -
£ ! 4

‘Je shall not take into account the moments of friction in the gimbals, since

their influence in this case is not manifested in any new effect.
Let us also take into account, in the equations of motion of the gyroscope, the

influence of the displacement of the aircraft with respect to the earth. Then the

equations of motion of the gyroscope will take the fom

Ha = f (2);

. 7 o224
g+ =18, N

rallistic Deviations with a Proportional Characteristic

In this case, the equations of motion eqs.(9.224) may be rewritten in the

followine form (putting, for simplicity, k; = ky = k):

270
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d-}-.l-o,
R V) §(9.225)

Btap=—t( = )

|

The partial solutions of eq.(9.225) for V = const, which represent the steady

deviation in the case under study, are written in the following form:

i
X, == 0:;

(9.226)

that is, with a variable o there will be no deviation, but with a variable B there

will be, and it will consist of the velocity deviation Sv = -—v s with which we are
ite
I

already familiar, and the new ballistic deviation:

3, -V (9.227)

‘I ‘ .

equal to the angle of deviations of deflection of a pendulum from the true vertical

under the influence of the acceleration V.,
Let us confine ourselves in our further investigation to the equation with re-

spect to the variable Re Its total integral is written in the form
3= Be v —(h,—14,). (9.228)
Let, for t =0, B = —6v. Then, for the arbitrary constant B we obtain
B-— 3, (9.229)

Let us now introduce the variable Aé;f =3 + 6v, which we shall call the current

value of the ballistic deviation., Using this variable and the value found for the

arbitrary constant, let us rewrite eq.(9.228) in the following form:
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Vi md (1= ), (9.230)

Thus the current value of the ballistic deviation 5; tends here to its steady
value according to a law of increasing exponent with a time constant inverse in mag-
nitude to the single velocity of precession e, and consequently, the increase of de-
viation will be particularly intense at the initial instant of time, after which it
will slow dovn. A value practically equal to 5;, that is, equal to the deflection

of the pendulum, is reached by ASQ after the lapse of the time

For ¢ = 0,06 1/sec, '1‘y = 50 sec.

Under actual flying conditions, however, so prolonged a state of acceleration
is improbable, or in other words, under actual flight conditions, the ballistic de-
viation will not reach its full value. It is therefore interesting to elucidate the
ability of the gyroscope to accumulate ballistic deviations over the given time of
action of the accelerationt ; or in connection with the given increment of flight
speed A V.

Tt is clear that, other conditions being equal, this ability will be less, the
smaller the value of the unit rate of precession €. On the other hand, at constant

acceleration, the time of action of the acceleration will be determined by the ex-

pression
(9.231)

that is, will be inversely proportional to the acceleration.

At the same time, the limiting value to which the ballistic deviation tends
will increase with increasing acceleration.

In order to elucidate the ultimate result of this contradictory influence of

amneleration of the current value of the ballistic deviation in the case under

STAT
272
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study, let us substitute in the solution eq.(9.230) the time Ty according to eq.
(9.231), and let us then expand this right side of eq.(9.230) into a series and
transform the solution eq.(9.230) to the following form
1 oAV 1 #AV?
— 2 -—v-'-+—3—!-———'—‘v. - s e . (9.232)
It will be seen from the expression so obtained that the ballistic deviation
increases in modulus with the increase in modulus of the increment of velocity AV,

and that for a given AV it will be the larger, the larger in modulus the accelera-

tion \‘l is, since in this case the terms in parenthesis in the right side of eq.

Av
(9.232) will be the closer to the quantity € —- .

For the compensation of the ballistic error on account of the increment of the

velocity deviation, the condition

must be satisfied.

Integration of this equation gives the following law of variation of velocity

at which this compensation is observed:

- £

V=Ve & . ‘

Taking € = 0.06 1/sec, we find that the compensation of the ballistic error is
possible only with an exponential law of increase of velocity with a time constant
equal to 10 hrs. Thus the practical accomplishment of this compensation is unreal,
owing to the different orders of magnitude of the ballistic and velocity deviations.

For a numerical evaluation of the ballistic deviation, let us take the case of
the increment of velocity AV = 30 m/sec with accelerations of 3 and 6 m/§ec2, taking

AvY !

g = 0,06 1/sec. We now obtain, by eq.(9.230); taking t = Tp = <%

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

A% w76

- 8 8°,

Vo= 3rofsect
A3

v -6 mfsect

It will be clear that the errors obtained in this case will be rather consider-

able.

The Constant of the (orrection Characteristic

As in the preceding case, it will be sufficient to consider only the equation

of moment with respect to the variable ?. Tn this case it will be rewritten an the

following form:

8 —w slgn (3 —3%,) - :. (9.233)
According to this equation, at 3 = 0, precession of the inner frame occurs in
the sense of matching the gyro axis with the position of the apparent vertical.
The influence of the flight speed V is manifested in this case in the slowing
or acceleration of this precession to an insubstantial extent, and we shall there-
fore not take it into account.

mhe current value of the ballistic deviation is determined in this case by the

expression

'.'V ==',w.'. v S'gn V.

where T is the time of action of the acceleration.

Or, taling V = const and cxpressing

we et

(9.234)
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As will be clear, in this case the ballistic de.via.tion will be propc;rtional to
the increment of velocity AV, and inversely pxiopor*t:ional to the accelera‘l':ion v 5 that
is, in contrast to the preceding case, it will be the smaller, the greater the
acceleration with which the accumulation of the velocity increment AV takes place.

Let us take for V those same data of the numerical example that were used

above, and let us take wy = 6°/min, AV = 30 m/sec. In this case we get

o,
v . |m/4g(l-=l .

“v s m/.stt"’ 0.5 .

As will be clear, with a constant characteristic, the ballistic deviations will

be considerably smaller than with a proportional characteristic.

Let us determine the value of the constant acceleration VKp’ for which the

ballistic deviation for an assigned AV reaches its maximum value 3 , equal to the

angle of inclination of the apparent vertical —hp,

Lal

AV
S-u-.- VR
)

From this we find:

o W =Vo

% Ve "‘ .

. _ (9.235)
le -V..RAV.

Baer = l/ :—:—V . (9.236)

For V > VKp’ the gyro axis will not succeed in getting as far as the position

of the apparent vertical
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. AV % .
=y V. < ﬁ-"uu. .V.p . ‘ (9023/)

p’ the axis of the gyro will succeed in reaching the position of the
apparent vertical

For V « VK

‘:' ‘r
ﬂ“.' P '~ Bmu i ‘:’ M

Thus, for an assicned value of AV, there is a critical value of the constant

acceleration V
Kp

at which the ballistic deviation is maximum.
Jith a variable acceleration, the maximum ballistic deviation for an assigned

\V is obtained in the case when the velocity of rotation of the apparent vertical is

equal to the velocity of precession of the gyro. In this case the axis of the gyro
will follow the apparent vertical as it is displaced. For this case, the equality

will hold, since

’ ]
Se =1V dt = [ gt dt,
(Y

.\" = .l,- g\ﬂ_‘”'

then the time of increment of velocity is detemmined from the formula

v

{== - .
K=

Then the maximum value of the ballistic deviation is determined from the formula
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23V e,
Saec ™ o= l/ ‘—' .

that is, it is }'2 times as great as at constant acceleration.

Mixed Correction Characteristic

If the acceleration V is considerable, then the deflection of the apparent
vertical from the true vertical on account of the action of the acceleration will be
considerably greater than the zone of proportionality of the mixed characteristic.

. Consequently the behavior of the gyro will be determined mainly by the constant part

of the mixed characteristic, that is, it will be about the same as for anstant

correction characteristics.

At low accelerations, when

the behavior of the gyro will be the same as with a proportional characteristic.
But, as already established, with a propor cional characteristic, for a given accel-
eration, the ballistic deviation will be smaller the smaller the acceleration is.

Thus with a mixed characteristic the favorable aspects of both the proportional
and constant characteristics of the correction are to a certain extent both used

with respect to the ballistic deviation.

1

Section 9.4. Gyro Horizons with Electric Drive

At the present time gyro horizons with an electrically driven gyroscope rotor

are widely used. Gyro horizons with a pneumatic drive, in view of the worsening of
their characteristics in flight at high altitudes, are employed very rarely.

The indication system of the instrument is made in two versions: iB in the
form of a motionless aircraft silhouette, connected with the body of the]instrument,

and a movable line imitating the horizon, which is connected with the gyro; ands'
: TAT
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pressed. The rotor of the gyro motor is made in the form of a bell within which the

stator is placed. This form of rotor makes it possible to obtain the maximum moment

of inertia for the given dimensions and weight of the gyro motor (about 0.9 g-cm

secz). The rate of rotation of the rotor of the gyfo motor is about 20,000 rpm.

The instrument uses a corrector consisting of a liquid level electrolytic

switch of the corrector and two solenoids with cores. Its operation is described in

Chapter 6.

In order to diminish the turning errors, the gyroscope axis is located not

vertically but inclined forward in the direction of flight by 2°. For this purpose
an inclined boss is provided at the bottom of the gyro motor casing, to which the

sensitive correction element is attached by its base. Obviously bubbles in the
level will be located symmetrically with respect to their contacts with the indicat-

ed inclination of the gyro axis.

The static balancing of the gyro units is effected with the cores in the middle

position of the solenoids. The current is fed to the gyro motor and the correcting

device through brushes and contact rings placed on the axes of the frames of the
gimbals. The indicating system of the gyro horizon consists of a “horizon line"

connected with the instrument casing, and of an aircraft silhouette, corinected with

the gyro unit.

For the bank readings on the instrument to correspond to the actual bank, the

craft silhouette is connected with the inner frame of the gimbals through a gear

iThen the aircraft banks, the "horizon lineY,

air
drive with a gear ratio of 1 ¢ 1.

connected with the instrument case, rotates relatively to the initial position by

the angular bank of the aircraft. The outer frame of the gyroscopic gimbals is also

rotated by the angle of bank. If the aircraft silhouette were attached directly to

the axis of the inner frame, then in this case it would be rotated with respect to

the line of the #horizon® by the angle of bank in the direction opposite the actual

bank of the aircraft, and consequently the instrument would yield the reverse read-

STAT
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ings, but since the aircraft outline is connected with the axis of the inner frame

of the gimbals through the above mentioned transmission, it would therefore turn

Fir.9.33 - Indicating System of Fig.9.34 - Outer View of Gyro Horizon

Gyro Horizon
1 - Handle for moving index of horizon;

1 - Horizon line; 2 - Aircraft 2 - Arrester
silhouette; 3 — Inner frame of gimbals

(Casing of gyro motor); 4 - Outer

frame of gimbals; 5 - Gear drive;

6 - Solenoids

when the aircraft banks with respect to the "horizon line" by the angle of bank, in
the direction corresponding to the actual bank of the aircraft. This is illustrated
by Fig.9.33.

In addition, a scale of longitudinal inclinations and a scale of banks are
attached to the gyro unit. For convenient use of the instrument, the line of the
horizon may be shifted with respect to the instrument case by means of a crank
mechanism, whose handle is brought out on the face side of the instrument

(Rie.9.34).
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A special mechanical device is used to arrest the gyro-unit. The maximum time

necessary for arresting an operating instrument does not exceed 15 sec.

AGB-1 Bomber Gyro Horizon

The AGB-1 type electric gyro horizon is another example of the gyro horizon

with radial correction (Fig.9.35), which is used on heavy aircraft. On the face

part of the gyro horizon, a side-slip jindicator is placed.

Fig.9.35 - a) External View of Type aGB-1 Gyro Horizon; b) Face view
i

1 - Front flange; 2 - Aircraft outline; 3 - Vertical pressure; 4 - Horizon line;
5 - Spherical screen; 6 - Bank scale; 7 - Ball of side-slip indicator; & - Scale

division of side-slip indicator; 9 - Handle for blocking corrector switch;

10 - Handle of angle-of-attack mechanism

The gyro horizon consists of a gyroscopic unit, a correcting mechanism, an in-
dicating.system, a starting system, and a system for sterting the corrector, and
cutting out the corrector during turns.

Figure 9.36 gives a schematic diagram showing the arrangement of the gimbals on
the aircraft. The axis of rotation of the outer frame of the gyroscope gimbals is

:

located parallel to the longitudinal axis of the aircraft, while the axis of the

‘ STAT
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inner frame (the gyro motor casineg) is parallel to the lateral axis of the aircraft.
1
This arrangement of the gimbal axes allows measurement of the true angle of pitch

(dive or climb) during a bank, that is,

tween the longitudinal axis of the air-

it allows measurement of the angle be-
(¢}
}

! 7
)1 ¢ craft and the plane of the horizon, and
CI—H:H———‘

measirement of the true angle of bank,

the anzle of rotation of the aircraft

about its longitudinal axis when the

angle of pitch is not zero. The range

of measurement of the angles is Ig0° in
?ig.9.36 - Schematic Diagram of bank and 260° in pitch. The principal

Arranrement of Gyro lorizon on feature of the gyro horizon is the high

Aircraft accuracy of its readings during a turn
) (e >

which is obtained by cutting out the

a) kgis of measurement of angle of
Jateral correction of the gyroscope.

hank; b) Axis of measurement of angle
The gyro unit of the instrument (Fig.

of pitch; c¢) Direction of longitudinal
9.37) contains the gyro motor (Figs.

axis of aircraft; d) Tracc of gyro-
9.3¢ and 9.39) which is placed inside a

scope axis
casing. The casing is also the lnner

frame of the gimbals. The stator of the gyro motor (2) (Fig.9.38) is attached to
the cover of the casing. The rotor (1) is a massive steel flywheel with the block
(6) of electrotechnical steel and a short circuited winding, embracing the stator on
the outside, pressed into it. The moment of inertia of the rotor is 1.9 g — cm -
sec?®. The specd of the rotor is 21,000 - 23,000 rpm. The kinetic moment of the
gyroscope amounts to about LOOO g - cm — sec, The motor of the rotor is triphase

and synchronous, with one pair of poles and star—connected windings. It is fed by

a triphase 36 volt 400 cycle alternating current. The line current of the motor
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L)
a - View from above .

1 - Junction box; 2 - Lock nut; 3 - Disc;

L - Pin; 5 - Nut; 6 - Shaft of gyro unit;

7 - Screw; € - Body of gyro motor; 9 - Gyro
notor; 10 - Cover of gyvro metor; 11 - Busn-
ing: 12 - lead balancing weignht; 13 - Brack-
et; 14 - Balancing screw; 15 - Rotor of
electric mctor of lateral corrector;

16 - Screw; 17 - Pressure reading;

18 - Stand; 19 - Contact group: 20 - Nut

b - Side view

1 - Cover of gyro motor; 2 - Axis of gyro
unit; 3 - Body of gyro motor; L - Liquid
switch; 5 - Screw; 6 - Rotor of electric
motor; 7 - Balancing screw; 8 - Bracket;

9 - Bushing; 10 - Nut; 11 - Pin; 12 - Nut;
13 - Disc; 14 - Gyro motor

DTN i 11

Fige9.37 - Gyro Unit of Gyro Horizon
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Fig.9.38 - Gyro lotor
|

1 - Gyroscope rotor; 2 - Stator of electric motor; 3 - Bushing;

4 - Cover of gyro motor; 5 - Screw; 6 - Electrotechnical steel block

with short circuited winding; 7 - Cover of gyro motor; 8 - Bushing;

9 - Shaft of gyro motor; 10 - Bearing; 11 - Nut

Fig.9.39 - Outside View of Gyro Motor

i
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phase is abont 0.35 amn. The time taken by the gyroscope to reach full speed is

2 min. Durinr operation the myro motor may be heated to not over 45° C. 1In the

Fig.9.4C - Kinematic Scheme of Gyro Horizon

1 - Gyro unit; 2 - Gimbal frame; 3 - Rotor of lateral corrector electric

Lotor; 4 - Stator of electric motor; 5 - Spherical screen; 6 - Handle of

angle-of-attack mechanism; 7 - Vertical scale division; & - Side-slip
indicator; 9 - Aircraft outline; 10 - Bank scale; 1l - Signal flag;

12 - Handle for Llocking corrector switch; 13 - Front flange; 14 - Strip—
horizon line; 15 - Current leads; 16 - Casing; 17 - Carrier; 18 - Lever;
19 - Dracket; 20 - Stator of electric motor of longitudinal corrector;

21 - Rotor of electric motor; 22 - Brushes of switch of lateral cor‘rector;
23 -~ Leads; 24 - Cutout disc for lateral corrector; 25 - EBimetallic relay

a) Direction of flight

lower part of the gyro unit a pendulum switch is attached, forming the sensitive

element of the corrector. In design and characteristics it does not differ from the
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5 !
gyro-unit (1) (Fig.9.40) is suspended on bearings in the gimbal frame (2). The
rotor of thL electric motor of the lateral corrector (3) is rigidly connected to it.

The stator of the electric motor is attached to the gimbal frame (2), which is
suspended on bearings in the body (16) of the instrument. In addition, tlie rotor of
the longitudinal correction electric motor (21), the disc (24) for cutting out the
lateral correction during a tumn, thetspherical screen (5) with vertical scale (7)
for reading’off the lateral bank, and three horizontal scales for reading off the
angle of pitch (0 and ¥ 10°) are all rigidly attached to the frame (2).

The electric current is supplied to the gyro motor and the correction system by
means of the moment-free power inputs (15) and (23). The moments of friction of
these inputs are negligibly small, since the pointed contacts are located on the
axis of rotation on the gimbals. The strip (14) with lever (18) reproduces the line
of the horizon. The lever (18) is suépended in the brackets (19) attached to the
frame (2). The tang (17), attached on the casing of the gyro unit enters the slot
of the lever (18). In the horizontal position of the aircraft, the lever (18) with
the strip (14) are perpendicular to the axis of the rotor to the rotor shaft of the
gyro motor, and are consequently also in the horizontal plane. The aircraft outline
(8) is connected with the instrument case (16) through a gear drive which is con-
trolled by the lever (6) for setting the angle of attack. When the aircraft is in-
clined, the body and outer frame of the gimbals are also inclined with respect to
the vertical shaft of the rotor of the gyro motor. fhese inclinations are reproduc-
ed by the strip-horizon (14) with respect to the aircraft outline (9). Figure 9.41
shows the readings of the gyro horizon during various maneuvers of the aircraft.

The electric motors of the longitudinal and lateral correctors consist of
asynchronous biphase electric motors (Fig.9.42). The operation of the correction
system is described in Chapter 6 on pages 74-76. Three windings are placed in the

rotor grooves: one excitation,winding and two control windings with the windings in

‘ opposite senses. The reversal of the correcting moment is effected by switching on

o
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one control winding or the other. The stator consists of a block of electrotechni-
cal steel with grooves cast in aluminum alloy and forming a short-circuited stator

winding.

Fig.9.42 - Outer View of Electric Correction Motor
1 - Rotor; 2 - Stator

The maximum torque developed by the electric motor is 7 -9 g - cm, and the

diameter of its rotor is 61 mm. The resistance of the excitation winding is

5.2 ! 0.5 ohms and that of each of the control windings is 420 M 50 ohms.

Figure 9.43 gives the electrical circuit of the gyro horizon. The current is
supplied to the gyro motor (1) from the series converter PAG-1F through the termi-
nals ARC of the plug connector of the gyro horizon. The central contact of the
liquid switch (2) is connected to phase A of the gyro motor. The excitation wind-
ings of the electric motors (3) and (4) of the correction are connected in series
with the phase windings B and C of the electric motor of the gyroscope. This method
of connecting the windings increases the torques of the correcting motors on start-
ing the instrument by 2 - 2.5 times as a result of the starting currents of the gyro

motor flowing through them. This considerably shortens the time required for the

STAT
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gyrosdope to reach the vertical operating position on starting.

The lateral correcting motor (4) is turned off, during a bank, by the contact
disc (5), located on the shaft of the outer frame of the gimbals. When the aircraft
banks by more than 7 - 9°, the lateral correction is cut out. Two current-carrying
sectors on this disc, with angles up to 18°, are electrically connected with the
common lead-out (8) of the eclectric correcting motor (4). In horizontal
fliéht, the brushes (9), connected with the body of the instrument, are located in
the middle of the sectors of the disc (5). In this case, the control winding and
the motor (4) are connected with phase B and develop the normal correcting moments.
If the bank of the aircraft exceeds 9°, then the brushes (9) break contact with the
current carrying sectors of the disc (5), and the motor (4) is switched off.

The corrector cutoff is blocked during the period of starting the instrument by
means of the bimetallic relay (7) and the mechanism (6), which are connected with
the object of duplication.

At the instant of starting the instrument, the bimetallic relay is in the
closed state and the control windings of the electric motor (4) are codéected to the
contact of this relay to phase B. In this case the lateral corrector of the gyro-
scope operates at any lateral inclinations of the gyroscope. At the same time the
starting mechanism (6), whose closed contacts duplicate the bimetallic relay (7), is

turned on. This duplication allows the instrument to be started even if the bi-

metallic relay should fail for some reasdn, or if the pilot should forget to turn on

the starter mechanism (6).

The winding on the bimetallic relay, with a resistance of 1500 ¥ 50 ohms, be-
comes heated, and in 45 - 180 sec after the current is turned on, it breaks the cir-
cuit connecting the phase B with the terminal G of the snap connector. During this
time the gyro spindle is able to establish itself in the vertical position, owing to
the forced operation of the correction mechanism. !

To assure stability of the operating time of the bimetallic relay in an ambient
i
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temperattllre range from +50° to -60° C, two pimetallic plates are installed in it.
"men the. temperature of the air var‘ies, both plates are flexed parallel to ea.gh
other, maintaining the contact forcle constant at 25 to 30 g. ihen the heating wind-
ing is switched onto one of the bimetallic plates, this plate becomes heated and de-
formed. , The contact pressure continuously weakens, and after 40 - 150 sec, the con-

tacts are separated.

Fig.9.43 - Electrical Circuit of Gyro Horizon

a - Gyro motor winding; 2 - Liquid pendulum switch; 3 - Llectric motor for
longitudinal corrector; 4 - Electric motor for lateral corrector; 5 - Disc
for cutting out corrector; 6 — Mechanism for blocking corrector cutout;

7 - 3imetallic relay; 8 - Common leadout of control winding; 9 - Drushes;

Ry, Ry, RB - Resistors

The sipnal flag (11), connected with the handle~(12) , appears in the zone of

visibility of the front part of the instrument (Fig.9.4k4,a) when the cutoff of the
lateral correction is blocked. ¥hen the block is removed, that is, when the switch
is in a neutral position, the signal flag disappears (Fige9elbh,b).

The resistors Ry = 500 ohms and Rp = 240 ohms serve to produce the necessary

frvemo pharacteristics for the correction motors. The resistor R3 -~ 5,1 ohms is a
STAT
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spark arrester in the circuit of the brushes (9) and the disc sectors (5). The ter—
minal G of the snap connector serves to test the operating time of the relay (7) and
the angle of cutoff of the lateral corrector. With this object a voltmeter is con-
nected between the terminals B and G. If the brushes (9) are on the current carry-
ing sectors of the disc (5), then the vcltmeter will show a voltaé;e drop of about
18 volts across resistor Ry. When the brushes are displaced away from sectors s the
voltmeter shows the full phase voltage of about 36 — 4O volts.

Figure 9.45 shows the design of the instrument.

Fig.9.44 - Front View of Gyro Horizon before Starting (a)

and After Establishment of the Gyro (b)

The technical characteristics of the gyro horizon are as follows:

l. Errors in determining bank and pitch in rectilinear flight, not over 1°,

2. Error in readings due to turns lasting up to 6 min and with banks from 10 to
60°, amount to 1 - 2°,

3. Errors in readings arising on additional turns of aircraft by 30 - 60° with
banks of 5 -~ 7°, reach 4°.

4. Direct current used by instruments when supplied by the PAG-1F converter,

2.5 amp.

’ 5. Alternating current used by each phase not more than 0.4 amp., -

291
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b

Fig.9.45 - General View of AGB-1 Gyro Horizon

a - Top view; b — Side view

1 - Bearing; 2 - Special disc; 3 - Nut; L, - Body plug; 5 — Glass; 6 - Ring;
7 - Stator of longitudinal corrector electric motor; 8 - Stand; 9 - Screw;
10 - Pin; 11 - Disc; 12 - Plug; 13 - Plug yoke; 14 — Washer; 15 - Rear cover;

16 - Casing; 17 - Gimbal connection; 18 — Body; 19 - Gasket; 20 — Gasket
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6. Time to prepare instrument for use: at ambient temperatures of +20 - +50°c,
not more than.3 min, and at —60°C not more than 6 min. (An aircraft with a gyro
horizon is allowed to take off only after the lapse of this period of preparation of
the instrument,)

7. Maximum altitude of instrument » up to 20,000 m,

8. Weight of instrument, not over 2 kg.

| 9+ Instrument is vibration proof for horizontal vibration with accelerations up
to 0.6 g, and for vertical vibration with accelerations up to 1.5 g in the frequency
range of 10 to 80 cycles.

The mechanism of the gyro horizon'is covered by the casing (16) (Fig.9.45) with
the rubber washer (19), keeping the instrument dustproof, With this same object,
gaskets are placed between the casing (16) and the socket yoke (13). The gyro unit
is balanced by means of lead weights and balancing screws. The axial play of the
gimbal connection (17) is accomplished by gaskets inserted between the plug (4) and
the body (18) of the instrument. The face side of the instrument is covered by the
glass (5) attached to the front cover by the split ring (6).

The installed diameter of the gyro horizon is 110 mm, the length of the body is
156 rm. The attachment to the instrument board is accomplished by four M5 x 15
screws screwed into locking nuts of the.front flange.

C .
The AGI-1 Fighter Gyro Horizon !

l
In stunt flying, the shaft of the gyro rotor may coincide with the shaft of the

outer frame, In this case the gyro will lose one degree of freedom and will there-
fore lose its stability and will be blocked thereby interfering with the normal
operation of the gyro horizon. Various devices are used to prevent the coincidence
of these axes,

Figure 9.46 shows another version of this device in a gyro vertical with stop.

On the casing (5) of the gyro rotor is installed the rod (2) with the disc (3)

at the end. Through the outer axis of the gimbals is passed the stop (1) which, STAT
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when the axis of the gyroscope rotor dangerously approaches the shaft of the inner
frame, will make contact' with the disc (3). The force acting on the disc will pro-

duce a moment whose vector is directed along the axis of ’c}{e inner frame of the

Fig.9.46 - Gyro Vertical with Stop

1 - Stop; 2 - Rod; 3 - Disc; 4 - Hollow gimbal shaft; 5 - Casing;
6 - Outer frame

a) Axis of gyroscope rotor; b) Longitudinal axis of aircraft

gimbals. The precession due to this moment is directed in such a way that the disc
(3) slides along the surface of the rest of the stop (1) and runs around it, thus
eliminating the coincidence between the gyroscope spindle and the outer frame of the
gimbals. Obviously the stop (l) will force thelgyroscope spindle to defleét from
the verticgl by a certain angle, which is a shoftcoming of this device.

Anéther example of a device that eliminates the superimposition of the axes, is
the gyro horizon in which the axis of the gyroscope rotor does not lie in the plane
perpendicular to the axis of the inner frame of the gimbals and of the outer frame
passing through its axis, but is inclined by angle of 3° with respect to this plane.

The type AGI-1 gyro horizon for a fighter aircraft is an improved example of

such designs (Fig.9.47).
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In this gyro horizon, the angle between the axis of the gimbals and the axis of
the gyroscope rotor is automatically held at 90° during any maneuvers of the air-
cfaft, as a result of which the gyroscope maintains its maximum stability constant.
For this purpose, the gyro unit (1) (Fig.9.48) and the gimbals (2) are suspended on
bearings in the servo frame (3), which is automatically maintained by the electric
motor (6) in a position such that the axis II-II shall be perpendicular to the prin-
cipal axis of rotation of the gyro. The sensitive element registering any disturb-
ance in the mutually perpendicular position of the axes, and which switches on the
actuating electric motor (6) to restore the mutually perpendicular position of the
axes, consists of the switch (4) attached to the outer gimbals (2), and the sliding
contact (5), connected with the gyro unit. The rate of actuation of the servo frame
is taken considerably greater than the maximum angular velocity of the banking
maneuvers of the aircraft, thanks to which the mutually perpendicular position of
the axes and the maximum stability of the gyro are maintained during any maneuvers
of the aircraft whatsoever.

The readings of bank and pitch of the aircraft are measured from the position
of the aircraft outline (7), which is connected with the body of the instrument,
with respect to the sﬁherical scale (8) connected with the gyro unit. Consequently,
the scale (8) for reading off the longitudinal and lateral banks does not vary its
position with respect to the ground. The angle of pitch is measured about the hori-
zontal axis II-II, the angle of bank is measured about the axis I-I located parallel
to the longitudinal axis of the aircraft. This position of the axes of the gyro
system allows measurements of the true angles of pitch and bank. The spherical
scale (&) is painted in colors: the upper hemisphere is colored brown, the lower
blue. Uhen the aircraft dives, the aircraft outline enters the upper hemisphere;
this hemisphere has numbered scale divisions for reading off the angles of pitch
from O to 3600. The accuracy of the reading of the angles of bank decreases as tﬁe

angle of pitch increases.
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.b)

Fig.9.47 - a) Outer View of Gyro Horizon,

Type AGI-1, for Fighter Aircraft; b) Face

View

Body; 2 - Aircraft outline;
- Spherical scale; 4 - Index-horizon;

- Pitch scale; 6 - Bank scale;
Sideslip indicator; & - Index of
sideslip indicator; 9 - Handle for shift-

ing aircraft outline; 10 - Starting

hutton

Thus, for instance, with an
angle of pitch up to 70°, the error
in bank does not exceed 3°%; with an
angle of pitch of 75° the error
amounts to 3 - 4°; with an angle of
pitch of 80° the error reaches 6°.

In a vertical dive or climb (angle of
pitch $90°), the longitudinal axis of
the aircraft coincides with the
direction of the principal axis of
the gyro, and the gyro horizon loses
its sensitivity to the angle of bank.
Consequently, in diving or climbing
at angles of around 80 - 90°, the
bank cannot be followed with the gyro
horizon.

To eliminate the turning errors,
the AGI-1 gyro horizon, like the
AGB-1 gyro horizon, is provided with
a cutoﬁt for the corrector, on turns
with an angle of bank of more than
13°, Owing to this cuto&t, the error
after a turn does not exceed 3°.

The electrical circuit as given
by Fig.9.49 for the AGI-L gyro hori-
zon has much in common with the cir-
cuit of Fig.9.43. The electric motor

(1) of the gyroscope, the liquid
* STAT
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pendulun switch (2), and the electric correction motors (3) and (4), are the same as

in the AGE-1 r¥ro horizon. The power‘supply for the electric circuit of the gyro

Fi5.9.48 - Schematic Kinematic Diagram .

of AGI-1

1 - Gyro unit; 2 - Gimbals; 3 - Servo
frame; 4 ~ Switch for electric motor;
5 - Contact of switch; 6 - Electric

actuating motor; 7 - Aircraft outline;

€ - Spherical scale

a) Direction of flight

horizon is through the terminals ABC
from a type PAG-1F converter. The
excitation windings of the correction
motors (3) and (4) are connected in
series with the phases of the elec-
tric motor of the gyroscope, which
provides for the forced state of
operation o} these motors on starting
the instrument. The operation of the-
correction system of the gyroscopes
is the same in AGI-1 and AGB-1. The
excitation winding of the actuating
motor of the servo frame (frame (3)
in Fig.9.48) is connected between
phases A and B. The middle point of
the control windings is connected to
phase A. The ends of the control

windings are brought out to the

siitch (5). " The contact of the switch, connected with the case of the gyro motor,

is connected to the phase B and feeds this phase to the first or second control

winding of the motor (6), depending on the side to which the outer gimbal axis of

the gyroscope deflects from the berpendicular position to the shaft of the rotor of

the gyro horizon.

The electric motor (6) actuates the servo frame and restores the

perpendicular position between the axes. The switch (7), located on the outer shaft

of the gimbal, switches the ends of the control windings of the electric motor (6)

and provides the correct sense of rotation of the clectric motor in the case of the
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actuation of the servy frame when making a Nesterov loop. !

The ballast resistor 10 limits the rate of precession of the gyroscope in the

i
longitudinal direction to 3 - 5.5 0/min. At Temperatures below -35°C this resistor

Fig.9.49 - Schematic Electrical Diagram of AGI-1

1 - Electric motor of gyroscopes; 2 - Liquid pendulum switch; 3 - Longitudinal
correction electric motor; 4 - Electric motor of lateral correction; 5 - Switch
of electric motor of actuation of servo frame; 6 - Electric motor of aétuation
of servo frame; 7 - Switch; € and 9 - Spark arresting resistors of 3300 ohms
(0.25 w); 10 — Ballast resistor, 300-430 ohms (0.5 w); 11 - Bimetallic switch;
12 - Cutout of corrector on turns; 13 - Spark arresgor resistor, 5100 ahms

(0.25 w); 14 - Bimetallic relay; 15 - Heating element; 16 - Ballast resistor,

100 ohms (1 w)

is closed by the bimetallic switch (11), thus accelerating the starting of the in-
strument under low temperature conditions.
The cutoff switch for the lateral corrector (12), operates when the aircraft

banks more than 13°. The ballast resistor (16) limits the current in the control

windings of the electric motor and of the lateral corrector. The rate of pre%ffﬁ%on

299
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of the gyroscope in the lateral direction is as high as 3.5 =17 ©/min.
In starting the instrument, the corrector cutoff switch (12) is blocked by the
bimetallic time relay (14), and the control windings of the electric motor (4) of

the lateral corrector are connected to the terminal B through the closed contacts of

relay (14), regardless of the initial position of the gyro unit or the magnitude of

the angle of bank. In LO - 150 sec after the heating element (15) is turned on, it
causes deformation of one of the bimetallic plates of relay (14), thus separating
the contacts, unblocking the corrector cutoff switch, and bringing the gyro horizon
from the starting into the operating state. The heating element is always energized
after that, and a clearance of the order of O.4 - 0.8 mm is established between the
contacts of relay (14).

The terminal G in the snap connector is used, as in the gyro horizon AGB-1, for
testing the operating time of the rclay (14) and the angle of bank at which the cor-
rection is switched cfT.

Figure 9.50 gives a structural diagram of the AGI-1 gyro horizon. The gyro
motor (1), with liquid pendulum switch, is suspended on bearings in the gimbal (4).
On the shaft of the gyro unit is attached the spherical scale (6), the cut-in switch
(5) for the mitually perpendicular position of the axes, and the rotor of the elec-
tric motor (2) for the longitudinal correction. The stator of this electric motor
is located on the frame 4).

The frame (4) is suspended on bearings attached in the servo frame (7).

The stator of the electric motor (3) of the lateral corrector is mounted in the

 servo frame (7), while the rotor is attached to the frame (4). The servo frame sus-
pended in the body rests on its front part on the three supporting bearings (8) and
in the rear part on one radial ball beéring. The electric actuating motor is
attached to the instrument case and is'connected with the servo frame through a
reducer with a gear ratio of 1 : 16.3. On the rear part of the instrument, on the

shaft of thé servo frame, is mounted the switch (15), cutting out the corrector
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during turns.

To shorten the starting time of the instrument the push-button mechanism (10)

is employed to switch on the power supply of the gyro horizon.

Fig.9.50 - Structural Diagram of AGI-1

1 - Gyro motor with liquid pendulum switch; 2 - Electric motor for longitudinal
corrector; 3 - Electric motor for lateral corrector; 4 - Gimbal frame; 5 '- Switch
for setting axes in mutually perpendicular position; 6 - Spherical scale;

7 _ Servo frame; & - Support bearings of servo frame; 9 - Cam surface of servo
frame; 10 - Push-button mechanism; 11 - Electric motor operating servo ffame;

12 — Aircraft outline; 13 - Mechanism for shifting aircraft outline; 14 - Lateral

banking scale; 15 - Cutout switch for corrector on turns; 16 - Side slip 'indicator

When the button (10) is pressed, the force is transmitted through a bearing on
the face side of the servo frame, made in the form of the cam (9). The profile of
the face cam is so selected as to assure the setting of the servo frame frpm any

. arbitrary position to its nérmal horizontal position. The displacement of the air-

vertical plane is effected by means of the mechanism (13)STAT
|
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whose hardle is located in the left part of the front flange of the body.

The ancles of bank are read off on scale (14), the anpgles of pitch on the
spherical scale (6). The side-slip indicator (16) is nrlaced at the bottom of the
front flange of the case.

Firures 9.51, 9.52 and 9.53 show the structure of gyro horizon AGI-l.

The technical data of the gyro motor and pendulum liquid switch are the same as
those of the analorous units of the AGB-1l. The longitudinal corrector motor
develops a torque of not less than 7 5 - cme. The DC resistance of its excitation
winding is 5 olms > 0.5 ohm; the DC resistance of each control winding is 180 ohms 2
1¢ ohms. The clectric motor for the lateral corrector develops a torque of about
5.5 £ - cnj the direct current resistance of these windings is: excitation winding,
12.5 oims = 1 ohm; and for each control winding, 300 ohms : 30 olums.

The heating elcment of the bimetallic time relay has a DC resistance of
1500 ohms : 50 ohms. The electric motor operating the servo frame is standard, of
type DID-C.5. Its maximum static torque is aboit 5.5 g - cm. Its idling speed is
not less than 13,000 rpm. The direct current resistance of the excitation winding

. . + . C o as .
is 70 ohms - 7 ohrnis. The resistance of each control winding is 26C ohms * 26 ohms.

Frincipal Characteristics of AGI-1 Gyro Horizon

1. Error of readings of angles of pitch and-bank in state of horizontal
£licht, 1°.
2. Errors of instrument:
a) after turm with banlk of over 15°, not over 3°;
L) after stunt flying, not over 5°.

3. Ranse of neasurement of angles of pitch and bank, unlimited.

4. Power supply of instrument, triphase, 36 v, 400 cycle alternating current.

Alternating current (line) drawn, not over 0.6 anm ).

5. Altitude >erformance of instrument to 20,000 ri.

L Mommamatnna mynge of operation from +50°C to -6C°C.

304
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7. Weipght of instrument not over 2.6 kg.
6. Time when instrument ready for operation after switching on:
at temperatures from +50° to -30°¢ 2 min

at temperatures from -30° to -A0°C 3 min

Fig.9.53 - Plate Unit (Rear View)

1 - Bearing; 2 - Electric actuating motor with reducer; 3 - Bimetallic relay;

4 - Yoke of plug connector; 5, 6, 7 - Spark-suppressor resistors; & -'Ballast

resistor, 100 ohms (1 w); 9 - Assembly boxes

- The instrument allows supervision of the state of horizontal flight, bringing
the aircraft into horizontal flight on loss of spatial orientation in bank and

. pitch, and allows supervision of the accuracy of execution of all maneuvers by an

~r . -

‘unt maneuvers. : STAT

1
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Dirins ni~nt flights, the colored luminescent coating of the indicatingz

el emenss ¢f the ~yro horizon provides easily perceived orientation in bank and pitch.

o+

Fif.9.54 — Rteadinrs of AGI-1 Gyro llorizon in Performing a Nesterov Loop

Fimres 9.54, 9.55, and 9.56 rive examples of the readings of the gyro }jxorizon
during cxecution of various maneuvers.

The AGI-1 gyro horizon is installed on a shock ahsorbing, mounting with an
allowable load factor of 1.3 g. The instrument board should be located perpendicu-
lar to the longitudinal azis of the aircraft with an accuracy of 119, The gyro

norizon is attached to the instrument board by four k5 x 15 screws with half-round
STAT
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N\ S .

ings of AGI-1 Gyro Horizon during a Nesterov Half Loop STAT

307

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

The PAG-1F converter supplying the gyro horizon with power should have a 15 amp

fuse for the starting current and a 3 amp fuse for the operating current.
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CHAPTER 10

DEVIATIONS OF COURSE GYROSCOPES

Section 10.1. The Directional Gyro (GPK)

General Remarks

A course gyroscope whose outer frame has a constant precession designed to com-
pensate the effect of the earth rotation, while the inner frame has a radial correc-
tion with one characteristic or another, accomplished either with a pendulum or by
the position with respect to the outer frame, is called a directional gyro. Usually
the outer frame, that is, the frame which is not corrected, is used as the working
frame in the directional gyro, that is, thr frame used to attach the comﬁass card,
or for comnection with the corresponding transmitter of the autopilot. %ts position
is oriented before it is turned on by rotating the arrested gyroscope by means of
the corresponding handle until the readings of the directional gyro card agree with
the readings of the magnetic compass card. After this has been accompliéhed, the
arrester is released. By virtue of the properties of gyroscopic rigidity, for a
limited period of time, of the order of 10 - 15 min, the directional gyro will in-
dicate, with a certain degree of accuracy, the course of the aircraft, that is, it
will serve as a compass. When this period of time has elapsed, the readings of the
directional gyro are again verified from the readings of the magnetic coépass and
the appropriate corrections made in its position on the basis of these reéadings.

This principle of utilization of the directional gyro is connected with the
STAT
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fact that the exact holding of the aircraft course still does not mean the exact
holding of the assigned route line, owing to the influence of drift, which is always
known only approximately. This circumstance forces periodic checks, every 10 - 15
min, of the actual maintenance of the assigned route, followed by the appropriate
corrections to the assignéd course. Wwhen this is done the position of the direc-
tional gyro is incidentally corrected.

We shall consider that, at the initial instant, the corresponding correction
has been made, and that in connection with this correction the spin axis is located,
at the initial instant, sufficiently close to the plane of the meridian. Its non-
coincidence with this plane and its subsequent deflection from it by the angle of

shift of the outer frame will be what Qill characterize the deviation of the direc-—

tional gyro.

Deviation of Directional Gyro in Rectilinear Flight

The starting equations of motion will, as before, be the equations of preces-
sion

He=tL,
—/’p:x L.'.

For p and q we have, respectively'(cf. eq.(2.36) and eq.(2.37):

R ¥ . Vv .
P 8 “-,1 @ sink')a + Rcosl\. (10.2)
v Ao ¥ sin A ’
g=3a—| .+R5',ﬂ’\)-’+(‘",+ M (m~-’-)sinv.
= horizontal component of angular velocity of earth rotation, W = g
cos 93
= angular velocity of earth rotation;
flight speed; .

course of aircraft;
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latitude of place;
= radius of earth.

expressions for the moments Ix and Ly will be taken in the following form:

L,=ky+ L, sign(8 — %

. (10.3)
Ly=- f(8)- L sien(s—%,)

where k, - the moment, constant in magnitude and direction, designed to compensate

the effect of the earth rotation;
Wi ~ component of angular velocity of rotation of aircraft about the axis of
the outer frame, i.e., along the nomal axis of the aircraft; since the
axis of the outer frame of the directional gyro is located parallel to
the normal axis of the aircraft, then, for horizontal flight, Wn will
represent the angular velocity of yawing of the aircraft;
f£(P) - moment of correction of inner frame;
e — component of angular velocity of rotation of aircraft about the axis of
the inner frame Ox.

The form of the expression selected for L. and Ly thus take into account the
influence of friction in the suspension, not only in connection with the rotation of
the gyro about the axes of the gimbals, but also in connection with the rotation of
the aircraft about these axes. The actual picture of the origin of the moments of
friction in the axes is precisely what is connected with the sign of the resultant
velocity of rotation of the corresponding bearing and the spindle lying %n it, with
respect t; each other. | |

On substituting egs.(10.2) and (10.3) in (10.1), we get

V sink

| . Vv .
Hll—(0r+ksmk’$+(mr+Rcm,

e

=k + L, stgn(B— 3,
v e\ . 7 cos
/llﬁ-{»—(m,-{-k.\'lnk)a—“ cR K—-]=- f(a)-—

— L. sign (d --4,).
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We shall consider in the future that the characteristic of correction f(j3) is

proportional. Then eq.(10.4) may be rewritten in the following form:

hlwp+:gnmp+g,

b= e K- e,

V sin K)

sin +L" sign(p—14,)
my 10T+ 00 ba)s

(10.6)

Vs N

L . N
o g S0 (E—.). (10.7)

Let us confine ourselves to a qualitative analysis of the paths of the vertex
of the gyro, by constructing the field of tangents to these paths.

On dividing one of eqs.(10.5) by the other, we get

(o :» k)3

" -' A
b |-, ;,lnk’n Qp—Ly

o

The equation so obtained is the equation of the slopes with respect to the axis
OF of the tangents to the paths of the vertex of the gyro.

Let us find the locus of points at which the tangents to the paths have one and
the same inclination v. As already mentioned, such loci are called isoclinic. For
this purpose it is sufficient to equate the right side of eq.(10.8) to the quan-
tity v. On doing this, and solving the equation so obtained with respect to o, we

get the required equation of the isoclines in the following form:

- w I-!l

B PO

e, - -y
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-; ww, 4 ; sin A

It follows from this equation that the isoclines will be straight lines.
Let us find further the coordinates of the intersection of the isoclines for

tangents of two different slopes, v, and vy. For this purpose it is sufficient to

solve simultaneously the two equations obtained after substituting in the equation

of isocline eq.(10.9) av equal respectively to v; and v,, i.e., the equations

Whence the coordinates of the intersections of the required intersection of the

isoclines ¢q and g are determined by the expressions

(10.11)

‘(10.12)

It follows from these expressions that the coordinates of the points of the
intersection of isoclines do not depend on the slope of the tangents to which these
isoclines refer, and, in particular, that with unvaried values of {15 29, vy and e,
all the isoclines will intersect in a single point.

This circumstance very greatly simplifies the problem of constructing the field
of tangents to the paths of the vertex of the gyro; in order to determine the slope
of the tangents to a path at a given point, it is sufficient to draw a straight
line connecting this point with the point of intersection of the isocline, prolong
the straight line to the intersection with the O3 axis, and determine the tangent

of the angle between this line and the Og axis. STAT

313

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

Let us assume that this tangent is equal to by Then, in order to determine
the angle between the Op axis and the tangents to the paths V4, to which the

isocline so drawn relates, we have, by eq.(10.9), the following equation:

e RN (10.13)
"‘ w l

whence, by solving this equation with respect to v j2 we obtain

e
i (10.14)

Let us now return to the expressions for the coordinates of the point of inter-

section of the isoclines.
Equation (10.11) for %, consists of two terms, of which the second is of an

n
3 N . 1
order which is_ . times higher than the order of the second, since 'Q} and — are

o w N
of about the samel order. The quantity T”% is of the order of one tho;sand, 1f we
have in mind for ¢ the usual order of 0.05 to p.lO 1/sec. It follows from this that
in the expression for a0 the first term can, with a high degree of accuracy, be
neglected by comparison with the second term. Moreover, the coordinate 30 will bhe
so much greater in modulus than the coordinate aps that, in the neighborhood of
small values o and R, to which the theory here developed relates exclusively, the
slopes of the isoclines will be relatively greater in modulus.

For isoclines I (Fig.10.1) # = £,, the inclination to the Ofaxis equals 90°,
and, consequently, according to eq.(10.13), the angle between the Opaxis and the
tangent to, the path will be equal to 0° (cf.Fig.10.1).

@ith increasing angle between the positive semiaxis Opand the isocline, i

a

takes a negative value, which gradually diminishes in modulus as this angle in-

creases. In connection with this, the inclinations of the tangent to the Oﬂ will

increase,-
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At points with isoclines having an inclination equal to ta.n'lu', where

(10.15)

the inclinations of the tangents to the path will be equal to 90°. It is e'asy to
see that there will only be one such isocline, namely the one that is obtained by
joining the point of intersection of the isoclines to the origin of coordinates (if
in eq.10.11 we neglect the first summand).

We shall call this isocline the boundary isocline (isocline 3 in Fig.10.1l).

We remark that it follows, from what has been said of the order of magnitude of

€
- that the boundary isocline will in practice coincide with the axis Oq.
1

In this way the motion of the vertex of the gyroscope from the points lying
above the boundary isocline with which we have been dealing up to now, m‘ay be char-
acterized as motion toward the boundary isocline, or, practically, motion toward the
Oa axis.

. At the points lying below the boundary isocline, the inequality

flo.lé)

will obviously hold, and therefore the slopes of the tangents to the path of these

points will be less than 90°. In other words, the motion of the gyro from these

points will also be directed toward the boundary isocline, that is, practically to-
ward the Oq axis. It follows that, under any initial conditions » the motion of the
gyro vertex along the boundary isocline will ultimately be established.

We remark that it follows from what has been said on the relation ‘t?etween €
and “’i’ and from the form of eq.(10.14), that at all points, except for Athe imme-
diate neighborhood of the boundary isoclines, the tangents to the paths, and con-

sequently the paths themselves will be close to lines parallel to the Og axis.

For the velocity of the motion of the gyroscope vertex, U » in this case, we

STAT
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get, by eq.(10.5):

Us) (=BF8) +(HH—a— )

Fig.10.1 - Paths of Motion of Top of Directional Gyro without Allowing

for Friction in the Gimbals, with Proportional Characteristic

By the condition of eq.(10.15), on motion along the boundary isocline,

(10.18)

On substituting this value of 8 in eq.(10.17), and bearing eq.(10.15) in mind,

we obtain

- . - "’ ’ —— .
. o/ (8T

Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5



Declassified in Part - Sanitized Copy Approved for Release 2013/05/16 : CIA-RDP81-01043R002000020008-5

U=z 8+8]. (10.20)

In this case, the components of the velocity along the Oq and Of3 axes will be

respectively:

Uy, (10.21)
U= (10.22)

In the subsequent argument we shall assume friction in the gimbals to be
absent.

Then the projections of the veloc‘ity U on the Oa axis will be determined,
according to egs.(10.6) and (10.21), by the expressions

U, = ky - V sink ) sin 7. (10.23)

-'11—'( T R cony

that is, it will be determined by the difference between the precession of the gyro
owing to the action of the moment of compensation, and the precession due to the
vertical component of the earth rotation.

If, in particular,

then we get

U, =0

Consequently, if in this case, at the initial instant of time, the gyro axis

@ =5 brougnt into the plane of the meridian, then it will remain in that plane, that

ia. the directional will perform its function for an indefinitely long time. s
TA
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Obviously such a condition, for a given value of kj, will be satisfied only for
some definite latitude at which eq.(10.24) will hold. At other latitudes however,
Uy # 0, will already hold, and with the passage of time the gyro vertex will depart
from the position originally given it with respect to the earth.

In particular, if k2 = 0, then the gyro vertex will depart from the originally

assigned position at the rate

¥V anA

R cms ),

U, = —'au“+ Jeinz

Let us now elucidate the role of friction in the gimbals.
Let us do this at first, assuming the absence of compensation of the earth ro-
tation, and not taking into account the role of the aircraft rotation.

Tn this case the expressions for Q) and (jp will take the following form:

L'. H | SEREYTTY W
Q, = " sxgna—(-. . RLER (10.25)

R coss

L "GNK
. ; 10.26
" signa -+ ° ( )

Since, usually

Y]

"A Y s L.
sin P
cos§ ,' ¥ " R

it follows that the signs of Ql and (i will be determined by the signs of the angu-
lar velocities ﬁ and g respectively.

In connection with this, the point of the intersection of the isoclines will
be, according to eqs.(10.11) and (10.12), for 3 >0, in quadrant IV of the plane
Oep (Fig.10.2), and for f <0, in quadrant II. We have the following rules i)ased

on eq.(10.5) to determine the signs of # and d:
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€ -0 for p-0, if |N>lq~“'

§30 for B0 i < ZH)

for -0,
«e=0 ,
jor B0, it

Fig.10.2 - Path of Motion of Vertex of Directional Gyro, Allowing for
Friction in Gimbals, with Proportional Characteristic of Correction

of Inner Frame

Under all these conditions, ¢, and (, are determined by egs.(10.25) and

(10.26).

Thus the coordinate plane Oa fis divided, with respect to the determination of

the sign of d&, into the regions (1), (2), and (3) (cf.Fig.10.2). The sign of § in
STAT
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region (1) will be determined by the sign of f3, and in regions (2) and (3), by the

sign of &:‘. With respect to the determination of the sign of é, the coordinate plane

is divided into the regions (4), (5), and (6). In the region (4), the sign of 8
‘ will be determined by the sign of @, in the regions (5) and (6), by the sign of B +

(t)l
— & In this case, the motion of the vertex, from points located in the region (5),

s
w;ll be directed toward the boundary of this region, to the right; the motion from
points located in the region (6), will be directed toward the boundary of this
region to the left.

We remark that both these boundaries will move parallel to the boundary

%)
jsocline and will be separated from it by a distance equal to - along the 0f axis.

€
For V = O, this distance will be exactly equal to the angle of repose of the inner
frame.

Let us assume that the vertex of the gyroscope moves in the region (6) and
reaches its boundary at some point of that boundary. It is easy to see that at this
point the motion of the vertex will stop. For, if we assume that that motion con-
tinues to exist under the same condition with respect to @ as it did before this
point was attained, that is, that & < O, this will mean thaté will change its sign
in the region (4), since, by hypothesis, in the region (4), for & <O, g >0. But
the change of sign of 3 will mean the change of sign of 4 as well, according to the
condition of region (1), and, consequently, the restoration of the conditions for
the maintenance of {3 < 0. Thus the assumption that the copditions of motion in

region (4) are maintained leads to a contradiction, which means that such motion

cannot take place.

We reach analogous results by analysing the motion of the vertex of the gyro

from points located in region (5).
Thus, instead of moving along the boundary isocline, as it did when we did not
allow for friction in the gimbals, the vertex of the gyroscope will now remain at

one fixed position or another (depending on the initial conditions) with respect to
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the given direction, and separated from it by a quantity equal approximately to the

angle of repose of the inner frame.

It is easy to understand the physical origin of this fact: it is a result of

the fact that the precession of the gyro owing to friction in the axes of the inner

frame exceeds in modulus the vertical component of the earth rotation. In this case
the general picture of the phenomena may be treated as follows: the rotation of the
gyro with respect to the body of the aircraft, owing to the vertical component of
the earth rotation, lead to the appearance of a moment of friction about the axis of
the outer frame. This moment will lead to precession of the inner frame, which will
mean the appearance of a moment of friction about the axis of that frame. The
moment of friction about the axis of the inner frame causes precession of the outer
frame in the same sense as the rotation of the plane of the meridian owing to the
vertical component of the earth rotation. Since the rate of this latter precession
is higher than that of the vertical component of the earth rotation, it follows that
the gyro will overtake the plane of the horizon, i.e., that it will, in the last
analysis, follow this plane.

Thus there will be no visible drift of the gyro with respect to the plane of
the horizon.

This behavior of the gyroscope is fully maintained even when the action of the
moment of compensation for the influence of the earth rotation is taken into account.
To speak strictly, this compensation in the casé described completely loses its
practical meaning, since even without it a gyroscope, affected py friction in the
bearings, would follow the plane of the meridian.

Let us assume now that an oscillatory rotation of the aircraft is observed,
yielding an oscillatory component on the axis of the inner frame\%x, which is so

great in modulus that we may put, for any instant of time:

sign ( B - ‘ifx ) = -sign Wy
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Under this assumption, (i and (p are represented in the following form:

V sink (10.29)

S )sine.

L,
0 m =L sign g, — (s s 20

2y — " aign (s — 4+ - 5o (10.30)

Under the same condition

L - { v
" ‘-(-:+R siney

sinK )
M7

we get the result that the sign of 44, and consequently, also the position of the
point of intersection of the isoclines, is determined by the sign of q}x. Since the
latter, by hypothesis, varies periodic'aily, the direction of motion of the vertex of
the gyro will also vary periodically. In this case the component of velocity of
this motion along the O axis, which is, according to eq.(lb.Zl), practically equal
to iy, will be greater in modulus on motion to the left than on motion to the right.
Thus, while the conditions of motion are maintained, the vertex of the gyro will
advance with each cycle of oscillations ‘.!'x in the direction in which it would
advance in absence of friction in the gimbals.
In order to find the path of the vertex of the gyro, let us substitute \.yx foré
in the conditions of eg.(10.27), and change the signs of the inequalities, as a
result of which we get the conditions of motion for the given case. So long as the
vertex of the gyroscope does not reach the boundaries of the region (4), the condi-
tions of motion will under alll circumstances be maintained. Let the vertex of the
gyroscope descend on this Bourxiary under the condition w,> O (cf.Fig.10.2,b, heavy
lines of path). Consequently, it will have g < O in this case. Thus it will pass
into region (4). 1In this case, so long as the sign of y, does not change,' nothing
else will change, that is, the same conditions of motion that existed on the boun-
. dary will be maintained even after it is crossed. As a resuit, the vertex of the

thie

gyroscope will approach the upper boundary of region (4) and will travel along ias

322
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boundary until the sign of ﬁ’x changes, since this would have happened in the total
absence of friction in the suspension.

If, under the same condition, Wy > O, then the vertex of the gyro will move up-
ward on the boundary of region (4), after which, so long as the sign of Wy does not
change, it will also travel along the upper boundary of region (4). With a change
of sign of ""x’ the sign of a will change, accordingly; in this case the motion will
take place along the dashed path lines and along the lower boundary of region (4).

Under the conditions described, the practical meaning of using a compensation
for the influence of the earth rotation is already restored.

We remark that this reasoning remains about the same under any assumptions with
respect to the components of the aircraft rotation on the axis of rotation of the
outer frame ﬁtn. Only the sign of,é will depend on this component when the vertex of
the gyroscope moves in the region (4). The law of this relation is determined by
substituting a - , for @ in the conditions of eq.(10.28).

In this case the character of the motion in region (4) is somewhat modified
with respect to the angle B, but the character of the motion still remains as before
with respect to angle «a,

Under practical flight conditions, there will always be oscillations of the
aircraft. The effect of. the influence of these oscillations on the rc;le of friction
in the gyroscope gimbals that has here been described will therefore, in general,
manifest itself rather markedly in actuality. However, owing to the fact that the
oscillations of the aircraft are not strictly cyclical, this effect is to some ex-
tent disturbed, so that ultimately the friction in the gimbals leads to the accumu-
lation of a certain error with the passage of time. In the aggregate, this error,
.ta.ken together with the error due to undercompensation or overcompensation of the
effect of the' earth rotation, does lead to the necessity of systematically correct-
ing the position of the directional gyro.

If, in the relations obtained for the case under study, of a proportional
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characteristic £(3), we put:

lao
V cos

K L .
' "‘"8“? T e ;;“ln(" ¥ for 1Bl %,

(10.31)
' . "slgn(c—h) for 1810y,

then all these relations will be found to be suitable for the case of the constant

characteristic as well.

[ 4 .Nq

0
i

Fig.1l0.3 - Path of Motion of Vertex of Directional Gyro, without Allowing
for Friction in the Suspension, with a Constant Hysteresis Characteristic

of Inner Frame Correction

Thus we obtain:

for the coordinate of the point of intersection of the isoclines
(10.32)

(10.33)

for the relation between the slope of the isocline and that of the tangents

related to this isocline

(10.34)
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It follows from this last relation that the tangents to the paths will here
always be directed perpendicular to the isoclines, i.e., the paths will be parts of
circles drawn from the point with the coordinates (ao, BO). Thus if friction is
neglected, the field of paths will have the form given in Fig.10.3 and uwltimately
the motion of the gyro vertex will be established parallel to the Oa axis along the
boundary of the zone of insensitivity of the correction system of the inner frame at

the velocity:

U, = ';’I (.t ; ::.':)sln ?. (20.35)

The picture will be roughly similar; even when the friction is taken into
account. The vertex of the gyro will stop at the boundary of the zone of insensi-
tivity of the inner frame correction system, if we consider that there are no oscil-
lations of the aircraft. If, however, we consider that oscillations of the aircraft
yielding the component W do oceur, then a resultant motion along the Of axis will
appear.,

If the characteristic f£(B) is constant, but there is a hrysterssis state, then
we must put:

¢ ={()

Veos K

L .
X + ’;‘ sign(a —p,) npu (§.>-0,,,

L]
M sign § +

b, Veank

9.-
L .
y SENB L Ueign (6 oo g) npw (Bl b

(10.36)

In this case, the motion of the vertex of the gyro from points corresponding to
positive values of 3 exceeding in modulus the zone of hysteresis, will continue
through the zone of hysteresis without change until the boundary of the condition of

hysteresis on the side of the negative values of § is reached (Fig.10.4). On this

boundary, the sign of_é will change owing to the change of sign of the moment of

correction,
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\

Thus in the zone of hysteresis the vertex of the gyro will perform oscilla-
tions. These oscillations will be rather strictly cyclical. It follows that in
this case, even without the participa-
tion of aircraft oscillations; the con-
ditions will still be assured under
which friction in the gimbals is no
longer capable of preventing the
apparent drift of the gyro at the rate
given by eq.(10.35). Thus the useful

Fig.10.4 - Path of Motion of Vertex of
role of friction in this case is

Directional Gyro, Allowing for Friction.
paralyzed,

in the Gimbals, with a Constant
This fact was first noted in the

Hysteresis Characteristic of Correction
works of A.M.Letov.

of Inner Frame
Under actual aircraft flight con-

f

ditions the oscillations of the aircraft will be superimposed on these oscillations

of the gyro.

We must consider those cases as most real where the frequency of the aircraft
oscillations considerably exceeds the frequency of the natural oscillations of the
8yro. It would be expected in this connection that the behavior of the gyroscope
with respect to the variation of the variable a would on the whole be determined by
the aircraft oscillations, that is, that they would be roughly the same as with a

constant hysteresis-free characteristic.

The Deviations of the Directional Gyro in a Turn

Since the axis of the inner frame of the directional gyro is parallel to the
normal axis of the aircraft, it follows that in a turn this axis will describe a
cone about the local vertical, having a vertex angle double the angle of bank or
turn. In this connectiﬁn the plane of the card attached to the outer frame will

also rotate about the vertical., As a result of the rotation, the plane of the card
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/i1l bank differently toward the plane of the horizon, which will lead, for purely
v

. . . &
geometrical reasons, to the appearance of the special error in reading off the

course, which is termed the Cardan error.

,

Let us determine this error, using the constructions proposed by G.O.F-‘ndlender

for this purpose (Bibl.15). .

Let us take the instant of time of the turn vhen the aircraft had the instanta-

neous value of the course, defined by the arc, equal to vy (Fig.lO.S).

%X

Fig.10.5 - Cardan Error of Directional Gyro: arc AC =y - Actual
Course; AB =V, - Course Reading; Onz - Plane of Meridian;

aOb, aOc and abc are All Right Triangles

Let the bank of the aircraft ‘corresponding to the given turn be equal toy.
Under the influence of this bank, the axis of the outer frame takes the pogition
ony» and the plane of the card the position AD. The arc AB on the card, connecting
the course mark A with the plane passing through the axis of the inner frame Ony and
the axis of the rotor O, will determine the course readingyj.

We remark that the point B on the card corresponds to the zero course mark.

In the absence of bank, and with the rotor axis in the horizontal position, this
n

i i tor axis also lies
e prolongation of the rotor axis. If the o e
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in the meridian in addition to this, then the point B will also lie in the meridian.
Let us now give our attention to the fact that a banking of the card by the angle Y,
with the course corresponding to Fig.10.5, will lead to a departure of the zero
course mark from the plane of the meridian, and that therefore the course reading yj
will differ from the actual course y. Now let us produce through the point C a
plane perpendicular to the longitudinal axis of the aircraft. This plane will
intersect the.axes OA and OB at the points a and b. It is easy enough to see that
the angle aOb will be equal to the arc AB =V¥;, and the angle aOC to the arc AC = y.
Since, by construction, ab L a0 and aC 1 a0, then, consequently, we have from

the right triangles aOb and aOC:

‘g':q - ah
v aC’

Let us now give our attention to the triangle abC. Its angle b is a right
angle, like the angle between the plane of the card DDy and the plane passing
through the axis of the outer frame Om and the rotor axis Oz, while the angle a is
equal to the angle of bank y, as the angle between the plane of the card and the
plane of the horizon.

Consequently, we have, from the triangle abC:
= COS }.

Making use of this relation, let us rewrite eq.(10.37) in the following form:

tg ¢y==cos Y ig %. (10.38)
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Whence, for the value of the Cardan error

Admme¢—9,

- el —cony)
'g 4¢ l+tgyoosy

Figure 10.5¢c is a diagram of the Cardan error as a function of the value of the
instantaneous course.

The absence of the Cardan error on the cardinal directions (0, 90, 180 and
270°) is explained by the fact that on these directions, as shown in Fig.1l0.5,c, the
zero course mark remains in the plane of the meridian.

As already indicated, the inner frame correction most often used is for the
mutually perpendicular positions of the rotor axis and the outer frame axis. This
correction tends, during a turn, to match the rotor axis with the position of the
zero course mark. Since this position, on all courses except the four cardinal
directions, will leave the meridian plane on account of banking, the rotor axis
will, to the same extent, owing to the action of the correction system for mutually
perpendicular frames, likewise tend to leave the meridian plane,

As a result of this, an error of the directional gyro, now no longer merely a
reading error, but an actual one, will accumulate. We shall term this the shift
error. S.S.Tikhmenev, as well as P.V.Bromberg and D.S.Peltpor have studied this
error and have shown that with intense correction this error may become substantial.
G.0.Fridlender subsequently studied it and showed that for the standard directional
gyro, with a low rate of correction, this error is small and does not go beyond the

limits of instrumental error.

Section 10.2. Remote Gyro Magnetic Compass

The remote gyro magnetic compass is one of ﬁhe directional gyroscopic instru-
STAT
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\ ments in which, for the purpose of correcting the readings, remote magnetic com-

passes are used. It must be remarked at once, however, that in contrast to other
types of remote gyro magnetic compasses, the magnetic compass is here used, not for
correcting the gyro in azimuth, but to correct the device from which the signal
transmitted to the indicators is taken. The gyroscope itself is not corrected in
azimuth, that is, it is a free gyroscope. Consequently, the gyroscope used is in
principle no different from the gyroscopes employed in directional gyros.

Let us consider in greater detail the arrangement and operation of the units
entering into the set. The set includes: a magnetic compass-transmitter, a gyro
unit, an amplifier, indicators (one or two), a converter, a matching button, a rec-
tifier, and a junction box.

The gyro unit (Fig.10.6) consists of a directional gyro not corrected in
azimuth. On the shaft of the outer frame of the gimbals is rigidly attached the
circle potentiometer (1). A 27-v direct current is fed to the potentiometer at two
diametrically opposite points through the contact rings (2). On a special
brush-holder (3), placed on a bracket in the upper part of the gyro unit, are rigidly
attached the three brushes (4) contacting the ring potentiometer. The brushes are
120° apart. It is obvious that the potential of each brush is determined by its
position with respect to the points of the current lead-in.

The voltages taken by the brushes from the potentiometer of the gyro unit are
fed to the indicators of the instrument and are responsible for their readings.

If we consider the operation only 6f the gyro unit with the indicators, (with-
out the magnetic transmitter), then it will be easily seen that in this case the
instrument constitutes a remote directional gyro. In fact, on the gyro, uncorrected
in azimuth, is attached a potentiometer (in the ordinary directional gyro its scale
is attached to the gyro), while on the instrument case are attached brushes making
contact with the potentiometer (in the ordinary directional gyro, the course mark is

' placed on the glass of the face side of the instrument). A variation of the course
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of the aircraft leads to a displacement of the brushe

ment case with the aircraft, with respect to the pote

Fig.10.6 - Gyro Unit of Remote

. the shaft of the outer frame of the gyroscopic suspe

brushes relative to the potentiometer in turn causes
STAT
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ted through the instru- the indicators. Dut the departure of the gyroscope in azimuth, as will be clear,

T, which is attached to leads to the displacement of the position of the brushes on the potentiometer, and,
consequently, to the variation of the instrument readings. This variation of the
readings represents the ordinary error of the directional gyro due to the drift of
the gyroscope.

Thus on prolonged use of the instrument, it would be necessary to correct its
readings periodically. This could be accomplished, either by rotating the entire
gyroscopic unit (and with it the potentiometer), as is usually done in directional
gyros, or by rotating the brushes with respect to the potentiometer. But since the
instrument we are considering is not a directional gyro but a gyro magnetic compass,
it must indicate the aircraft course without human intervention for the periodic
liquidation of the errors due to the gyroscope drift.

In order to have the readings'of the indicators correspond to the course of the
aircraft, a one-one relation between the voltages taken off by the brushes and the
course 1s necessary. In other words, the position of the brushes with respect to
the points of the current lead-in must be completely determinate for each course.
Thus arises the necess?‘,ty for correcting the position of the brushes on the poten-
tiometer of the gyro unit by means of a magnetic compass.

A magnetic transmitter (Fig.l0.7) is used to correct the position of the brush-
es of the potentiometer of the gyro unit.

On the axis of the magnetic system (1) of the compass transmitter are rigidly

attached three brushes (2), sliding along the ring potentiometer (3). The angles

between these brushes are equal to 120°. The potentiometer is attached to the body

of the transmitter. The potentiometers of the gyro unit and the magnetic trans-

mitter are the same.
The potentiometer has its output leads at two diametrically opposite points.
The displacement of the The brushes of the potentiometer of the magnetic transmitter are connected
e in the readings of electrically with the brushes of the potentiometer of the gyro unit, and as a result

STAT
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the potentials taken off by the brushes of the potentiometer of the gyro unit are

transmitted to the potentiometer of the magnetic transmitter. The voltage between

poccecmacnqy
[ P |

Fig.10.7 - Electrical Circuit of Remote Gyro Magnetic Compass

the points of the output (4) of the potentiometer of the magnetic transmitter is
obviously determmined by the position of the brushes on the given potentiometer with
respect to the output points, that is, by the aircraft course, and by the poten-
tials taken off from the potentiometer of the gyro unit, that is, by the position

of the brushes and the potentiometer of the gyro unit.

| [ 167

Fig.10.8 - Distribution of Potential on Potentiometers of

Distant Transmission

a) 27 v; b) Feed, 27 v
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The voltage from the points of lead-out of the potentiometer of the magnetic
transmitter is fed to the amplifier (5), and from the amplifier output to the
actuating motor (6) located in the upper part of the gyro system. If this voltage
is not equal to zero, then the actuating motor of the gyro unit is brought into ro-
tation, and its rotation is transmitted to the brushholder through a reducer with a
high gear ratio. The sense of the rotation depends on the sign of the voltage fed
to the amplifier.

Thus, in rotating, the actuating motor displaces the brushes on the potentio-
meter of the gyro unit, wvhich leads to a change in their potentials, and, conse-
quently, to variations in the readings of the indicators. The displacement of the
brushes of the gyro unit will continue ' until the voltage between the lead-out points
of the potentiometer of the magnetic transmitter becomes equal to zero., From a
considera£ion of the distribution of the potentials on the'potentiometers of the
gyro units and the magnetic transmitter (Fig.10.8), it will be clear that for a
given position of the brushes on the potentiometer of the magnetic transmitter,
that is, on a given course, the voltage between the lead-cut points will be equal to
zero at a completely determinate position of the brushes on the potentiometer of the
gyro unit. To put it more precisely, the position of the brushes on the potentio-
meter of the gyro unit with respect to the lead-out points differs in this case from
the position of the brushes on the potentiometer of the magnetic transmitter with
respect to the lead-out points by a constant angle equal to 90°.

Since the position of the brushes on the potentiometer of the magnetic trans-
mitter is determined by the course of the aircraft, it follows from what has been
said above that the position of the brushes on the potentiometer of the gyro unit
will also be determined by the course of the aircraft. Consequently, the voltages
taken from the potentiometer of the gyro unit and fed to the indicators will like-
vise be determined by the caqurse of the aircraft. .

In this way, it may be stated, in short, that the brushes of the potentiometer
STAT]
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of the gyro unit follow the position of the brushes on the potentiometer of the
magnetic transmitter.
When the aircraft makes a turn, (we assume that before the tumn the brushes

-,

were in the matched state) the brushes in the gyro unit will rotate with respect to

the potentiometer by an angle equal to the angle of turn of the aircraft, and the

indicators will show, without a lag, the new course and the angle by which the air-
craft has tumrmed.

If the magnetic system of the transmitter during a turn were not entrained,
and there were no turning error, then the brushes in the transmitter would rotate
with respect to the potentiometer by the same angle of turn, and the system of the
brushes would still remain in the matched state. But the entrainment and turning
error of the magnetic system of the transmitter lead to mismatching in the position
of the brushes, and the brushes of the gyro unit will begin to be displaced along
the potentiometer, tending once more to reach the matched state. This leads to the
appearance of error in the instrument readings. It will be easily seen that this
error will be determined by the rate of displacement of the brushes along the poten-~
tiometer of the gyro unit and by the duration of the turn. This rate is low and
amounts on the average to 2 - 30 a minute. Consequently, during a minute of tumn,
the instrument can accumulate an error not exceeding 3°, while the entrainment of
the magnetic system may have the value of several tens of degrees.

It is well known that in rectilinear flight the magnetic system of a compass
undergoes oscillation. In view of the low rate of matching of the brushes of the
gyro unit, these oscillations will not be able to be transmitted to the indicators,
and the indicators will therefore show the mean compass course,

The drift of the gyroscope in azimuth does not lead to the appearance of sub-
stantial errors in the instrument readings. The rate of drift of the gyroscope in
azimuth does not exceed 1° a minute, and, consequently, the mismatching in the

position of the brushes due to the drift of the gyroscope (to the rotation of the
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potentiometer of the gyro unit) will be liquidated by the rotation of the brushes
of the gyro unit, whose rate of displacement is greater than the rate of drift of
t};e gyro. The brushes of the gyro unit novertake! the potentiometer, which drifts
together with the gyro.

For the rapid matching of the brushes, for example in starting up the instru-
ment, when the angle of mismatch may reach 180° , the gear ratio in the reducer is
changed, thus providing a rate of matching of the brushes equal to 20° a second.
The gear ratio of the reducer is varied by means of the electromagnet (7) (cf.Fig.
10.7), mounted in the upper part of the gyro unit. The electromagnet is turned on
by pressing the matching button (8) (cf.Fig.10.7).

The gyroscope used in the remote gyro magnetic compass has a correction system
based on the mutually perpendicular position of the rotor axis and the axis of the
outer frame. The operation of this correction system is described in Chapter 6 on
page 101.

The gyro motor is a triphase asynchronous motor with short circuited rotor.
The rotor speed is about 22,000 rpm. The case of the gyro unit is air-tight. Its
inner cavity is filled with nitrogen. This protects the parts of the instrument
from corrosion and ass{J.res normal operation of the gyroscope correction system at

any altitude.
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CHAPTER XI

VELOCITY AND ACCELERATION VELOCITY GYROSCOPES

Section 1l.1l. Principle of Operation

By velocity gyros we mean gyros intended to detect and measure the angular

velocity of rotation.

Fig.ll.l - Diagram of Turn Indicator

I - Axis of inner frame

1 - Counteracting (centering) spring; 2 - Damper; 3 - Indicating system
for w ¢» vector of angular velocity being measured; fj - Applied gyroscopic

moment ; L

np = Counteracting moment

These instruments are also often called "précession gyroscopes™, and certain

types of these instruments are temmed turn indicators or damping gyroscopes.
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One of the most widely used types of velocity gyros is the turn indicator,
which indicates the angular velocity of an aircraft turn, and is a part of the set of
piloting-navigational instruments. It consists of a gyro with two degrees of free-
dom; one of rotation of the rotor and the other rotation of the suspension, with the

degree of freedom of the suspension limited by the centering spring and damper

(Fig.11.1).
It may also be treated as a

gyro with three degrees of freedom,

whose outer frame is the case of

the instrument, which is connected
with the aircraft. In the litera-
ture, the following explanation of

the principle of action of the turn

indicator is usually given.

Fig.1l.2 - Diagram of Acceleration-Velocity Its action is based on the

Gyroscope utilization of the gyroscopic

I and II - Axis of suspension moment. The direction of the axis

of the lacking degree of freedom is

1 -~ Counteracting spring of inner frame;
matched with the axis about which

2 - Damper; 3 - Counteracting spring of
the angular velocity is to be

outer frame; 4 - Indicating system;
measured., Thus rotation about this

H - Kinetic moment; w, - Vector of angular
axis will be imparted by constraint

velocity being measured; iyl - Acting )
to the rotor. Under the action of

(zyroscopic) moment about axis of inner
the moment of gyroscopic reaction

frame, -I:npl —~ Counteracting moment about
so arising, the frame of the sus-

axis of inner frame; iyg and -f‘npl - Effec-
pension will rotate until the act-

tive moments about axis of outer frame;
ing gyroscopic moment is balanced

.anz - Counteracting moment about axis of

by the counteracting moment of the
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spring. This takes place at a completely determinate angle of shift of the frame of
the suspension, which is a measure of the gyroscopic moment as well, and conse-
quently, also of the angular velocity of rotation of the rotor due to the appearance

of this gyroscopic moment.

The damper, as usual, is intended to extinguish the oscillations of the frame,

This method of explaining the principle of operation of the turn indicator has
the shortcoming that here the moment of gyroscopic reaction, constituting the moment
of the forces of inertia, appears as the cause of the rotational motion of the frame,

Another method of explaining the operation of the turn indicator is as follows.

When the case rotates at the angular velocity o, (cf.Fig.11,1), a moment whose
vector coincides with the vector We acts on the gyro through the bearings of the
frame. This moment causes precession of the gyro, tending to match the vector of
kinetic moment with the vector of external moment. As a result the frame rotates
about the axis. The tension of the spring due to the rotation of the frame produces
a moment causing precession of the gyroscope in the sense of rotation of the air-
craft. In the steady state, the moment of the spring produces a rate of precession
equal to the rate of rotation of the aircraft. In this case the moment of pressure
from the bearings on the gyroscopes disappears. In the quantitative aspect, both
these treatments of the principle of operation of the velocity gyroscope are
naturally analogous.

The acceleration-velocity gyroscope (cf.diagram on Fig.11.2) is intended to
measure both angular velocity and angular acceleration. This is accomplished, in
contrast to the velocity gyroscope, by not completely depriving the
acceleration-velocity gyroscope of its freedom of rotation about the axis of
measurement, since the connection with the casing is not rigid but elastic.

At constant rate of rotation of the aircraft about the measurement axis, this
connection assu